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1. Introduction. The purpose of this note is to announce several 
results concerning cellular decompositions of 3-manifolds for which 
the associated decomposition space is a 3-manifold. 

In [6], Bing raised the question of whether each point like decom
position of Ez that yields a 3-manifold yields E3. This question leads 
naturally to the following one : Suppose M is a 3-manifold and G is a 
cellular decomposition of M such that the associated decomposition 
space is a 3-manifold N. Is N homeomorphic to Mf In Theorem 2 
below, we give an affirmative answer to this question. Previously, 
partial solutions appeared in [ l ] , [2], [3], [7], [8], [9]. 

The main result announced in this note is Theorem 1 below, and 
the other theorems stated are derived from it. Detailed proofs will 
appear elsewhere. 

Our results have applications to the problem of realizing, in the 
case considered here, the decomposition space as the final stage of a 
pseudoisotopy. T. M. Price has established such a result for cellular 
decompositions of S3 that yield S3 [ i l ] . W. Voxman has extended 
these results to arbitrary 3-manifolds [12]. 

In another paper [4], we apply the results announced here to the 
study of cellular decompositions of 3-manifolds with boundary, and 
derive a result for such manifolds analogous to Theorem 2 below. We 
also use these results to study shrinkability conditions satisfied by 
certain cellular decompositions of 3-manifolds that yield 3-manifolds 
[S]. Our results in this direction have been extended greatly by 
Voxman [13], 

2. Preliminaries. The notation and terminology of [3] will be 
followed here. In particular, if X is a topological space and G is an 
upper semicontinuous decomposition of X, then X/G denotes the 
associated decomposition space and P denotes the projection map 
from X onto X/G. 

If M is an n-manifold, the compact set A is cellular (in M) if and 
only if for each neighborhood U of A, there is an w-cell C in M such 
that A C Int C and CQU. If M is either En or 5 n , a compact connected 

1 Research supported in part by National Science Foundation Grant GP-5337. 
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set A is pointlike (in M) if and only if M—A is homeomorphic to 
M — {0}, 0 being some point of M. I t is well known that in En and 5W, 
"pointlike" and "cellular" are equivalent. 

3. The main result. 

THEOREM 1. Suppose that M is a 3-manifold and G is a cellular 
decomposition of M such that M/G is a 3-manifold N. Suppose that T 
is a triangulation of N such that if vÇzT, there is an open 3-cell Uv in M 
such that P"1[<r]C.Uff. Then there exist a triangulation 2 of M and an 
isomorphism 4> from T onto 2 such that if>£Z\ <f>(<r)CUff. 

The proof of Theorem 1 is modeled on that of the main result of 
[3]. The following lemma is of basic importance to the proof of 
Theorem 1. 

LEMMA. Suppose M is a triangulated 3-manifold and G is a cellular 
decomposition of M such that M/G is a triangulated 3-manifold N. 
Suppose U is an open 3-cell in N such that P~l [U] is an open 3-cell V 
in M. Suppose that S is a polyhedral 2-sphere in U, r is a triangulation 
of 5, and for each simplex <r of r, U„ is an open set in U containing a. 
Then there exist a polyhedral 2-sphere S' in V, a triangulation T' of S'> 
and an isomorphism Ç from r onto r' such that if <TGT, f (<r)Ci>"1[ï/»]. 

4. Applications. 

THEOREM 2. Suppose M is a 3-manifold and G is a cellular decom
position of M such that M/G is a 3-manifold N. Then M and N are 
homeomorphic. 

As a corollary of Theorem 2, we have the following result which 
settles a question raised by Bing [ó]. 

THEOREM 3. If G is a pointlike decomposition of E2 such that Ez/G is 
a 3-manifold, then Ez/G is homeomorphic to E3. 

THEOREM 4. Suppose M is a 3-manifold and G is a cellular decom
position of M such that M/G is a 3-manifold N. If U is any open set in 
Nt then P_1[Z7] is homeomorphic to U. 

The following corollary of Theorem 4 is closely related to Theorem 
2.2 of [10]. 

THEOREM 5. Suppose M is a 3-manifold and G is a cellular decom
position of M such that M/G is a 3-manifold N. If U is an open 3-cell 
in N, then P~l[U] is an open 3-cell in M. 

We are now in a position to establish a strengthened version of 
Theorem 1. 



1969] CELLULAR DECOMPOSITIONS OF 3-MANIFOLDS 455 

THEOREM 6. Suppose M is a 3-manifold and G is a cellular decom
position of M such that M/G is a 3-manifold N. Suppose T is a triangu
lation of N and for each simplex a of T, Ua is an open set in M contain
ing P~l [<r]. Then there is a triangulation 2 of M and an isomorphism <t> 
from T onto 2 such that if <rÇzT, <£(cr)C Ue. 

Under the hypothesis of Theorem 1, we are able to establish a 
stronger conclusion. The isomorphism <j> from T onto 2 induces a 
homeomorphism h from N onto M. We may construct such an h so 
that, in a certain sense, the composite Ph from N onto N is near the 
identity, and may be homotopically deformed to the identity by a 
homotopy with short paths. 

THEOREM 7. Suppose M is a 3-manifold and G is a cellular decom
position of M such that M/G is a triangulated 3-manifold N. Suppose T 
is a triangulation of N and if <T(ET, Ua is an open set in M containing 
P~l [<T\. Then there exist 

(1) a piecewise linear homeomorphism h from N onto M and 
(2) a homotopy H from NX [0, l ] into N such that Ho = Ph, Hi is 

the identity map from N onto N, and if <?ET, H[<xX [0, l ] ] O P [ £ ^ ] . 

5. Compact mappings. The results of this note can be formulated 
in terms of compact mappings. If ƒ is a mapping from a manifold M 
onto a space F, then ƒ is cellular if and only if for each point y of F, 
/"^Ly] is cellular. 

THEOREM 8. Iff is a compact cellular mapping from a 3-manifold M 
onto a 3-manifold Nt then M and N are homeomorphic. 
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Let H be a separable Hubert space over the real numbers. Denote 
by L, ikf, N bounded mappings of H into itself. In an earlier note [l ] 
the author studied the solutions u^H of operator equations of the 
form 

(1) u + Mu = \{Lu + Nu} 

under the assumption that such solutions be contained in a suffi
ciently small sphere with center at u = 0. Here we assume that L, M, 
and N are odd, completely continuous, locally Lipschitzian gradient 
mappings of H into itself, and X is a real parameter. We wish to an
nounce some results concerning the global structure of solutions of 
(1) and some applications of these results to problems arising in the 
calculus of variations. Proofs of these results will appear elsewhere. 

1. Statements of results. Suppose 5DÎ and 5ft are even functionals 
such that grad (SR = M and grad 5ft = iV, then we set F(u) 
= (l/2)||w||2+50î(w) and G(u) = (l/2KLu,u)+W(u)t and dAR 

= {u\ F(u) =R, R a fixed real number}. Associated with (1) we con
sider its linearization at u = 0 

(2) u = \Lu. 

We assume (Lw, w)>0 for UT^O SO that the eigenvalues of (2) {\<} 
form an increasing sequence of real numbers 0 < \ i ^ \ 2 ^ X 3 • • • . 

1 Research partially supported by NSF GP-7041X. 


