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In [3] Milnor shows that given a connected, closed, compact and 
oriented 3-manifold M, there is up to order a unique expression of M 
as the connected sum of prime manifolds. The purpose of this note 
is to sketch how this result can be used to define an invariant of 
oriented homotopy type for the manifold M. A detailed exposition 
will appear elsewhere. 

Throughout a map is assumed to be base point preserving, and an 
oriented homotopy equivalence between Mi and M2 is written 
Mxc^0M2. 

If one neglects any counterexamples to the Poincaré Conjecture, 
prime manifolds are of three kinds: handles or copies of S2XS1, 
aspherical spaces and quotients of finite group actions on homotopy 
spheres. Examples of the second kind are bundles over Sl fibered by 
2-manifolds, and of the third ordinary lens spaces L(p, q). These are 
classified up to homotopy type by the fundamental group in case 
two, and by the fundamental group plus the first ^-invariant from a 
Postnikov system in case three. In fact we have the following theo
rems, generalized from 3 to any odd dimension. 

THEOREM 1. Let n be odd and Y an n-dimensional CW-complex with 
finite fundamental group of order r and universal cover Y homotopically 
equivalent to Sn. Suppose that Y is given a definite orientation so that 
kn+1 belonging to Hn+1(wi(Y, y), Z) is unambiguously defined. Then the 
Bockstein map describes a natural isomorphism 

ft: H-(xi(F, y), Zr) ^ ff-+»(xi(F, y), Z), 

and f$7lkn+1 is mapped onto the orientation class of Y modulo r under the 
inclusion of Y in the Eilenberg-MacLane complex X(xi (F , y), 1) ob
tained by adding cells. 

THEOREM 2. Given two such complexes Fx and Y2, then F i ~ 0 F 2 if 
and only if there is an isomorphism 

0*. 7Ti(Fi, yi) —> 7r1(F2 ) y2) 

such that <t>*k2 = ki. 

To prove Theorem 1 one looks carefully at the constructions of 
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kn+1 and /3r. Sufficiency in Theorem 2 comes from the construction 
of a m a p / : Yy—>F2 realizing <f>; the condition on the kAnvariants en
sures that ƒ has the correct degree for homotopy equivalence. Neces
sity is a consequence of the naturality of the chosen Postnikov con
struction, see [ l ] . 

Now let M be any connected, compact, closed and oriented 3-
manifold. Its decomposition into primes presents wi(M, m) as an 
irreducible free product TTI(M, m) = F * G\* • • • Gs* • • • Gt1 where 
Gi, • • • , G8 are finite of orders ri, • • • , r„ G«+i, • - - , Gt are infinite 
and J7 is free of rank A. Write r for the product 2/v2 • • • r8. In di
mensions greater than one the cohomology of TV\(M, m) breaks up 
into the direct sum of the cohomologies of its factors, and for any 
prime manifold of the third kind the first fe-invariant lies in H4(Giy Z). 
As in Theorem 1 the Bockstein /?r (different r) gives a natural iso
morphism between this group and -H"8(G», Z r), we define qi~^7lk\y 

i = l , 2, • • • , s. For the aspherical prime manifolds define #,• to be 
the orientation classes modulo r in H*(Gi, Zr), i = s + l, • • • , t. Set 
q(M) = {ql9 • • • q, • • • , qt} in H*(wi(M, tn), Zr). 

THEOREM 3. Two manifolds Mi and M% have the same oriented 
homotopy type if and only if there is an isomorphism 

$: 7Ti(Mi, Wi) 3 » iri(M2, m2) 

such that <£*<?( Af2) — <?(Mi). 

Notes. By a result on irreducible free products, see [2], </> can be 
chosen to map Gi(Mi) onto Gt-(Af2) for each i. 

The factor 2 in the definition of r is needed to distinguish orienta
tions in the case when both Mi and Af2 are the connected sums of 
projective space with an aspherical manifold. 

The handles give no trouble since by Theorem 32.1 in [4] they are 
completely determined by the free group F in the presentation of 
7Ti(M, m). 
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