
OSKAR BOLZA—IN MEMORIAM 

Oskar Bolza came to the United States from Germany in 1888, 
and returned in 1910 to make his home in Freiburg im Baden during 
the later years of his life. He was an influential member of our Ameri
can mathematical community for twenty-two years, including those 
significant ones during which the American Mathematical Society 
was founded and had its early growth. He was one of the founders 
of the Chicago Section of the Society, was a member of the Council 
of the Society in 1900-1902 and vice president in 1904. He was be
loved by his students and associates. He was born on May 12, 18S7 
in Bergzabern, Germany, and word reached this country in the 
autumn of 1942 through the American Red Cross that he died peace
fully on July 5, 1942, presumably in Freiburg. The following pages 
are devoted to a sketch of his life and scientific activities. They have 
unusual significance for our American mathematical community. 

Bolza's father was in the judicial service in Germany and the family 
dwelt in various places in southern Germany during Bolza's child
hood years. In 1873 they made Freiburg their permanent home, and 
the ties which bound Bolza to that city were thereafter always very 
strong. His mother was a daughter of Friedrich Koenig, the inventor 
of a rapid printing press in the early part of the nineteenth century. 
The manufacture of printing presses proved to be profitable through 
the years, and so far as is known Bolza's life was free from financial 
worries. 

Even in his early years Bolza was an industrious and independent 
student. His first strong interests seemed to be the beginning of a 
career in languages and comparative philology. But in 1873 he at
tended an academy in Neuchatel and later the Gymnasium in Frei
burg, in both of which he had excellent instructors in mathematics. 
There for the first time he became enamoured of the subject, and 
mathematics remained his principal interest during all but a few years 
of the rest of his life. 

In the autumn of 1875 Bolza went to Berlin to begin his university 
student career. At that time it was expected that he would ultimately 
succeed to a share in the management of the family printing press 
factory. But his father wanted him to have a liberal as well as a tech
nical education, and for that reason he first attended both the Uni
versity and the Gewerbeakademie in Berlin. It soon became clear that 
this double program was impractical, and that Bolza's interests were 
likely to lie much more in pure science than in business. He at first 
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turned to physics as a possible principal life activity, and during the 
years 1876-1878 he studied in that field under Kirchofï and Helmholz 
in Berlin, Quinke in Heidelberg, and Kundt in Strassburg. He even 
undertook to write a doctor's dissertation in physics under Kundt. 
But experimental work had always been burdensome to him and in 
the autumn of 1878 he decided finally, and certainly fortunately in 
view of his later attainments, to make pure mathematics his specialty. 

The next three years Bolza pursued his interest in pure mathemat
ics under Christoffel and Reye in Strassburg, Weierstrass in Berlin, 
Schwarz in Göttingen, and Weierstrass again. He was not pressed 
financially and had the approval of his father in his effort to prepare 
himself for a university career. But in the autumn of 1880 he found 
himself still far from his doctor's degree and already in his eleventh 
university semester. He determined therefore to prepare himself for 
the Staatsexamen which in Germany was a prerequisite for Gym
nasium teaching though not for a university career. It was three years 
before his examination was passed and his year of practice teaching 
in the Gymnasium at Freiburg completed. He did well in this under
taking, and was successful and greatly interested in his teaching work. 

For two years, 1883-1885, he worked privately on his doctor's dis
sertation in Freiburg. The subject which he had chosen was the de
termination of hyperelliptic integrals which can be reduced to elliptic 
integrals by a transformation of the third degree. He found the solu
tion of his problem in 1885 just as a more elegant one by Goursat 
appeared in the Comptes Rendus. Nothing daunted Bolza attempted 
and found it easy to solve the corresponding problem for transforma
tions of the fourth degree. His solution was published promptly in 
the Berichten der Freiburger Naturforschenden Gesellschaft. It was 
his first published paper. 

In 1885 and 1886 Bolza studied again at Berlin under Fuchs and 
Kronecker. He extended his results on the transformation problem 
and after some correspondence with Schwarz and Klein in Göttingen 
his paper was accepted by the latter as a dissertation for the doctor's 
degree. Bolza's results were undoubtedly of great interest to Klein 
since they were closely related to some which Klein had himself re
cently published. In June 1886 Bolza passed his examination and was 
awarded the doctor's degree at the age of 29. 

The next year, 1886-1887, Bolza and his intimate student friend 
Heinrich Maschke had a kind of private seminar with Klein in Göt
tingen. The three met once a week at Klein's house and planned and 
reported on research projects of common interest. It was a great ex
perience for the younger men, but it had an unexpected effect upon 
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Bolza. Klein had an altogether exceptional genius and breadth of 
view in mathematics, and his personality was justifiably confident 
and overpowering. Bolza was a modest person, and as a result of his 
association with Klein he experienced a loss of confidence in himself 
which was completely unjustified, as later years have well shown. 

It was at this stage in his career that Bolza debated seriously with 
himself what his future might turn out to be. As a student in Berlin 
he had made two exceptionally intimate young friends, the mathe
matician Heinrich Maschke mentioned above and the physicist Franz 
Schulze-Berge. Both of them had taken positions as gymnasium in
structors but had found the teaching exceedingly heavy with little 
opportunity for scientific work. In the spring of 1887 Schulze-Berge 
decided to try his fortune in the United States, and upon his arrival 
here he promptly found a place in the experimental laboratory of 
Thomas Edison in New Jersey. This experience and the persuasive
ness of two American mathematical students in Göttingen, M. W. 
Haskell and F. N. Cole, decided Bolza to follow the example of his 
friend, and in the spring of 1888 he landed in Hoboken. 

Not long after his arrival he was greatly encouraged to find a place 
as "Reader in Mathematics" at Johns Hopkins University beginning 
in January 1889. Before the college year was out he was appointed 
"Associate in Mathematics" in the newly founded Clark University 
of Worcester, Massachusetts. The appointment began in October 
1889 when the University first opened. Clark University had been 
founded as a graduate school with funds which soon proved to be in
sufficient. The faculty became restive and dissatisfied, and in 1892 
when the new University of Chicago was opened, President Harper 
was able to persuade a number of them to move to his still newer in
stitution. Bolza was one of these. He was made an associate professor, 
beginning January 1, 1893, with the understanding that he should be 
advanced to a full professorship after one year. He had also per
suaded President Harper and E. H. Moore, the youthful head of the 
department of mathematics, to appoint Maschke to an associate pro
fessorship, Maschke having meanwhile also come to the United 
States. 

Bolza was highly successful in his teaching and research during the 
eighteen years which he spent at the University of Chicago. The trio, 
Moore, Bolza, Maschke, had a profoundly stimulating influence on 
each other and on the continually numerous group of graduate stu
dents who went to Chicago to listen to them, a group now widely 
distributed among the faculties of our American universities. Among 
notable mathematical events which took place during this period were 



1944] OSKAR BOLZA—IN MEMORIAM 481 

the International Mathematical Congress at the World's Fair in Chi
cago in 1893 and the immediately following inspiring Colloquium Lec
tures by Klein at Northwestern University, the transformation of 
the New York Mathematical Society into the American Mathemati
cal Society, the foundation of the Chicago Section and other sections 
of the Society, and the foundation of the Transactions of the Ameri
can Mathematical Society in 1900. In all of these activities Moore, 
Bolza, and Maschke took a prominent part. At the third colloquium 
of the Society in Ithaca in August 1901, Bolza lectured in beautiful 
fashion on the calculus of variations, a subject then much in vogue be
cause of the then recent appearance of Kneser's book in that field. 

In March of 1908 Maschke died and one of the strongest ties which 
bound Bolza to Chicago was thereby broken. During his sojourn in 
Chicago Bolza had frequently refreshed his relations with his relatives 
and friends in Germany by journeys to Freiburg during his vacation 
periods. Furthermore he had the feeling that he should make way 
for some of the large group of young and able American mathemati
cians then becoming established in increasing numbers in American 
mathematical departments. Soon after Maschke's death, therefore, 
Bolza decided to return to Freiburg to spend his later years in his 
original home environment. The mathematical department at the 
University of Chicago released him with great reluctance and with 
the title Nonresident Professor of Mathematics which he held until 
his death. 

In Freiburg Bolza was appointed Ordentlicher Honorar professor 
at the University there, at the instigation of his friend, Lüroth, and 
for several years he continued his mathematical lectures and research 
with great success. In the summer quarter of 1913 he lectured again 
at the University of Chicago to the great satisfaction of his friends 
and hearers. But the war of 1914-1918 had a disastrous effect upon 
Bolza's mathematical research. He continued his lectures until 1926 
but from as early as 1917, under the influence of several very good 
friends, his interest turned strongly to religious psychology and to 
Sanskrit which he studied for the purpose of reading at first hand 
literature concerning the religious systems of India. The result of 
these activities was a book entitled Glaubenlose Religion published in 
1930 under the pseudonym F. H. Marneck. 

After an interruption of three years Bolza resumed his mathemati
cal lectures in 1929 at the University of Freiburg before the largest 
classes he had ever had. In one case ninety students listened to his 
lectures on differential equations. But the flood of students ebbed 
away there as elsewhere during succeeding years, and in 1933 at the 
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age of 76 Bolza finally gave up lecturing and turned again to his 
psychological studies. Then a very interesting thing happened to him. 
Professor J. H. MacDonald, one of his Ph.D. students in 1901, so
journed for two weeks in Freiburg, and the two of them took long 
walks together during which they discussed again the subject which 
had long before engaged their interest, the transformation of hy-
perelliptic into elliptic integrals by transformations of specified 
degrees. Bolza was inspired to attempt anew some research in this 
field of his earliest mathematical activity and he succeeded in com
pleting the solution of a problem which had long interested him much. 
His results were published in the Mathematische Annalen in 1935 in 
the paper numbered 57 in the bibliography below. In 1938 Bolza pub
lished one further study in religious psychology (no. 62 in the bibliog
raphy). It was his last published paper. 

We know, however, that Bolza's enthusiasm for mathematics con
tinued to the end. In a letter to Professor Arnold Dresden, written 
in 1939 at the age of 82, Bolza tells of his interest in studying the 
foundations of geometry with his friend and colleague in Freiburg, 
the geometer Heffter. According to Bolza's own statement his inten
tion was to try to fill a yawning gap in his earlier mathematical 
training. 

Since 1939 we have had little news from Bolza until the announce
ment in the autumn of 1942 of his death. But the impressions of his 
able and kindly personality which he has left behind, and the records 
of his inspiring lectures and research, are a part of our American 
mathematical traditions which will be with us always. 

In the pages to follow in this biography some indications will be 
given of the scope and character of Bolza's scientific work. 

THE SCIENTIFIC WORK OF OSKAR BOLZA 

The scope and emphasis of Bolza's research are indicated roughly 
by the following table which lists for each of his principal fields the 
papers which he published and the years during which he was active 
in that field. The numbers refer to the bibliography at the end of this 
paper. 

I. Elliptic and hyperelliptic integrals and functions: 1-6, 13-15, 
17-20, 22, 23, 25, 60; 1885-1901, 1936. 

II. Miscellaneous: 7-12, 16, 21, 34, 40, 41, 58, 61, 62; 1888-1938. 
III. Calculus of variations: 24, 26-33, 35-39, 42-53, 56, 57, 59; 

1901-1933. 
IV. Integral equations and general analysis: 46, 54, 55; 1910-1914. 
In Group I Bolza studied first the problem of determining hyper-
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elliptic integrals which are reducible to elliptic integrals by trans
formations especially of the third and fourth degrees. It was his first 
research interest, the field of his dissertation sponsored by Klein in 
Göttingen, a problem often studied by leading mathematicians in the 
latter part of last century. Beginning with his sojourn under Klein in 
Göttingen in 1886, and continuing during something more than a 
decade following his move to the United States, Bolza published 
eleven papers concerning hyperelliptic 0-, <r-, and &- f unctions and 
related subjects. In these he emphasized the elliptic theory and re
formulated it in numerous instances to show how it appears as a 
special case of the hyperelliptic theory, and he carried over to the 
more general case many theorems and formulas well established in 
connection with the theory of elliptic functions. He was an able fol
lower of his great teachers, Weierstrass and Klein, in this field. 

When Bolza first went to Johns Hopkins in 1889 he was asked by 
the noted astronomer, Simon Newcomb, then head of the department 
of mathematics, to lecture on the theory of substitution groups and 
its applications to algebraic equations. In 1891 the lectures were pub
lished by invitation in the paper numbered 8 below, and in neighbor
ing years Bolza wrote three further papers on the subject. One was a 
review of Cole's translation of Netto's Theory of substitutions, a book 
which aroused much interest in this country. The review was most 
thorough and scholarly, quite characteristic of Bolza, and much more 
comprehensive and critical than most reports of this sort. 

Under the title "Miscellaneous" above I have grouped two papers 
on linear differential equations of the second order, Bolza's two pub
lications concerning religious psychology, and other papers. But I 
wish to mention especially his autobiography Aus meinem Leben pub
lished privately in 1936. I had some time before urged him to write 
an account of his life and interests and was overjoyed when the re
sult reached me. It is the source of much of the data in the sketch of 
his life presented here, and many readers besides his own students 
and colleagues will find great encouragement and interest in it. 

By far the greatest of Bolza's interests was the calculus of varia
tions, as indicated by the twenty-nine publications under III above. 
He was a student in the famous course of Weierstrass on the calculus 
of variations at the University of Berlin in 1879, but did not pursue 
the subject actively further until 1901 when he was invited to give a 
series of colloquium lectures at the summer meeting of the American 
Mathematical Society in Ithaca. He chose the calculus of variations 
as his subject. It was beautifully presented. The lectures much ampli
fied, published in 1904 in the book numbered 33 in the bibliography 
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below, contained the contributions to that date, especially of Weier-
strass, Kneser, and Hubert, for problems of the calculus of variations 
in the plane in both non-parametric and parametric form, enriched by 
the able presentation of Bolza himself. This was only his beginning. 
He published in 1909 his Vorlesungen iiber Variationsrechnung, num
bered 44 below, which is now a classic, indispensable to every scholar 
in the field, and much wider in its scope than his earlier book. The 
later volume contains besides the theory of problems in the plane, the 
theory of the problem of Lagrange with fixed end points, and an in
troduction to the problem of the calculus of variations for double 
integrals. 

One of Bolza's important contributions was his extension and ap
plication of existence theorems for implicit functions and for solutions 
of differential equations. Before his time most theorems concerning 
implicit functions defined by equations of the form 

fiixi, • • • , xm; ylf • • • , yn) « 0 (i = 1, • • • , n) 

were based upon the hypothesis that there is a single solution 
(x; y)~(a\ b) of these equations, and the purpose of the theorems 
was to show that for x in a neighborhood of a there exists a uniquely 
defined system of solutions 

yi(xh • • • , xm) (i = 1, • • • , n) 

near the point y = b. Bolza assumed a set P of solutions (x ; y) = {a ; J), 
instead of a single one, and proved the existence of solutions defined 
over a neighborhood of the projection X of P in x-space. Similarly 
for a system of differential equations 

fife yu - • • » y»i yif • • • » y» ) m o (*« i , • • • , « ) 

he assumed the existence of a solution arc y%(x) (xi^x^x^ 
i = 1, • • • , ri) and proved that it could be imbedded in an w-parame
ter family of neighboring solutions. These theorems or their equiva
lents, as Bolza showed and as other students of the subject now well 
recognize, are essential in many instances to a rigorous theory of the 
calculus of variations. 

Two of Bolza's papers, 53 and 56 in the bibliography below, have 
interested me especially. In them he presents a formulation of a new 
and very general problem of the calculus of variations which includes 
as special cases most of the problems which have been studied 
hitherto, and which has come to be known as the problem of Bolza. 
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The problem in parametric form is to find in a class of arcs y<(/) 
(i = 1, • • • , n\ U1kt*ê>t\) satisfying equations of the form 

tf«(y,y') = o (a « l, . • -,p) 

ffi(y) - 0 0 - 1, . . • , q) 

and end conditions of the form 

Xyb(t*),y(h)] = 0 (7 = 1, • • • ,f) 

one which minimizes a sum 

J-G[y(*o),y(fe)] + f(y,y')dt. 

In these expressions the symbol y stands for the set (yu • • • , yn), 
and similarly for y'. Bolza deduced first necessary conditions for a 
minimum and showed how the problems of Lagrange and Mayer are 
unified under his theory. He distinguishes with great clarity between 
so-called normal and abnormal minimizing arcs in cases much more 
general than had been considered before. In the second of the two 
papers he studies problems for which some of the side conditions 
written above are inequalities in place of equalities. It is impossible 
to describe or even mention here all of the contributions which Bolza 
made to the calculus of variations. He added liberally to the theory 
in the plane and to the problem of Lagrange, and improved them in 
many important respects. His methods are models which have greatly 
influenced many workers in the field. 

The group of papers listed as IV above is a small one. Bolza was 
a great friend and admirer of E. H. Moore. The paper 46 is devoted 
to the formulation and proof of a theorem in General analysis which 
generalizes and unifies a multiplier rule of the calculus of variations 
and a theorem of elementary analytic geometry in the spirit so often 
formulated by Moore. In the summer of 1913 Bolza gave one of his 
inimitable lecture courses at the University of Chicago on integral 
equations. The lectures were written up by W. V. Lovitt who after
ward published them with modifications in book form (see no. 54 of 
the bibliography). When Bolza returned to Germany after his sum
mer in Chicago he had the strong feeling that Moore's General analy
sis and the accompanying theory of integral equations had been 
stated in print only very concisely, and that they should be much 
better known. He therefore published in the Jahresbericht an in
troduction of some fifty-six pages to Moore's theory, the paper num-
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bered 55 below. It is written in Bolza's finest style and should be most 
helpful and suggestive to all students of the theory. 

It would require a book to describe all of the research which Bolza 
published, even in the calculus of variations alone, and I shall con
tent myself with the brief indications in the paragraphs which pre
cede. His work was always meticulously precise, and was usually 
accompanied by a most scholarly and appreciative analysis of publi
cations in the same neighborhood which preceded his own. Wherever 
his interest was aroused he has left valuable and indelible impressions 
in the field of mathematical research. 

BIBLIOGRAPHY OF OSKAR BOLZA 

The list is chronological. 

1. Zur Reduction hyperelliptischer Integrale auf elliptische, Berichte liber die Ver-
handlungen der naturforschenden Gesellschaft zu Freiburg im Baden (1885) pp. 330-
335. 

2. Über die Reduction hyper elliptischer Integrale erster Ordnung und erster Gattung 
auf elliptische, inbesondere über die Reduction durch eine Transformation vierten Grades, 
Dissertation, Göttingen, 1886, 39 pp. 

3. Über die Reduction hyperelliptischer Integrale erster Ordnung und erster Gattung 
auf elliptische durch eine Transformation vierten Grades, Math. Ann. vol. 28 (1887) 
pp. 447-456; this is a review of the results in no. 2 above. 

4. Darstellung der rationalen ganzen Invarianten der Bipârformen sechster Ordnung 
durch die Nullwerte der zugehörigen %-Functionen, Math. Ann. vol. 30 (1887) pp. 478-
495; for an earlier summary of results see Nachr. Ges. Wiss. Göttingen (1887) pp. 
418-421. 

5. Über bin'dre Formen sechster Ordnung mit linearen Substitutionen in Sich, Math. 
Ann. vol. 30 (1887) pp. 546-552. This is a summary of the results in no. 6 below. 

6. On binary sextics with linear transformations into themselves, Amer. J. Math, 
vol. 10 (1888) pp. 47-70; see also no. 5 above which is a synopsis of this. 

7. On the construction of intransitive groups, Amer. J. Math. vol. 11 (1889) pp. 195-
214. 

8. On the theory of substitution groups and its application to algebraic equations, 
Amer. J. Math. vol. 13 (1891) pp. 59-144. 

9. Review of E. Netto, The theory of substitutions, translated by F. N. Cole, Bulletin 
of the New York Mathematical Society vol. 2 (1892) pp. 83-106. 

10. Über Kronecker's Definition der Gruppe einer Gleichung, Math. Ann. vol. 42 
(1893) pp. 253-256. 

11. Über die linearen Relationen zwischen den zu verschiedenen singular en Punkten 
gehörigen Fundamentalsystemen von Integralen der Riemannschen Differentialgleichung, 
Math. Ann. vol. 42 (1893) pp. 526-536. 

12. On the transformation of linear differential equations of the second order with 
linear coefficients, Amer. J. Math. vol. 15 (1893) pp. 264-273. 

13. On Weierstrass' system of hyperelliptic integrals of the first and second kind, 
Mathematical Papers read at the International Congress held in conjunction with the 
World's Columbian Exposition, Chicago, 1893, pp. 1-12. 
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14. Über das Analogon der Fonction $>(u) im allgemeinen hyperelliptischen Fall, 
Nachr. Ges. Wiss. Göttingen (1894) pp. 268-271. 

15. On the first and second logarithmic derivatives of hyper elliptic sigma junctions, 
Amer. J. Math. vol. 17 (1895) pp. 11-36. 

16. Mathematical papers read at the International Mathematical Congress held in 
connection with the World's Columbian Exposition Chicago 1893, edited by E. H. 
Moore, O. Bolza, H. Maschke, H. S. White, American Mathematical Society, New 
York, 1896. 

17. Die cubische Involution una die Dreitheilung und Transformation dritter 
Ordnung der elliptischen Functionen, Math. Ann. vol. 50 (1898) pp. 68-102. 

18. Zur Reduction hyperelliptischer Integrale erster Ordnung auf elliptische mittels 
einer Transformation dritten Grades, Math. Ann. vol. 50 (1898) pp. 314-324; Nach-
trag, Math. Ann. vol. 51 (1899) pp. 478-480. 

19. The partial differential equation for the hyper elliptic @- and a-functions, Amer. 
J. Math. vol. 21 (1899) pp. 107-125. 

20. Proof of Brioschifs recursion formula for the expansion of the even <r-functions 
of two variables, Amer. J. Math. vol. 21 (1899) pp. 175-190. 

21. Book Review of Harkness and Morley, Introduction to the theory of analytic 
functions, Bull. Amer. Math. Soc. vol. 6 (1899) pp. 63-74. 

22. The elliptic ^-functions considered as a special case of the hyperelliptic a~func
tions, Trans. Amer. Math. Soc. vol. 1 (1900) pp. 53-65. 

23. Remarks concerning the expansions of the hyperelliptic a-functions, Amer. J. 
Math. vol. 22 (1900) pp. 101-112. 

24. New proof of a theorem of Osgood1 s in the calculus of variations, Trans. Amer. 
Math. Soc. vol. 2 (1901) pp. 422-427. 

25. Elliptic functions. A hand written record of a course given at the University 
of Chicago, probably Winter Quarter 1901. 

26. Calculus of variations. A hand written record by W. W. Hart of a course given 
at the University of Chicago, Summer Quarter 1901. 

27. Concerning the geodesic curvature and the isoperimetric problem on a given sur-
face, Decennial Publications of the University of Chicago vol. 9 (1902) pp. 13-18; 
see also Math. Ann. vol. 57 (1903) pp. 48-52. 

28. Proof of the sufficiency of Jacobi's condition for a permanent sign of the second 
variation in the so-called isoperimetric problems, Decennial Publications of the Uni
versity of Chicago vol. 9 (1902) pp. 21-25; see also Trans. Amer. Math. Soc. vol. 3 
(1902) pp. 305-311. 

29. Some instructive examples in the calculus of variations, Bull. Amer. Math, Soc. 
vol. 19 (1902) pp. 1-10. 

30. Zur zweiten Variation bei isoperimetrischen Problemen, Math. Ann. vol. 57 
(1903) pp. 44-47. 

31. Über das isoperimetrische Problem auf einer gegebenen Fldche, Math. Ann. vol. 
57 (1903) pp. 48-52. 

32. The determination of the constants in the problem of the brachistochrone, Bull. 
Amer. Math. Soc. vol. 10 (1903) pp. 185-188. 

33. Lectures on the calculus of variations, University of Chicago Press, 1904, 
xvi+271 pp. 

34. Report on the requirements f or the master's degree (with C. A. Waldo and E. J. 
Townsend), Bull. Amer. Math. Soc. vol. 10 (1904) pp. 380-385. 

35. A fifth necessary condition for a strong extremum of the integral Jl\F(jx, y, yf)dx, 
Trans. Amer. Mafh. Soc. vol. 7 (1906) pp. 314-324. 
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36. Weierstrass' theorem and Knesefs theorem on transversals for the most general 
case of an extremum of a simple definite integral, Trans. Amer. Math. Soc. vol. 7 (1906) 
pp. 459-488. 

37. Ein Satz iiber eindeutige Abbildung und seine Anwendung in der Variations
rechnung, Math. Ann. vol. 63 (1907) pp. 246-252. Berichtigung, Math. Ann. vol. 44 
(1907) p. 387. 

38. Die Lagrangeschen Multiplikatorenregel in die Variationsrechnung fiir den Fall 
von gemischten Bedingungen und die zugehörigen Grenzgleichung bei variabeln End-
punkten, Math. Ann. vol. 64 (1907) pp. 370-387. 

39. Existence proof f or a field of extremals tangent to a given curve, Trans. Amer. 
Math. Soc. vol. 8 (1907) pp. 399-404. 

40. Zur Errinerung an Heinrich Maschke, Jber. Deutschen Math. Verein. vol. 18 
(1908) pp. 345-355. 

41. Heinrich Maschke his life and work, Bull. Amer. Math. Soc. vol. 15 (1908) pp. 
85-95. 

42. Vorlesungen iiber Variationsrechnung, Umgearbeitete und stark Vermehrte 
duetsche Ausgabe der uLectures on the calculus of variations," Erste Lieferung, Leipzig, 
1908, iv+300+10 pp. 

43. The determination of the conjugate points for discontinuous solutions in the cal
culus of variations, Amer. J. Math. vol. 30 (1908) pp. 209-221. 

44. Vorlesungen iiber Variationsrechnung, Leipzig, 1909, ix+706+10 pp. 
45. Remarks concerning the second variation for isoperimetric problems, Bull. Amer. 

Math. Soc. vol. 15 (1909) pp. 213-217. 
46. An application of the notions of "General Analysis" to a problem of the calculus 

of variations, Bull. Amer. Math. Soc. vol. 16 (1910) pp. 402-407. 
47. Tiber den Hilbertschen Unabhangigkeitssatz beim Lagrangeschen Variations-

problem, Rend. Circ. Mat. Palermo vol. 31 (1911) pp. 257-272; zweite Mittheilung, 
Rend. Circ. Mat. Palermo vol. 32 (1911) pp. 111-117. 

48. A generalization of Lindelof s theorems on the catenary, Bull. Amer. Math. Soc. 
vol. 19 (1911) pp. 107-110. 

49. Bemerkungen zu der Arbeit von Herrn. W. Weber "Über den Satz von Malus fiir 
krummlinige Lichtstrahlen," Rend. Circ. Mat. Palermo vol. 32 (1911) pp. 263-266. 

50. Über die Integrabilittttsbedingungen beim Bestehen von Nebenbedingungen, 
Math. Ann. vol. 71 (1911) pp. 533-547. 

51. Bemerkungun zu Newton1 s Beweis seines Satzes Uber den RotationskÖrper 
kleinsten Widerstandes, Bibliotheca Mathematica (3) vol. 13 (1913) pp. 146-149. 

52. Über zwei Eulersche Aufgaben aus der Variationsrechnung, Annali di Mate-
matica Pura ed Applicata vol. 20 (1913) pp. 245-255. 

53. Über den "Anormalen Fall" beim Lagrangeschen und Meyerschen Problem mit 
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