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The purpose of this note is the announcement of an extension to 
compact abelian groups of the two celebrated theorems of F. and M. 
Riesz [8] concerning analytic measures on the circle group. The con
tent of these theorems is as follows: 

Let p be a Borel measure on the circle satisfying 

ein9dfjL(0) = 0, n » 1, 2, 3, • • • . 

Then 
A. fi is absolutely continuous with respect to Lebesgue measure 

and 
B. If fji vanishes identically2 on a set of positive Lebesgue measure^ 

then \x must be the zero measure. 

I t is not hard to see that A and B together are equivalent to the 
following: 

The collection of Borel sets on which fi vanishes identically is invariant 
under rotation. 

This is the assertion concerning analytic measures that we extend to 
compact groups. We also shall state several of its consequences, in
cluding analogues of A and B. The work was inspired by, and is in 
part an extension of, several of the results of Helson and Lowden-
slager [4; 5] . 

In all that follows G is a compact abelian group,8 ô its discrete 
dual, and ^ is a fixed homomorphism of ô into the group R of real 
numbers. The mapping yp: Ô-+R is a continuous homomorphism and 

1 Supported in part by National Science Foundation Grant G147 79 and the United 
States Air Force Office of Scientific Research. 

1 We say that a measure /* vanishes identically on a set E if p vanishes on all Borel 
subsets of E. 

8 See however our final remarks. 
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thus induces a continuous homomorphism #: R-+G of the associated 
dual groups; 4> is the unique mapping of R into G satisfying 

We shall use * to denote Fourier transform, * to denote convolu
tion and by measure we shall mean finite complex regular Borel meas
ure. If ix is a measure, |/x| is the associated total variation measure. 

A function or measure on G is called ^-analytic if its Fourier trans
form vanishes on }cr: (rEG, ^(cr )<0}. A measure /4 on G is called 
quasi-invariant under $ if { £ : £ Borel, | /x| (£) = 0} is invariant under 
translation by the elements of <t>(R). 

M A I N THEOREM. Let \x be a ^-analytic measure. Then /4 is quasi-
invariant under <£. 

Denote by p the image of the measure (1/1 +x2)dx on R under the 
mapping $ : R—*G. I t is not hard to show that a measure /4 on G is quasi-
invariant under <j> if and only if |M| an<3 P * |M| &re mutually ab
solutely continuous. Thus we have a reformulation. 

M A I N THEOREM. Let iibe a (^-analytic measure on G. Then \n\ and 
p * |/i | are mutually absolutely continuous. 

Before stating the first consequences of this result some further 
definitions are necessary. If £ is a Borel subset of G we shall say that 
£ is of measure zero in the direction of <j> of each coset x+<t>(R) inter
sects £ in a set of linear measure zero; more precisely, if for each x 
in G, 

{f.tER, x + <Kt)EE} 

has Lebesgue measure zero. A measure jitonG that vanishes on each 
subset of G which is of measure 0 in the direction of 0 is called abso
lutely continuous in the direction of <j>. I t can be shown that /4 is ab
solutely continuous in the direction of <t> if and only if it translates 
continuously in the direction of </>; that is, if 

lim ||/4t - n\\ « 0, 

where || «|| is the total variation norm, and for each t in R the trans
lated measure ixt is defined by 

m(E) « MOKO + £ ) , £ Borel. 

(For the circle group this result is due to Plessner [7].) 
A measure quasi-invariant under <j> is easily shown to be absolutely 
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/»(»). 
o, 

-£to, 

t(<r) > 0 
*(<r) - 0 

lK<r) < 0. 

continuous in the direction of <£, so by the Main Theorem we have 
the following analogue of assertion A above. 

THEOREM A. Let ixbea ^-analytic measure on G. Then fx is absolutely 
continuous in the direction of 4>. 

For ix a measure on G, the ^-conjugate of \x is denned to be that 
measure m (if such exists) whose Fourier transform satisfies 

Jtt*(<r) * 

Theorem A is equivalent to the assertion that each measure on G 
having a t/'-conjugate is absolutely continuous in the direction of 4>. 

Theorem A together with the result of Bishop [l] yields the follow
ing, which for the circle group is due to Rudin [9] and Carleson [3], 

COROLLARY 1. Let E be a closed subset of G. Then the following are 
equivalent: 

1°. E is of measure zero in the direction of <f>. 
2°. For each continuous function g on E there is a continuous $-

analytic function f on G that agrees on E with g. 

If H is the «-torus, its dual Ê is the group of lattice points in real 
«-space. Bochner's extension of the F. and M. Riesz Theorem (see 
[2]) states that any measure on the «-torus whose Fourier transform 
vanishes off the positive octant of the lattice points must be ab
solutely continuous. Theorem A applied «-times yields the following, 
which includes the Bochner Theorem. 

COROLLARY 2. Let H be the n-torus} ix a measure on H and F a set of 
n homomorphisms of Ê into R. Assume that the set F is linearly inde-
pendent and that for each xj/ in F the conjugate measure ixf exists. Then 
ix must be absolutely continuous. 

One further definition is necessary before we can state our extension 
of assertion B above. For E a Baire subset of G we denote by E^ the 
union of all cosets x+ct>(R) that intersect £ in a set of positive linear 
measure. More precisely, E^ consists of those x in G for which 

{titER, oo + <t>(t)<EE] 

has positive Lebesgue measure. 

THEOREM B. Let \xbe a ^-analytic measure on G. Suppose that E is a 
Baire subset of G on which fx vanishes identically. Then fx vanishes iden
tically on E4. 
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As a special case we have the following result, the second half of 
which is due to Helson, Lowdenslager and Malliavin [5], 

COROLLARY 3. Assume that 4>(R) is dense in G. Let \xbe a ^-analytic 
measure on G that either 

(1) vanishes identically on an open subset of G 
or 

(2) is absolutely continuous with respect to Haar measure and vanishes 
identically on a Borel set of positive Haar measure. 

Then jx is the zero measure. 

The next result is a simple consequence of the Main Theorem. A 
special case of the proposition has also been obtained by Frank Forelli 
using quite different methods. The corollaries that we list are in part 
refinements of results of Helson-Lowdenslager [4] and Bochner [2]. 
Bochner has informed us that he has been able to obtain the corollaries 
using the results of [4]. 

PROPOSITION. Let jibe a ^-analytic measure on G (or more generally, 
any measure on G quasi-invariant under <jf>). Let rj be a measure on G 
that is the image of some measure on R under the mapping <£: R—*G. 
Then the convolution 77 * jx is absolutely continuous with respect to ix. In 
particular, if fx is singular with respect to Haar measure, t\ * \x is either 
singular with respect to Haar measure or is the zero measure. 

To simplify the statements of the corollaries we assume that ô is 
R with the discrete topology and \(/: ô—>2? the identity mapping, so 
that G is the Bohr compactification of the reals. 

COROLLARY 4. Let K be a closed subset of R. Let jx be a ^-analytic 
measure on G, X its singular part. If % vanishes off K then % also vanishes 
offK. 

For K~ {t: t^O}, this is due to Helson-Lowdenslager [4]. 

COROLLARY 5. Let ix be a singular ^-analytic measure on G. Then 
{<r: fi(<r) 5^0} is a subset of R containing no isolated points. 

COROLLARY 6. Let K be a countable closed subset of R. Let \xbe a<j>-
analytic measure on G whose Fourier transform vanishes off K. Then 
ix is absolutely continuous with respect to Haar measure. 

There are several questions connected with the above results which 
deserve mention. First, most of our deductions from the Main Theo
rem are valid in the context of one-parameter groups of homeomor-
phisms of compact topological spaces. It is conceivable that a version 
of the Main Theorem itself is also valid in this context. Here is a 
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possible generalization. Let X be a compact space and {Tt} a one-
parameter group of homeomorphisms of X. Call a measure fi on 
X {Tt}-analytic if the vector valued integral 

ƒ +00 

h(t)Ttfxdt 
- C O 

is zero for all h in Ll(R) whose Fourier transforms vanish for / ^ 0 . 
(In the case that X = G and Tt is translation by <t>(t), this agrees with 
our previous definition of analyticity.) Then a generalization of our 
Main Theorem would be the assertion that a { Tt]-analytic measure 
fi is quasi-invariant under {Tt}\ that is, the collection of | jit| -null 
sets is { Tt) invariant. Indeed, with this definition of analyticity (and 
Tt translation by #(*))> t n e Main Theorem continues to hold even 
when G is noncommutative. 

Another possible extension of some of our results is to the context 
of Dirichlet algebras (for the relevant definitions, see [ó]). The col
lection of ^-analytic continuous functions on G is a Dirichlet algebra 
on G. Theorem A says precisely that each Borel subset of G that 
is of measure zero for all of the representing measures for the algebra 
must be of measure zero for all of the annihilating measures for the 
algebra. I t is conceivable that a corresponding result holds for a 
wider class of Dirichlet algebras. 
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