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This note concerns itself with the concept of the signature of a real 
quadratic form and with Sylvester's classical theorem of "inertia." 
The standard treatment is elementary enough and involves merely 
simple algebraic algorithms. The usual extensions have been in the 
direction of replacing the real number field by other fields. Roughly 
speaking, the viewpoint has been algebraic. The viewpoint developed 
below is different. I t leads to an interesting identification of the sig
nature with a certain topological invariant. This suggests that the 
corresponding invariant for other forms may be taken as a natural 
generalization of the signature. Moreover, although the signature and 
rank are sufficient to characterize quadratic forms, it would seem that 
for more general forms the topological aspects provide a basis for de
fining other numerical invariants. 

Write 
k 2 n + 1 2 

0 k+l 

Since we may equally well use — Q, there is no restriction in as
suming k^n — k. If £ ^ 0 , the equation 0 = 0 defines a hypersurface 
in an (w + l)-dimensional real projective space, with coordinates 
#o*.#r. • • • «#n+i. Let JR,-, i = 0, • • • , n, be the mod 2 Betti numbers. 

THEOREM . The signature of Qisn+2 —^o^?- The rank and the sig
nature are invariant under real (nonsingular) projective transformations. 

I t is worth noting the appearance of the sum of the Betti numbers 
and not the alternating sum. Indeed so far as the writer is aware, this 
is the first time t h a t ^ j R , has entered in a natural way. 

The second assertion of the theorem is, of course, a trivial reflection 
of the invariance under homeomorphism of the Betti groups and the 
dimension (n) which is 2 less than the rank. To establish the first part 
we need the explicit values of the Betti numbers Rj. We can calculate 
these for k>0 by making use of results of Steenrod and Tucker,1 for 
instance. An obvious conclusion from their work is that the mod 2 
homology groups for Q==0 are isomorphic to those of p^xSn~k where 
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Ph is a ^-dimensional projective space and Sn~k is an (« — &)-dimen-
sional sphere. 

Write iRj and 2^7 for the j-dimensional mod 2 Betti numbers of Pk 

and Sn~k respectively. I t is well known that 

(la) iRj = 1, j = 0, • • • , *, 

(lb) 2i?i = 5o» + ô ĵfe*, * = 0, • • • f » — *, 

where, of course, St3- is the Kronecker symbol. The Kunneth relations2 

lead to 

(2) Ê U, - E xi^ / î : 2 #i = 2(* + 1). 
0 0 0 

For k = 0 the observation that Q = 0 is a sphere leads immediately to 
a result formally consistent with equation 2, namely 

(2a) J2 RJ = 2. 
0 

The signature of Q is evidently n — 2k. In view of equations 2 and 
2a, this is the value of n+2 — ̂ T%Rj. The theorem is therefore estab
lished. 

The case of definite forms is not compassed by the theorem, for 
then the configuration Q = 0 has no meaning in projective geometry. 
Of course, in this case we need not differentiate between the signature 
and the rank. Alternatively we may agree to identify the signature of 
Q with that of Q + # - i 2 —#~22 with transformations restricted to the 
variables entering Q alone. 
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