
ANALYTIC SINGULAR INTEGRAL OPERATORS1 

BY WILLIAM MARGULIES 

Communicated by A. P. Calderon, January 11, 1967 

The following paper extends to real analytic manifolds the general 
theory of singular integral operators as described in [lO] and [13]. 

The definition of an analytic singular integral operator is made 
in terms of the kernel of the operator. The symbol of the operator is 
discussed and in the case of an elliptic operator, a regularity theorem 
is proved. 

I t should be pointed out, however, that the regularity theorem is 
a purely local one. The question of obtaining a global inverse to an 
elliptic operator or more generally an operator with a prescribed sym
bol is still open. 

1. Definition and coordinate invariance. We recall the definition 
of a modified homogeneous distribution of degree X. 

(i) If X is not a positive integer, then a modified homogeneous dis
tribution of degree X is a homogeneous distribution of degree X. 

(ii) If X is a positive integer ^ 0 , then ƒ is a modified homogeneous 
distribution of degree X iff ƒ = g\+P\(x) log \x\, where g\ is orthogonal 
to all polynomials homogeneous of degree X and P\(x) is a homogene
ous polynomial of degree X. 

Let I f be a compact, real analytic manifold without boundary of 
dim v. 

DEFINITION 1.1. A is an analytic singular integral operator of order 
Xiff 

(i) the kernel of A is analytic off the diagonal in MXM; 
(ii) for each ^ , a coordinate function, and p in the domain of ^ 

with ^(p) =Xo, there is an €>0 such that 

(1) Am = £ AÏX~' + C9 

te o 

where A^"" is a modified homogeneous distribution of degree i—\—v 
with a kernel 

Ai^-v(x} z) 

satisfying 

1 1 would like to thank Dr. R. T. Seeley of Brandeis University for the helpful 
conversations on the material presented in this thesis. 
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(2) sup | Da
vDUi-^(y, z) | g aWK*]a]+m+\ 

ye{\x—xo\<t) 
tes*-1 

K is a constant independent of i> a, /?, and *S"_1 is the unit sphere 
in Rv. Cx in (1) has a kernel C(x, z) jointly analytic for \x —x0\ g e 
and \z\ g e . 

Note. Condition (2) above implies that the kernel of (1) converges 
uniformly to an analytic function for X ~~~ Xo I ^ e and e/j>S \z\ g e if 
e is small enough. 

This definition is seen to be highly dependent on the particular 
coordinate system used. The first theorem proved is therefore: 

THEOREM 1.1. Definition 1.1 is invariant under real analytic non-
singular coordinate changes. 

One is quite confident that the form of this definition is invariant 
under coordinate changes from the results in the C°° case. The esti
mate appearing in (2) is the crucial fact to be proved. 

2. Preservation of analytic functions. We prove here the 

THEOREM 2.1. If Fis analytic and A is an analytic singular integral 
operator, then A F is analytic. 

3. Symbol. The symbol of an analytic singular integral operator is 
defined by the formal sum 

<T(A)(X,Ç) = S ^ U i - x - v X M ) 
te o 

where 
a(A{^v)(x, 0 = Ai-*-,(x9 Ö for | j | > 0 

and the transform is taken with respect to the second variable. 
Note. <r(Ai-.\-.v)(x, £) is homogeneous of degree X—i in £ for |£ | > 0 . 
The main theorem proved here is that a certain estimate on the 

symbol is equivalent to the estimate appearing in (2). 

THEOREM 3.1. 

sup I D*DtAi-i-p(x9 z) I < a\p\K 
yel\z-z0\ze} 

tes*-1 

iff 

(3) sup \DIDUA<-*-,)(x,ï)\ Û aWi\CW+W+i+1' 
V&{\x-x0\£e} 

Ces*-1 

C and K are constants independent of i, a, /3. 
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4. Composition of symbols. In this section we show that if a(A) 
and cr(B) satisfy (3), then so does <r(AB). We also show that <r(A*) 
satisfies (3). 

In the case of an elliptic symbol (the definition of ellipticity is that 
0-C4_x_„)(x, £) T^O) it is shown that the formal symbol inverse satisfies 
(3) above. 

5. Composition of operators. We prove in this section that the 
operators of Definition 1.1 are closed under composition. 

THEOREM 5.1. Let A and B be two analytic singular integral operators 
of order Xi and X2 respectively. Then AB is an analytic singular integral 
operator of order X1+X2. 

Note. The key to this proof lies in showing that the remainder of 
the operator AB is a jointly analytic function. 

6. Regularity theorem. 

THEOREM 6.1. Let A be an elliptic analytic singular integral operator. 
If Af=g where g is an analytic function, then f is an analytic function. 
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