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In this note, G is a compact connected Lie group. We are concerned
with the torsion of the cohomology ring H*(G; Z) of G over the
integers, certain commutative subgroups of G, and relations between
these two questions.
NOTATION. E(mi, • • • , mr) or £ A ( ^ I , • • • , mr) denotes the exterior algebra over the ring A of a free .4-module with r generators
of respective degrees wi, • • • , mr; p is a prime number, Zv the field of
integers mod p1 Q the field of rational numbers. Tors H is the torsion
subgroup of a group Hy ord M the order of a finite group M. The
identity component of a closed subgroup H if G is denoted by Ho,
if L is a subset of G, its centralizer in G is denoted by Z(L).
1. iJ-spaces with finitely generated cohomology groups. In this
section, X is a compact connected iî-space, for which H*(X\ Z) is
finitely generated. As is known H*(X; Q) = J E ( W I , • • • , mr) with rm
odd ; we assume m% ^ my if i ^j. With this notation we have
PROPOSITION 1.1. (a) H*(X; Z)/Tors H*(X; Z) = Ez(mly
• • • , rnr).
(b) Let p be odd and K be a field of characteristic p. Then H*(X; K)
contains a subalgebra isomorphic to EK(mi> • • • , mr). Each system of
generators of type (M) of H*(X; K) (in the sense of [2, §6]) contains at
least r elements of odd degrees.

Let H=H*(X; Z)/Tors H*(X; Z). The transpose of the product
map induces a homomorphism H-*H®H satisfying the conditions
imposed on a Hopf algebra over Z. Hence H®A is a Hopf algebra
over A for any ring A. Then (a) follows from the structure theorem
[2, Théorème 6.1] applied to H®Ly L being a field, by an easy induction, (b) follows from (a), the structure theorem, and the fact
t h a t the product of the generators of £x(wi, • • • , mr) is nonzero.
PROPOSITION 1.2. Let p be odd. Assume that each element
ofH*(X;Kp)
has height Sp {in the sense of [2, §6]) and that X is simply connected.
Let k be the first integer such that Hk(X; Z) has p-torsion. Then p-k

This may be proved using the spectral sequence connecting
H*(X; Zp) to i ï * ( X ; Z)/Tors H*{X\ Z) ®ZV1 whose differentials are
the successive Bockstein operators. This result is sufficient for the
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applications mentioned in §2 ; however, since then, a more complete
one has been obtained by Araki [ l ] ,
2. On the ^-torsion of compact Lie groups. By Ei (i = 6, 7, 8) we
mean here the compact simply connected group whose Lie algebra
is denoted by t h a t symbol in the standard Killing-Cartan classification. It was shown in [7] that Ei has no ^-torsion for i = 6, p^7, and
i = 7y 8, p^ll.
By Theorem V of [ l l ] , JE< has the homology of the
Eilenberg-MacLane space K(Z, 3) up to dimension w 2 —1 (in the
notation of §1). Together with the results of H. Cartan [12] on the
homology of K(w, n) this shows that £e, En, Es have 2- and 3-torsion,
and t h a t E& also has S-torsion. Combined with 1.1, 1.2, these results
also allow one to prove the
PROPOSITION 2.1. The group Ei has no p4orsion for i = 6, 7,
and for i = 8, p}^7. Furthermore

p^5

H*(Ee; Z3) = £ ( 3 , 7, 9, 11, 15, 17) ® P(8; 3),
H*(E8; Z5) = £ ( 3 , 11, IS, 23, 27, 35, 39, 47) ® P(12; 5)
where P(a; p) = Zp[x]/(xp),

with x of degree a.

Together with results of [4; 7], this yields a verification of the
second assertion conjectured in [6] of the following:
T H E O R E M 2.2. (a) G has no p-torsion if and only if BQ has no p-torsion. (b) Let G be simple and simply connected. Then if p does not
divide the coefficients of the highest root> expressed as linear combination
of the simple roots, then G has no p-torsion.

For the "only if" part of (a) see [6, Proposition 5.1]. The "if" part
is checked using 2.1 and [7]. The reduction to simple groups uses the
fact that G is homeomorphic to the product of Z(G)o by its greatest
semi-simple subgroup. More generally, if G = S-Gi where S is a torus
and G\ a closed connected subgroup, both invariant, then G is homeomorphic to the product of a torus by G\. Using induction on dim Sy it is
enough to prove this when 5 is a circle. Then, if G ^ G i , the group G
is a principal Gi-bundle over a circle, and this bundle is trivial since
Gi is connected.
3. Commutative subgroups and ^-torsion. As in [8], a [^>]-group
is a commutative group of type (ƒ>,•••,ƒ>); i t s r a n k is the number
of factors isomorphic to Zp.
THEOREM

3.1. (a) Let H be a compact commutative subgroup of G.
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Assume that ord(H/Ho) is prime to the order of Tors 71*1 (G), and that
either H contains a regular element of G or H/H0 is generated by two
elements. Then His contained in a torus of G. (b) TI(G) has no p4orsion
if and only if every [p]-group of rank S2 belongs to a toral subgroup.
The proof of 3.1 uses notably the end remark of §2, the fact that
G/Z(S) is torsion free when S is a torus [5; 10 ], and the fact that if
G is simply connected, the centralizer Z(g) of any element of g is connected, which can be proved using Proposition 2, p. 56 of [13] and
some properties of singular elements. The assertion (b), in the direction not covered by (a), is checked by explicit construction of examples. The main property to verify is the following: Let G be simple,
simply connected, and z be an element of order p of the center of G.
Then there exist u, t/£G with uvu~xv~l — z and up = vp = e if p is odd,
1
UP=:VP=:Z if £ = 2.
T H E O R E M 3.2. (a) Let p be a prime. Then G has no p4orsion if and
only if every [p]-subgroup is contained in some torus, (b) Let H be a
compact commutative subgroup of G. Assume that ord (H/H$) is prime
to the order of Tors H*(G, Z). Then H is contained in a torus of G.

The "only if" part of (a) was proved in [3, Chapter X I I I ] . The
"if" part is checked by explicit constructions. These show that if G
is simple, simply connected and has ^-torsion, then G contains a
[^]-subgroup of rank 3 not belonging to a torus. The proof of (b)
proceeds by induction on dim G. It uses the following fact, which,
when U is not the centralizer of a torus, had to be checked using the
classification of subgroups of maximal rank [9].
PROPOSITION 3.3. Let U be a connected closed subgroup of maximal
rank of G. If G has no p-torsion, then U and G/U have no p-torsion.

4. Remarks about maximal [2]-subgroups. It is known [2; 3] that
H*(G\ Z2) has a simple system of universally transgressive generators when G = SO(n)1 Sp(n), SU(n), (n^l)G2, F4l Spin(w)
(m^9).
In the first four cases, it was also shown [3] that maximal [2]subgroups are conjugate by inner automorphisms and play in cohomology mod 2 a role analogous to that of maximal tori in rational
cohomology. This also holds in the remaining cases; more precisely:
T H E O R E M 4.1. The maximal
[2]-subgroups of G2, F4, Spin (7),
Spin (8), Spin (9) are conjugate by inner automorphisms, their ranks
1

Theorem 3.1(b) was suggested in discussions with J. Wolf, to whom I am also
indebted for an example in the case of Spin (4w), /> = 2.
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are equal to 3, 5, 4, 5, S respectively. If U is one of them, then G/U is
totally nonhomologous to zero mod 2 in the ftbering
(BUtBG,G/U,p(UtG)).
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