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Let the finite polyhedron C be expressed as a sum of two polyhedra, 
A and B. Using the Mayer-Vietoris formula, it is easy to prove the 
following two propositions: 

(1) If AC^B, the intersection of A and B, is acyclic,2 then C is acyclic 
if and only if both A and B are acyclic. 

(2) If A, B, and C are all acyclic, so is AC\B. 

Aronszajn and Borsuk have shown3 that proposition (1) is also true 
if acyclic is replaced by contractible.4 They left open the question as 
to whether or not this is true for proposition (2). We show by means 
of an example that it is not true. The example is constructed as 
follows : 

Let P be a Poincaré sphere, that is, a 3-dimensional polyhedron 
with the homology groups of a 3-sphere and with a non-vanishing 
fundamental group. Let K be the polyhedron obtained by removing 
an open 3-simplex from P . I t is easy to see that K is acyclic and that 
its fundamental group is the same as that of P, so that K is not con
tractible. 

Let C be the join5 of K with two points, q and q\ Denote the join 
of K with q by A, and the join of K with q' by B. Let C = A\JB the 
sum of A and B. Then AC\B=K. I t is clear that A can be continu
ously deformed into the point q, and B into q', so both these poly
hedra are contractible. Hence it remains to show only that C is 
contractible. By proposition (1), C is acyclic. Hurewicz has shown6 

that if the fundamental group of an acyclic polyhedron vanishes, 
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then the polyhedron is contractible. Therefore we are reduced to 
showing that the fundamental group of C is trivial. Let the origin 
for this group be chosen in K. Using the fact that C is a polyhedron, 
it is easy to see that each closed path in C is homotopic to a sum of 
closed paths, each one entirely in A or in B. But both A and B are 
contractible, so each of these paths is homotopic to a point, which 
completes the proof.7 

REMARKS. I.8 The dimension of the polyhedron C is 4, but a similar 
example can be constructed for which the dimension is 3. This follows 
from the fact that K can be retracted by deformation into a part, K\ 
of its 2-dimensional skeleton. Using K' in place of K in the above con
struction, the resulting polyhedron will be of dimension 3. 

II . By the usual method of condensation of singularities, compact 
metric spaces A' and B' can be constructed such that A', B'', and 
A'\JB' are all locally contractible,9 while A 'r\B' is not. However, it 
is relatively easy to prove the generalization of proposition (2) to the 
case of locally acyclic compact metric spaces. 
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7 Cf. §52 of H. Seifert and W. Threlfall, Lehrbuch der Topologie, Leipzig, 1934. 
8 This remark is due to S. Eilenberg. 
9 A space is said to be locally contractible at a point p if each neighborhood U 

of p contains a neighborhood Voî p such that F can be deformed inside U into a point. 
The space is locally contractible if it is locally contractible at each point. The defini
tion of a locally acyclic space is entirely analogous. 


