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Introduction. I t is the purpose of the present note to present in out
line some results established in a forthcoming paper of the writer [2 ] 
on solutions of a family of partial differential equations depending 
upon a parameter. The questions treated were suggested (though 
somewhat obliquely) by a reading of the paper by Kodaira and 
Spencer [4] concerning solutions of differentiable families of elliptic 
differential operators on a vector bundle over a compact manifold, 
with applications to problems concerning variation of complex struc
ture. The results with which we are concerned in [2] relate essentially 
to the drastically different case of noncompact manifolds. For the 
sake of simplicity in the present exposition, we shall restrict ourselves 
to differential operators operating on scalar functions on an open sub
set of Euclidean w-space. 

Let G be an open subset of the Euclidean w-space En
y Mi a real-

analytic manifold. We consider a family {At} of differential operators 
with (possibly) variable coefficients on G, with the coefficients de
pending also upon the parameter t in Mi. Thus in the usual notation 
for partial differential operators, 

( Z)y = i~*d/dxh a = (au • • • , a»), D* = ft D?, \ a | = £ aX 
\ y-i ;=i / 

At = Z) *«(*i t)Da-

We say that {A t} is an analytic family if each aa is a real-analytic 
function on GXMi. 

The questions we pose concerning such a family {A t} are the fol
lowing : 

(I) Does there exist a family of fundamental solutions et(xt y) for At 

on G which depend analytically upon t in Mi and which for a given 
parameter value to in Mi coincide with a prescribed fundamental solu
tion e0(x, y) for AH? 

(II) Iff is an analytic function from Mi into the analytic f unctions 
on G, does there exist a family of solutions {ut} of the equations 

x The preparation of this paper was partially supported by N.S.F. Grant G-19751. 
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Atut=ft, J G Mi, 

on G with ut depending analytically upon t in Mi and such that for a 
given parameter value to in Mi, utQ coincides with a prescribed solution u0 

of Ato(u0)=fto. 
( I l l ) If G\ is a given pre-compact open subset of G and if {vt} is an 

analytic family of solutions of the equations Atvt = 0 on G, can the v% 
be approximated in various function-space topologies on G\ by solutions 
ut of Atut = 0 on G with the family {ut} also analytic in t on Mi? 

These questions are a generalization of questions posed for the case 
of a single elliptic operator (with no parameters) and affirmatively 
resolved in the final section of Malgrange's Thesis [6]. We describe 
below some general classes of differential operators, elliptic and non-
elliptic, for which positive answers may be given to some or all of 
the above questions. 

An important feature of the results stated below, which we should 
emphasize, is that the manifold Mi of the parameter values is pre
scribed in advance and the analytic families of solutions and funda
mental solutions which we construct are analytic in the large, i.e., 
upon the whole of Mi and not merely upon some suitably small 
neighborhood of a given point of Mi.2 

1. Let C?(G) be the family of infinitely differentiable functions 
with compact support in G, and let L2(G) be the usual Hubert space 
formed from the complex-valued functions square-integrable with 
respect to Lebesgue ^-measure on G. We denote the norm in L2(G) 

b y II-II-
For each t in Mi, let A( be the formal adjoint operator of At, i.e., 

Alu= X) Da(âa(x,t)u). 
|«l*r 

DEFINITION 1. (a) The minimal operator Ao,t of At in L2(G) is the 
closure as an operator in L2(G) of At restricted to C™(G) ( / £Mi ) . 
Similarly, we denote by Af

Qtt the minimal operator of Al in L2(G). 
(b) The maximal operator Aitt of At in L2(G) is defined by Ai,t 

= 04<u)*. 
DEFINITION 2. The closed operator T in L2(G) is said to be a solvable 
2 The writer has recently received a preprint of a note by J. F. Treves summarizing 

results obtained by the latter on fundamental solutions and solutions of equations 
with constant coefficients on En depending on a parameter. For constant coefficient 
operators of constant strength, Treves obtains fundamental solutions of convolution 
type analytic in the parameter but only for a neighborhood of a given parameter 
value. It would be interesting to know under what condition elementary solutions of 
convolution type exist on En which are analytic in the large in the parameter. 
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realization of Atfor a given t in Mi if AQ^QTQAIJ while T maps its 
domain one-to-one onto L2(G). 

DEFINITION 3. For a fixed t in Mi, the locally summable f unction e on 
GXG is said to be a fundamental solution of A t if 

(Al)yë(x, y) = öx, 

(At)xe(x, y) = ôy. 

We shall impose some general conditions from which the existence 
of analytic families of solutions and fundamental solutions may be 
deduced. These are given in the following two definitions: 

DEFINITION 4. The differential operator At is said to be proper if 
there exists a constant c{t) such that 

\\u\\ Sc(t)\\Atu\\ 

for all u in C?(G). 
(Equivalently, At is proper if the minimal operator AQ^ is one-to-

one and has a closed range in L2(G).) 
DEFINITION 5. The family {At} is said to be analytically uniform if 

there exists a fixed linear subset W of L2(G) and a function U from Mi 
into the injective bounded linear transformations of L2(G) such that for 
each t in Mi, Ut maps W onto D(Aott) while for each fixed w in Wy 

AottUtw is a weakly analytic function from Mi to L2(G). 
The most important special case of Definition S is that in which the 

operators At are "equally strong," i.e., the domain of the minimal 
operator D(A0tt) is independent of /, while for each w in Z)(^40,<0), 
A tw is analytic in / on Mi. 

Let us examine briefly some classes of differential operators for 
which the conditions of Definitions 4 and 5 can be enforced. We as
sume that G is pre-compact and that there exists an open subset G' 
containing G such that each aa is analytic on G' X Mi. 

(1) Every operator with constant coefficients is proper. 
(2) An elliptic operator A t with analytic coefficients is proper. 
(3) The operator At is proper if the following two conditions are 

satisfied : 
(i) D(Ao,t) is contained in a subset W of L2{G) which is a Banach 

space with respect to a norm such that the imbedding map into 
L2(G) is compact. 

(ii) Every solution u in L2(G) of the equation Atu = 0 in the dis
tribution sense on Gf such that u has compact support in Gf must be 
the null solution. 

For the subset W' of (i), we may take a Sobolev space W3'>2(G) with 
j > 0 . Thus, (i) and (ii) follow from known results about the domains 
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of minimal operators and about uniqueness of solutions of the 
Cauchy problem for suitable domains G and G' for hyperbolic oper
ators (Leray [5]) and operators of principal normal type having a 
strongly pseudo-convex level function (Hormander [3]).3 

(4) Some examples of families {At} which are analytically uni
form by having a fixed domain for the minimal operators A0)t are: 
elliptic operators of a fixed order; formally hypoelliptic operators of 
equal strength; constant coefficient operators of equal strength; 
hyperbolic operators having top-order terms independent of t; and 
operators of principal normal type having pseudo-convex level func
tions and with top-order terms independent of t. 

(5) A simple example of an analytically uniform family with Ut not 
the identity map is provided by the case where the top-order terms 
of the hyperbolic family {A t} are obtained from those of A 0 by an 
analytic family of coordinate transformations. 

THEOREM 1. Let \At} be a family of differential operators on G de
pending upon t in Mi. Suppose that each A t and A [ is proper and that 
the families \At\ and \A[\ are analytically uniform. Then : 

(a) There exists a family of closed operators { Tt} for t in Mi such 
that each Tt is a solvable realization for At in L2(G) while t-^Tr1 is 
an analytic f unction from Mi to the bounded linear operators on L2(G). 
If to is a given parameter value, To a prescribed solvable realization of 
AtQ, then the family Tt may be chosen so that Tto= To. 

(b) The kernels et,XtV of the mappings TT1 (L. Schwartz [7]) are an 
analytic family of distribution fundamental solutions of the correspond
ing A t. 

(c) If At is elliptic f or every t, the map t—^et,x,y yields an analytic 
map of Mi into LlO0(GXG) with et,x,y analytic on MiX [GXG— A], 
where A is the diagonal of GXG. 

(d) Iff is an analytic map from Mi into L2(G), then ut = Trxft gives 
an analytic family of solutions of the equation Atut—ft in L2(G). If 
At is elliptic for all t, and f is analytic in x and t> then ut(x) is analytic 
in (t, x) on MiXG. If UQ is a given solution of Atouo=fo in L2(G), the 
family of solvable realizations Tt may be chosen so that uto = uo. 

From the proof of Theorem 1, we extract one step which we state 
as an interesting result in its own right. This is the following: 

THEOREM 2. Let At be a family of differential operators on G depend
ing on t in Mi such that each A [ is proper and the family \A[\ is 

8 Added in proof. Similar results to those of [3] have been obtained independently 
in a paper of A. P. Calderon which has not yet appeared. 
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analytically uniform. Let St be the closed subspace of L2(G) consisting 
of solutions of the homogeneous equation Atu = 0 (in the distribution 
sense). If Pt is the orthogonal projection operator of L2(G) onto St, then 
the map t—*Pt is an analytic mapping of Mi into the projections of 
L2(G) with the norm topology. In particular, Pt is continuous in t in 
the norm topology, so that the angle between St and Sto approaches zero 
as t-*h. 

If A t is hypoellipticfor each t, St coincides with the ordinary solutions 
ofAtu = 0 in C»(G)r\L2(G). 

2. To drop or weaken the conditions of Theorem 1, which in the 
examples cited above is equivalent in practical terms to assuming 
tha t either G is not pre-compact or that the coefficients of A t need 
not be regular up to the boundary of G, we restrict ourselves to the 
case of elliptic operators. 

THEOREM 3. Let {At} be an analytic family of elliptic differential 
operators of order r on G for t ranging over Mi. Then there exists a family 
of bi-regular fundamental solutions et(x, y) for At on G such that the 
map t—>et is an analytic mapping of Mi into L\0Q(GXG) while e is 
analytic on MiX [GXG— A]. 

THEOREM 4. Let {At} be an analytic family of elliptic differential 
operators of order r on G, ft(x) analytic on MiXG. Then there exists a 
family of solutions ut(x) of the equation Atut—ft with u analytic on 
MiXG. 

THEOREM 5. Let {At} be an analytic family of elliptic differential 
operators of order r on G. Suppose that Gi is a pre-compact open subset 
of G such that G—Gi has no compact components. Let K be a compact 
subset of Gi, Ki a compact subset of Mi. Then if {vt} is an analytic 
family of solutions of AtVt — 0 in Gi, for prescribed e>0 and integer k, 
there exists an analytic family {ut} of solutions of Atut = 0 in G such 
that \DPut-Dht\ < e on Kfor t&Ki, \fi\ £k. 

The conclusions of Theorems 3 and 4 may be strengthened by as
serting tha t we can approximate a given fundamental solution or 
solution for fixed t in any prescribed neighborhood in C°°(G). 

Let us conclude with the remark that the methods used in the proof 
of the above results of § §1 and 2 are a development of the arguments 
given by the writer in [ l ] and, unlike the arguments of Malgrange 
in [6], make no use of the theory of topological tensor products. 
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1. Introduction. In [ l ] we studied the set 0^ of power series 
Zn« i dnZn convergent for \z\ <Ry0<R^l, under the multiplication 

( ]C anzA( JC bnzA = Z ( Z arb8jz\ 

It was found that Ct̂ , with the usual addition and scalar multiplica
tion, and with the topology of uniform convergence on compact sub
sets of the disk \z\ <R, is a locally convex algebra with identity. Also 
]C£-i anZn is invertible (has an inverse in (XR with respect to the above 
multiplication) if and only if a ^ O . As a consequence we obtained 
the following expansion theorem for analytic functions (E. Hille 

[2]). 
THEOREM. Let f(z) be analytic f or \z\ <R, 0<R^1, with / ( 0 ) = 0 . 

Then associated with any function g(z) analytic in \z\ <R with the 
properties g(0) = 0, g'(0) F^0, there is a unique expansion of the f or m 

ƒ « = Ê ^ w , \A <R. 

Our object in this paper is to obtain an analogous result for Laplace-
Stieltjes integrals (Theorem 1 below). We shall base the discussion 
on the theory of convolution algebras of complex measures on [0, 00) 


