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The purpose of this note is to give a proof of the following well 
known theorem. The group of automorphisms of the symmetric group Sn 

on n letters is isomorphic with Sn, except when n = 6. The proofs of this 
in the literature are complicated1 and involve the use of lemmas 
whose relevance is not plain. 

Let A be an automorphism of Sn. Then it is clear that A takes a 
class of similar elements into a class of similar elements, and that it 
takes an element of order m into an element with the same order. 
Hence suppose A (lr) = h(r) - t2(r) tk(r) (&^1), where the U(r) 
are disjoint transpositions. A simple calculation shows that there are 
n(n — l)/2 elements similar to ( l r ) , and that there are n\/2kk\(n — 2k)\ 
elements similar to h(r) -t2(r) h(f). Hence 

n(n — 1) n\ 

2 ~ 2hk\(n - 2k)\ ' 

ïî n^6 this equation is satisfied for no k (k^ 1) except k = l. 
Suppose now that n^ô. Then A(lr) = {arbr) say. If rj^l, (12)(lr) 

= (12r) (multiplying from right to left), and evidently, A{\2r) 
= (a2&2)(aA). Since (12r) has the order 3, so has (a2b2)(arbr) and the 
transpositions (a2b2) and (arbr) must have a letter in common. Then 
it is no loss to assume a2=ar or b2 — br. However, if a2—ar and b2 = b8 

(>^2, s^2), then r^s and A(l2r) =^4(12) -A(lr) = (a2&2) (a25r) 
= (bra2b2). Similarly A{\2s) = (a8b2a2). Hence A((12r) • (12s)) =A(12r) 
'A(l2s)=(bra2b2)(asb2a2) = (brasb2) which is of order 3, while (12r) 
• (12s) = (Is)(2r), which is of order 2. Hence one must have a2 = ar for 
all r or b2=br for all r; of course one can let a2=ar (r = 2, 3, • • • , n). 
Then A(lr) = (a2br). Hence A is precisely the automorphism A de
fined by Ax = t~1xt, where 

, 1 2 . N 

\a2 b2 • • • br - • • bj 

For Ax = t~lxt when # = (lr) , and the elements {(If)} (r = 2 ,3 , • • •, n) 
generate Sn. 
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1 The first proof is by O. Holder, Mathematische Annalen, vol. 46 (1895), espe
cially pp.340-345. 
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