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The Poincaré conjecture says that every simply connected closed
3-manifold is homeomorphic to the 3-sphere S 3 . This has never been
proved or disproved. The problem of showing whether every closed
simply connected w-manifold which has the homology groups of 5W,
or equivalently is a homotopy sphere, is homeomorphic to 5 n , has
been called the generalized Poincaré conjecture.
We prove the following theorem.
A. If Mn is a closed differentiable (C00) manifold which is a
homotopy sphere, and if n^Z, 4, then Mn is homeomorphic to Sn.
THEOREM

We would expect that our methods will yield Theorem A for combinatorial manifolds as well, but this has not been done.
The complete proof will be given elsewhere. Here we give an outline of the proof and mention other related and more general results.
The first step in the proof is the construction of a nice cellular type
structure on any closed C00 manifold M. More precisely, define a
real valued ƒ on M to be a nice function if it possesses only nondegenerate critical points and for each critical point /3, jT(/3) =X(/3), the
index of /3.
THEOREM

B. On every closed C°° manifold there exist nice functions.

The proof of Theorem B is begun in our article [3]. In the terminology of [3], it is proved that a gradient system can be C1 approximated by a system with stable and unstable manifolds having normal
intersection with each other. This is the announced Theorem 1.2 of
[3]. From this approximation we are then able to construct the function of Theorem B.
The stable manifolds of the critical points of a nice function can be
thought of as cells of a complex while the unstable manifolds are the
duals. This structure has the advantage over previous structures
that both the cells and the duals are differentiably imbedded in M.
We believe in fact that nice functions will replace much of the
use of C1 triangulations and combinatorial methods in differential
topology.
1

Supported by a National Science Foundation Postdoctoral fellowship.

373
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

374

[September

STEPHEN SMALE

In our work here we do not actually use the cells themselves as
much as the neighborhoods of the skeletons of this structure. More
precisely, if ƒ is a nice function on M, let Xk=f~1[01 jfe + l / 2 ] .
Then each Xk is a compact C00 manifold with boundary and one
can think of Xk as being obtained from -ST&-1 by attaching a number
of fe-cells and "thickening" them.
If M is a manifold with boundary, D a disk, ƒ : dD—>dM a differe n t i a t e imbedding with a trivial normal bundle B and y a homotopy
class of cross-sections dD—*B, then a new manifold MUD = M]UftyD
is defined. We do not define MUD here but only remark that MKJD
is roughly M with D attached by ƒ, thickened according to 7, and
smoothed.
Then it can be shown that Xk = Xk^KJD^J
• • • UZ>*, where
dim D* = k (D, Dk, etc. always denote disks).
The handlebodies are defined to be all manifolds of the form
Dn\JD\\J • • • VJ£)J. Fixing n, k, s, the set of all such manifolds is
denoted by 5C(», h, s).
For our main theorems we prove that under homotopy assumptions, the Xk are handlebodies. The following is a major step.
T H E O R E M C (THE HANDLEBODY THEOREM). Let w^max(2s + 2, 5),
H<EW{nyk, s), K = HUDAJ • • • U D r , dim Di = s + 1 and
TT8(K)=0.
Also assume TTI(H \J D\ VJ • • • \J Dr~k) = 1 if s = 1. Then
K<E3C(n, r-k, 5 + 1 ) .

We shall not try to summarize the proof of Theorem C.
Using Theorems B and C and the previous consideration one can
obtain the following theorem.
D. Let Mn be a closed C00 manifold which is (m — 1)connected and w^max(2w, 5). Then there is a nice f unction f on M
with type numbers satisfying
THEOREM

Mo — Mn = 1 and

Mi = 0 for

0 < i <m

and

n — m < i < n.

Special cases of Theorem D are first Theorem E if n = 2m + l, and
Theorem F if n = 2m.
E. Let M be a closed (m — 1) -connected closed C00 ( 2 m + 1)manifold. Then M = H\JH' where H, iJ'G3C(2w + l, k, m).
THEOREM

This generalizes the Heegard decomposition of a 3-manifold.
F. Let M be a closed (m — 1)-connected C00 2m-manifold,
m 7*2. Then there is a nice f unction on M whose type numbers equal
the Betti numbers of M.
THEOREM
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Theorem F implies the even dimensional part of Theorem A.
According to Thorn (see [2]) two closed oriented C00 manifolds M\
and Mi are J-equivalent if there exists a C°° manifold X with boundary
Mi — Mi and each Mi is a deformation retract of X. Using methods
similar to the preceding ones we are able to prove the following:
T H E O R E M G. If two homotopy spheres Mi and M2 of dimension
2m — 1 , m 9e 2 are J-equivalent, then they are diffeomorphic.

Using Mazur's Theorem [ l ] , the part of Theorem A for odd dimensional manifolds follows from Theorem G.
T H E O R E M H. There exists a triangulated manifold with no differ entiable structure at all.

This follows from Theorem G and work of Milnor [2]. Take his
manifold of Wo of Theorem 4.1 of [2] for k = 3 and attach a 4& cell.
(In our context Wo can be viewed as a certain handlebody in
3C(4fe, 8, 2k).) The following also follows from Milnor [2] and Theorem G:
THEOREM

I. The groups T2m+1 are finite, for all m.

For example, for T5 = 0, there are precisely 28 differentiate structures on S 7 , etc.
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