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If A is a bounded linear operator (with spectrum S) in a Banach-
space £ , the functional calculus of Dunford-Gelfand-Taylor1 can 
be characterized as a continuous homomorphism f—*f(A) of the 
algebra 3C(S)2 of all holomorphic functions on 5 into the Banach 
algebra <£(£) with the properties f (A) = I if f(z)^l and ƒ (̂ 4) =*A if 
f(z) = s . If £ is a Hilbert space and A —A* a selfadjoint operator in E, 
there exist a much more general functional calculus ƒ—»ƒ(A) = ff(s)dE8, 
based on the spectral decomposition A =JsdE9 of A. 

We will show how this extended calculus can be developed as a 
continuous extension of the analytic functional calculus in such a 
way, tha t we get a new and very natural proof of the spectral 
theorem for selfadjoint operators in Hilbert space. 

1. The analytic functional calculus. If *S is the spectrum of A the 
resolvent R(s) = (A— si)"1 is an operator valued, holomorphic func
tion in the complement of 5 on the Riemann-sphere £2, vanishing at 
oo. If f(z) is holomorphic on S (: = holomorphic on a neighborhood of 
S), there exists a contour C, separating S from all singularities of ƒ. 
Then 

(i) f (A) = (2«) - x f f{s)R(s)ds = ( 2 M ) " 1 f f(s)(A - sl)~lds 
J c J c 

is independent of C and f—>f(A) is a homomorphism of the algebra 
3C(S) of all such f unctions ƒ into the algebra £(E) of bounded endo-
morphisms of E. 

This homomorphism is uniquely determined by the properties: 

(a) ƒ(*)•* W G 4 W , 
(b) f(z)^z^f(A)=A, 
(c) fn(z)=rf(z) (uniformly in a certain neighborhood of 5)/~* 

fn(A)=>f(A) (in the norm topology of £(E)). 
In certain cases the homomorphism can be extended to larger 

classes of functions. We will study the extension to the class of differ-
entiable functions on the real line. 

1 See Dunford-Schwartz [l ]. 
2 3C(5) is a topological algebra with the natural topology defined in Köthe [2], 
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2. Vector-valued distributions.3 A distribution T on R with values 
in a locally convex vector space F is a continuous linear mapping of 
the space £>= @o(R) into the space F. 

We will assume that any Cauchy sequence in F has a limit. If T 
is a distribution with compact support (that means 27=0 , if ƒ is 
identical zero in a neighborhood of a certain compact set KQR), 
then T can be extended in a unique way to a continuous linear map
ping of the space 8 = e°°(R) into F. 

The relation between boundary values of holomorphic functions 
and distributions (see [5; 6; 7]) can be generalized to the vector-
valued case, especially: 

THEOREM 1. There exists a natural isomorphism of the space of F-
valued distributions T with compact support and the space of F-valued 
holomorphic functions t(-) in the complement of a compact set KCM 
with the property that t is also holomorphic at infinity and satisfies a 
condition* 

(2) p(t(z)) £ Mp{d(z, K)-™P + d(z, K)-*} 

for any continuous semi-norm p in F. 
This isomorphism is defined by the formulas 

(3) t(«) = (2*i)-iTs[(s - «)-*], 

(4) Tf = Hm f f(s){t(s + ie) - t(s - ie)}ds, ƒ G 3D. 
€ - • 0 « / 

3. The resolvent as indicatrix of an operator-valued distribution. 
We assume that the operator A satisfies the following conditions : 

(i) The spectrum of A is contained in a compact set K C R. 
(ii) The resolvent R(z) = (A —zl)"1 satisfies the condition 

(20 | | * « | | ^ M{d(z, K)~™ + d{z, tf)-1}. 

Then (2m)""1R(z) can be considered as the indicatrix of a distribu
tion with support in K and values in the Banach space «£(£). 

THEOREM 2. If A satisfies conditions (i) and (ii) then 

(5) Tf =lim (27ri)~1 ff(s){R(s + ie) - R(s - ie)}ds = :f(A)* 

defines a continuous homomorphism of the algebra 6°°(R) into <£(£) and 

3 See Schwartz [4], 
4 d{z, K) is the distance between z and K. 
6 The domain of integration may be any interval with K in its interior. 
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this is an extension of the homomorphism (1). 
Conversely, if the homomorphism (1) can be extended to a continuous 

homomorphism of e°°(R) into <£(E), then A satisfies (i) and (ii). 

An integration by parts shows that (5) is even defined for all 
functions which are differentiable a certain number of times:6 

liriTf = lim f f(s){R(s + it) - R(s - ie)}ds 

(6) = lim ( -1 )» f ƒ<»>(*){£<-»>(* + ie) - £<-»>(* - ie)}ds 

= ( - 1 ) * f /(w)(*){#(~n)C* + io) - R<-n)(s - io)}ds7 n > m. 

This mapping is still multiplicative and we have a continuous homo
morphism of the algebra CW(R) into <£(E), if n is greater than the 
constant m in (2'). 

4. Selfadjoint operators inHilbert space. If E = H is a Hubert space, 
A=A* a selfadjoint, bounded operator in üf, it is almost trivial that 
the conditions (i) and (ii) in §3 are satisfied with constants M=m— l. 
From the resolvent equation 

(7) R(s') - R(s) = (s' - s)R(s')R(s) 

follows 

/ ( ^ ) = Tf = lim (2iri)~lf f(s){R(s + ie) - £(* - ie)}ds 

(8) 

= lim — I jf(5)£0? + ie)R(s - i e ) ^ 

and for any vector xÇzH' 

(9) (f(A)xy x) = lim— f /(s)||i?(s - ie)x\\2ds. 

Tfte homomorphism f—^f (A) of <B2 iwto £(H) is positive: f (s) ^0 on R 
implies (f(A)xt x)^0 for all x(EH and 

(10) | | / M ) | | £ s u p | / ( * ) | . 

This implies that the homomorphism f—>f(A) can be extended by 
continuity (with respect to operator norms in £(H)) to the class 

6 In (6) it is assumed that ƒ has compact support. But modification of ƒ outside 
of a neighborhood of K does not change the value of Tf. 
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e(R) of all continuous functions/. 
Using the fact, that a bounded, monotonie sequence of operators 

in H has a limit in the strong operator topology, one can construct a 
family of projections £ , = limn f8,n{A)} where f9%n is a suitable se
quence of twice differentiate functions, converging monotonically to 
the characteristic function 

(1 if / < s, 
(11) x*(')== in •*#> 

10 if / ^ s. 
I t is easy to see that {£,} is a decomposition of the identity with the 
property that 

(12) f sdE9 = lim 2 sj(Ets - £.,_,) = A. 

THEOREM 3. If A is a self adjoint, bounded linear operator in Hilbert 
space ÜT, the homomorphism f—*f {A) of (1) or (5) can be extended in a 
unique way {by continuity) to a continuous homomorphism of C(R) 
into £{H) {with respect to the operator norm) and to a homomorphism of 
the algebra (B of all Baire functions into £{H) {continuous with respect 
to monotonie convergence in (B and strong convergence in £{H)). This 
extension is given by 

(13) f-+f(A) = f f{s)dE8, E, - Xs{A) - sup g{A), g G e(R) 
J oûx9 

{Et} is a decomposition of the identity with 

(14) A = f sdE9. 

{E9} is uniquely determined by (14) and by £ 8 = E8_0. Ea commutes 
with every bounded operator that is commutable with A. 

The last property follows immediately from the fact that R{z) has 
this property of commutability, which is hereditary with respect to 
limits in the uniform and strong operator topology. 

Complete proofs of these and some more general results will ap
pear in [8; 9] . 
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