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We state here sufficient conditions for certain minimal surfaces to 
be differentiable at boundary points. 

Let m and n be integers with l<m<n. We adopt the notation of 
[3]. See also [2]. In particular, Im(Rn) is the group of m dimensional 
integral currents in Rn. If TEIm(Rn), M(T) is the mass of T and dT 
is the boundary of T\ if aÇzRn, ©m(|| T\\, a) is the m dimensional den
sity of the variation measure |J r|| at a. 

If rGIm(Rn), we say T is minimal if there exists r > 0 such that 
M(T)^M(S+T) whenever aERn, SGIm(JRn), dS = 0 and spt S 
CZ{x: \x — a\ < r } . Given BÇzIm-\(Rn) with dB = 0, it is shown in 
[3] that there exists TEIm(Rn) such that dT = B and M(T) 
^M(S+T) whenever SEIm(Rn) with dS= 0. 

THEOREM. Suppose T(EIm(Rn)f T is minimal, a £ s p t dT, p^2, 
0m~1(||âr||, a) = l and spt dT intersects some neighborhood of a in a 
class p {real analytic) m — 1 dimensional submanifold of Rn. 

(1) If ©m(|| T\\, a) = 1/2, then the intersection of spt T with some neigh
borhood of a is a subset of some class p — \ (real analytic) m dimensional 
submanifold of Rn. 

(2) If there exist independent linear functionals au, i = l, • • • , 
n—m+l,onRn such that either 

spt dT C {x: cti(x — a) è 0, i = 1, • • • , n — m + l } , 

or there is r > 0 such that 

{x: \x-a\ <r} H spt T C {x: <*<(*- a) ^ 0, 

* = 1, • • • , » — m + l}, 

**e!»e»(||r||f a) = 1/2. 

COROLLARY. Suppose p^2 and B is the m —I dimensional integral 
current corresponding to some compact oriented class p (real analytic) 
m — \ dimensional submanifold N of Rn. If N lies on the boundary of 
some uniformly convex open subset of Rn and TÇzIm(R*) is minimal 

1 This work was partially supported by the National Science Foundation, and 
part of it is contained in the author's doctoral thesis at Brown University. 
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with dT=B then there isr>0 and a class p~l (real analytic) m dimen
sional submanifold M of Rn such that 

spt Tf\ {x: distance (x, N) < r\ C M. 

Statement (1) is proved by combining the interior regularity results 
of [l] or of [8] with the construction of certain surfaces of dimension 
» — 1 which are barriers for the m dimensional area problem, and then 
applying the higher differentiability results of [6] and [7]. Statement 
(2) is proved by applying a variational argument to a tangent cone 
of T at a. The corollary is an elementary consequence of the theorem. 

These results remain true if we replace the group Im(Rn) by the 
group of flat chains over the integers modulo 2, as in [5], If m = 2 and 
n = 3, the only boundary density that occurs on the smooth boundary 
of a minimal chain is one half. In view of the interior regularity results 
of [4], a minimal flat chain over the integers modulo 2 in R* which 
spans a finite family of smooth curves must be free from singularities 
of any kind. 

I gratefully acknowledge the encouragement and advice of Pro
fessors Herbert Fédérer and Wendell Fleming and the substantial 
assistance given me by Professor Frederick J. Almgren, Jr. 
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