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1. Introduction. In reference [3], Luxemburg defined the notion of
generalized complete metric space as follows.
D E F I N I T I O N . The pair (X, d) is called a generalized complete metric
space if X is a nonvoid set and d is a function from XXX to the extended reals satisfying the following conditions:
(DO)
d(x9y)^0,
(Dl) d(x, y) = 0 if and only if x=*y,
(D2)
d(x,y)=d(y,x),
(D3)
d(x,y)^d(xtz)+d(z,y),
(D4) every d-Cauchy sequence in X is i-convergent, i.e., if {#»}
is a sequence in X such that lim^n-a, d(xn, xm) = 0, then there is an
xÇzX with lining d(xn, x) = 0.
Some fixed point theorems of the alternative for contractions on
such spaces had been proved which include, as a special case, the
fixed point theorem of Banach for contractions on complete metric
spaces (see [ l ] ) . For further information and references» see references [2] and [4].
For convenience, we shall call a pair (X, d) a generalized metric
space if all but condition D4 of the above definition are satisfied.
Let {(Xa, da)\a(EQ>} be a family of disjoint metric spaces. Then
there is a natural way of obtaining a generalized metric space (X, d)
from {(Xai da)\ctÇr;GL} in the following manner. Let X be the union
of {XalaÇ-Q,}. For any x, y(z.X, define
d(x, y) — da(x, y)
= + 00

if x, y £ Xa

for some a E &,

if x E Xa, y G Xp

for some a, fi E & with a ^ 0.

Clearly (X, d) is a generalized metric space. Moreover, if each (Xai da)
is also complete, then (X, d) is a generalized complete metric space.
The main purpose of this paper is to show that the above procedure
is the only way to obtain generalized (complete) metric spaces (see
§2). Consequently, most of the fixed points theorems of the alternative on such spaces can be obtained from the corresponding fixed
point theorems on metric spaces (see §3).
2. Decomposition. Let (X, d) be a generalized metric space. Define
a relation ^ on I as follows.
x~y if and only if d(x, y) < + °°. Then ~ is obviously an equiva*
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lence relation on X and, therefore, X is decomposed uniquely into
(disjoint) equivalence classes Xa, a G o . We shall call this decomposition of X the canonical decomposition, for convenience.
T H E O R E M . Let (X, d) be a generalized metric space. X = \){Xa\aÇE:&}
the canonical decomposition and
da =

d\XaXXa

for each «GCt- Then
(a) for each a G G , (Xa, da) is a metric space,
(b) for any a, /8GÖ- with a 5*13,
d(x, y) = + oo
for any x(EXa and yEXp,
(c) (X, d) is a generalized complete metric space if and only if, for
each « G o » (Xa, da) is a complete metric space.
Parts (a) and (b) are clear.
(c) Suppose that (X, d) is a generalized complete metric space
and, for any « G o , let {xn} be a d«-Cauchy sequence in Xa. Then
{xn} is a d-Cauchy sequence in X and, therefore, is d-convergent to
xEX. Since clearly limits of sequences are unique and since d(xn, x)
< + °° for sufficiently large n, xE:Xa and the sequence {xn} is daconvergent to x.
Conversely, suppose that, for each aÇz&, (Xa, da) is a complete
metric space and let {xn} be a d-Cauchy sequence in X. There exists
a positive integer N such that d(xn, xm) < + oo for m, n^N. Hence
there exists a n a G f t such that xnÇzXa for n^N and the sequence
{xn | w ^ N} is d«-Cauchy in Xa. Thus {xn \ n ^ N} is {/«-convergent to
xÇzXa. Clearly {xn\ is ^-convergent to x in X.
PROOF.

3. Fixed points theorem.
3.1. T H E O R E M . Let (X, d) be a generalized metric space,

x = U{xa\aea}
the canonical decomposition and let
T:X->X
be a mapping such that
(*)

d(T(x), T{y)) < + »

whenever x, y EX and d(x, y) < + oo. Then T has a fixed point if and
only if
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> Xa

has a fixed point for some a GCt.
Since the proof is clear, we merely remark that the condition (*) is
necessary for Ta to be a mapping from Xa into X«. Furthermore, a
"local" version of Theorem 3.1 can be obtained as follows.
3.2.

THEOREM.

Let (X, d) be a generalized metric space,
Z = U { Z « | a G a}

the canonical decomposition and let
T:X-+X
be a mapping. If there exists a constant r > 0 such that
(**)

d(T(x), T(y)) < r

whenever d(x, y) <r, then T has a fixed point if and only if for some subset YQX of diameter (defined in the usual manner) 2r, the restriction

T\Y: F - » F
has a fixed point.
4. Applications. As illustrative applications, we shall prove a
theorem which easily implies the main theorem of [2].
THEOREM.

Let (X, d) be a generalized complete metric space,

x = \J{xa\aea\
the canonical decomposition and let
T:X->X
be a contraction, i.e., there is a constant q such that 0^q<l

and that

d(T(x), T(y)) £ qd(x, y)
for all x, yÇïX. If there exists an xoGX such that d(x0, T(xo)) < + oo,
then for some a GCt, the restriction
Ta — T \Xa* Xa

* Xa

is a contraction.
PROOF. Since d(x0, T(x0)) < + oo, both Xo and T(x0) belong to the
sameX a o , for some aoG&. Since T is contractive, T(Xao)GXao
and
the restriction r« 0 = r | x a o is a contraction from Xao into Xao.
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COROLLARY. Assuming the same hypotheses as in the theorem, let
x£zX and consider the "sequence of successive approximations with
initial element #,"
Xf

X Xy

JL Xy

* * • y A

Xy

* * * •

Then the following alternative holds: either
(A) for every integer Z=*0, 1, 2, • • • , one has
d(Tlx, Twx)

** + oo

or
(B) the sequence x, Tx, T2x, • • • , Tlx, • • • ,
is d-convergent to a fixed point of T.
If (A) does not hold, then for some /, d(T% Tl+lx) < + « .
Letting x0 = Tlx, the theorem shows t h a t
PROOF.

Ta = T \Xa: Xa —> Xa
is a contraction, where Xa is the complete metric space containing XQ.
By the fixed point theorem of Banach for contractions on complete
metric spaces, the sequence Tlx, Tl+1x, • • • is <ia-convergent to a
fixed point p of Ta. This implies t h a t (B) holds.
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