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In what follows a graph 5 is constructed which has 19 vertices, 
valency 4 and girth 5. I t is established that, to an isomorphism, 5 is 
the only graph with less than 20 vertices of valency 4 and girth 5* 
Some of its elementary properties are pointed out. This graph repre
sents a continuation of the studies by Tut te [3], McGee [ l] and 
Singleton [2], on graphs with specified valency and girth containing 
a relatively small number of vertices. 

T H E GRAPH 5 

Suppose G is a graph satisfying the stated constraints. The arcs of 
length 2 from any vertex x in G form a subtree T{G, x) with 17 
vertices. If G contains only these 17 vertices, count the pentagons 
through an edge A incident with x. Counting the arcs of length 2 
proceeding away from the end of A opposite to x, it is clear that there 
are 9 pentagons through A. There must then be 9-17-f-2 pentagons 
in G, which is absurd. When G has 18 vertices each edge is contained 
in 8 pentagons, giving 8 -18-f-2 pentagons in G, which is again im
possible. G must thus contain at least 19 vertices. In this event let 
the 2 vertices outside T(G, x) be nonadjacent for each vertex x in G. 
Then each edge is in 7 pentagons and G contains 7 • 19 • f • 2 pentagons. 
This contradiction implies that for some x in G the 2 extra vertices 
must be adjacent. There are only two essentially different ways in 
which their edges can be connected to T(G, x). One of these configura
tions completes uniquely to the graph S while the other cannot be 
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completed within the constraints. The arguments involved are suffi
ciently routine to be omitted here. 

Examining all T(S, x) it is seen that 5 has three types of vertices. 
In the diagram they are arranged 12 on, 4 in and 3 outside the dis
tinguished dodecagon. The automorphism group of the graph is iden
tical with that of the dodecagon, hence it is the dihedral group of 
order 24. Four types of edges A, B, C and D are found in the graph. 
They are arranged 2 disjoint from, 12 incident inside, 12 on and 12 
incident outside of the dodecagon. There are 9 pentagons through 
each of the 2 edges of type A and 7 through each of the 36 others, a 
total of 54 pentagons in the graph. These fall into four categories 
under the group of the graph: 24 have edges of type B> C and D, 12 
have no edges of type B, 6 have no edges of type C and 12 have no 
edges of type D. 

The vertices of S can be assigned three colours such that each edge 
has different coloured ends in only one way under the automorphisms. 
Use white, black and red without distinguishing permutations of the 
colours. Two of the four inner vertices must be of one colour, say 
white. If as many as one of the outer vertices is not white it may be 
coloured black. This determines two red and two white vertices on 
the dodecagon. Two adjacent vertices of the dodecagon are adjacent 
to the red vertices. They are symmetric in the colouring so they can 
be assigned in either order white and black. The colouring can now be 
directly continued, but cannot be completed. All the outer vertices 
must consequently be white. The dodecagon is coloured with alter
nate vertices red and black. This determines the red and black inner 
vertices. 
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