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0. Introduction. M. Berger has classified the pseudo-riemannian 
symmetric spaces which are isotropy irreducible [ l ] . The notion of 
isotropy irreducibility is too restrictive and the proper building blocks 
are the indecomposable symmetric spaces (cf. §1). In other words, 
every pseudo-riemannian symmetric space is locally a product of in
decomposable ones. In this paper we announce a complete classifica
tion of Lorentzian symmetric spaces; we emphasize the solvable case 
since the solvable and semisimple case separate (see Theorem 3). 
I t has been conjectured that there were no pseudo-riemannian sym
metric spaces with nilpotent isometry group: a class of examples is 
presented in §4. §4 also contains examples of Lorentzian symmetric 
tori, analogous to flat tori. 

Our interest in this problem originated with the study of Huyghens' 
principle in general relativity [2] ; the 4 dimensional solvable Lorentz
ian symmetric spaces satisfy Huyghens' principle. 

We would like to thank J. Tits for the term indecomposable, C. C. 
Moore for pointing out that the Heisenberg algebra was related to 
our algebra çu and A. Taub and G. Walker for stimulating discussions. 

1. Pseudo-riemannian symmetric quadruples. By a pseudo-rieman
nian symmetric space we mean a connected, C00 manifold, (My ( , )) 
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with a geodesically complete C00 pseudo-riemannian structure ( , ), 
such that the Riemann curvature tensor of the Levi-Civita connection 
is covariantly constant. Let q = (g, Ï, p, B) where g is a finite dimen
sional real Lie algebra, Ï is a subalgebra of g, p is a nonzero, ï-invari-
ant, complementary vector subspace to t in g, B is a nondegenerate, 
ï-invariant, symmetric bilinear form on p. We call q a symmetric 
quadruple (abbreviated s.q.) of dimension n if: 

(i) [P,p]=f-
(ii) ï contains no nonzero ideals of g. 
(iii) dim p — n. 

Let qi = (gt-, ï», pi, Bi) be a s.q. (i = 1, 2) ; qi and g2 are said to be iso
morphic if there exists a Lie algebra isomorphism A :gi—>g2 such that : 

(i) Ah = U. 
(ii) Api = p2. 
(iii) B2(Ax, Ay) = Bx(x, y), for any x, yGpv 

Let (M, ( , )) be a simply connected pseudo-riemannian symmetric 
space. G(M), the group generated by the transvections of M (that is 
the extension to isometry of parallel translation along geodesies) is a 
Lie group acting transitively on M. Let poÇzM and sP0 be the symme
try at po'Q will denote the Lie algebra of G(M), trig—>g the involutive 
automorphism of g corresponding to inner conjugation by sP0. We set 
ï = {^Gg|crx = x } , p = {x£g|<r# = — x} ; ï is the Lie algebra of the 
isotropy group of po in G(M). We "pull-back" ( , ) to p denoting the 
pull-back B. I t is easy to see that q(M) = (g, Ï, J), J3) is a s.q., which up 
to isomorphism is independent of p0. 

THEOREM 1. (a) Let Mi and M2 be simply connected pseudo-rieman
nian symmetric spaces. Then Mi and ikf2 are isometric if and only if 
q(Mi) is isomorphic withq{M^), 

(b) Let q be a s.q. Then, there exists M, a simply connected pseudo-
riemannian symmetric space such that q is isomorphic with q(M). 

Part (b) is canonical. Indeed if q = (g, Ï, p, B) is a s.q., and if G is 
the connected Lie group with Lie algebra g, then the connected Lie 
subgroup of G with Lie algebra ï is closed in G. 

I t is an exercise to construct the full algebras of Killing vector fields, 
and affine vector fields on M, from the structure of q(M). 

A pseudo-riemannian manifold (M, ( , )) is said to be decomposable 
if it can be written locally as a product (Mi, ( , )i) X (M2, ( , )2) ; it is in
decomposable if it is not decomposable. 

Note. An indecomposable pseudo-riemannian symmetric space is 
not necessarily irreducible in the sense of J. Wolf [3]. 

Let q = (g, Ï, £, B) be a s.q. We call g decomposable if p is the direct 
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sum of two ï-invariant, 13-orthogonal, nonzero subspaces;q is inde
composable if it is not decomposable. 

THEOREM 2. Let M be a pseudo-riemannian symmetric space and let 
M be its universal covering space. Then M is indecomposable if and only 
if q(M) is indecomposable. 

Before proceeding to the fine structure of s.q.'s we note that the 
duality in the theory of Riemannian symmetric spaces admits a nat
ural extension to s.q.'s. Indeed, if q = (g, Ï, p, B), and gc is the com-
plexification of g then the dual of q i s g ' = (g', ï, V — lp, B') where g' 
is the real subalgebra Ï + \/—• lp of gc and B'(<>/ — lx, y/ — ly) =B(x, y) 
Vx,y, Gp. 

2. Lorentzian quadruples. A Lorentzian manifold of dimension 
(n + 1) is a pseudo-riemannian manifold, with fundamental tensor of 
signature (1, n). The corresponding notions of Lorentzian symmetric 
space and Lorentzian symmetric quadruples (abbreviated l.s.q.) are 
the obvious ones. 

THEOREM 3. Letq = (g, Ï, p, B) be an indecomposable l.s.q. Then g is 
either semisimple or solvable. 

To prove this result one uses a Levi decomposition of g, stable un
der the involution, the existence of which is assured by the Mostow-
Taft theorem [4]. The key to the proof is an analysis of the Riemann 
tensor of the associated symmetric space. 

If g = (g, Ï, p, B) is an s.q. and if g is semisimple we call q semi-
simple. The next result reduces the classification of indecomposable 
semisimple l.s.q. to Berger's classification of isotropy irreducible 
pseudo-riemannian symmetric spaces. 

PROPOSITION l.2 L ^ q = (g, Ï, p, B) be a semisimple indecomposable 
l.s.q. such that the action of î on p is not irreducible. Then up to iso
morphism Q = sl(2, R), t is the space of all real diagonal matrices in g, p 
is the subspace of g consisting of all elements of the form 

ro x~\ 

[y oj' '•'eR 

and B(u> v)=tr u vfor u, fl£p. 

To prove Proposition 1, one notes that since Ï is the fixed point set 
2 The authors thank the referee for pointing out the omission of this result in our 

first version of this paper. From the proof of Proposition 1, one sees that there are 
many examples of indecomposable semisimple s.q.'s that are not irreducible. 
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of an involutive automorphism of g, ï is reductive in g. Thus, as a 
ï-module, p splits into a sum of irreducible Ï modules. Let pi be one of 
the irreducible submodules of p. By indecomposability J3(pi, p i )=0. 
Thus we may assume that there is an irreducible submodule p2 so that 
B (pi, £2)7^0. Now by indecomposability J3(p2, P2) = 0. Thus (again by 
indecomposability) p = pi+p2. The signature of B is thus (dim pi, 
dim p2) = (dim pi, dim pi). Thus dim pi = dim p2 = l, dim f = l . The 
result follows. 

3. Solvable Lorentzîan quadruples. Let qr = (ô, ï, p, B) be a sym
metric quadruple. If g is solvable we call q solvable. After a standard 
notational convenience we describe a class of (n+2) dimensional 
Lorentzian solvable s.q. Let W be a w-dimensional real vector space 
with a negative definite inner product ( , ). Let W* be the real dual 
of W. We denote by w^w* and A^X* the canonical maps W—>W* 
and W*—»W associated with ( , ). To each symmetric bilinear form A 
on W we associate a l.s.q. gA = (öA, ÏA, P^L, BA) where $A=1W*®R 
© W®R, ÎÊ and R being two copies of the reals and the multiplication 
table is: 

[m,«] =0, 
[W*9 W*] = [W, W] - 0, 

[1, w] = w* for w ÇzW and 1 is the identity of R, 

[A, w] = A(X*, w)l for X G W*, w G TF, 

[X,1] = ^X* for X £ P F * 

and (4«>i, w2) = — A(wi, W2) for w t-Glf. 
l U - W * ; pA = R®W®Rand BA is defined by: 

BA\W = < , > , 

BA(R ®R,W)= BA(R, R) = BA(R, R) = 0, 

BA(1,1) = 1. 

LEMMA 1. (i) QA is a solvable Lie algebra, and qA is a l.s.q. 
(ii) <3U is indecomposable if and only if A is nondegenerate. 
(iii) If A, B are two nondegenerate symmetric bilinear forms on W; if 

qA and qB are the corresponding l.s.q., then qA is isomorphic with QB if 
and only if there exists an orthogonal transformation U: W-^W and a 
positive scalar c such that B=cUA U"1. 

THEOREM 4. If q is an indecomposable, solvable (n + 2) dimensional 
l.s.q., there exists a nondegenerate symmetric bilinear form A, on W such 
that q is isomorphic to qA-
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From Lemma 1 (iii) and Theorem 4, one sees that the isomorphism 
classes of indecomposable solvable l.s.q. are parametrized by points 
of (Sn-1-X)/sn where 5 n~ 1 is the unit sphere of Rn, RnDX 
— {(#i> * • • » xn) \%i • • • xn = 0} and sn is the symmetric group in 
^-letters acting on Rn in the standard fashion. The duality is given 
by the antipodal map. 

PROPOSITION 2. Let qA be as above, MA be the associated Lorentzian 
symmetric space. The full Lie algebra Q of Killing vector fields on MA is 
the canonical semidirect product of §A with the algebra of skew-symmetric 
linear maps of W which commute with A. The full algebra, jjj, of affine 
vector fields on MA is a 2-dimensional nilpotent extension of g. 

I t should be noted that Q and $ are solvable if and only if the eigen
values of A have multiplicity < 3 . 

THEOREM 5. (a) MA is isometric to the space RXRXW with Lorentz
ian structure given by 

((s, t, w), (s', t', w')) (,0,t0,w0) = sf + s't + ss'A(w0, w0) + (w} w') 

where (s0i to, WQ) £ i ? XRXW and (wt w') denotes the previously defined 
scalar product on W. We use the usual identification of a vector space 
with its tangent space at each point. 

(b) The group G(MA) is the space RXRXV, where V - W@ W*> with 
the following multiplication table : 

(s, t, v)(s', t', v') == (s + s',t + t' + §B(e~<'ad\ v'), e~*'«dH + v') 

where for any vXl fl2£ V, B(v%, v2) = [vif V2] as given in $A or explicitly: 

sfc • • 9|e 

B(wi + Xi, w% + X2) = — ̂ (X2, wx) + A(\h W2). 

(c) The group action of G (MA) on MA can be described by realizing 
MA in G (MA) as RXRXW. The action is left multiplication followed 
by projection on MA-

Note. The full group of isometries of MA is never connected. Indeed 
the symmetry at any point of MA is not in the connected component 
of the isometry group as can be seen from Theorem 5 (b), (c). 

THEOREM 6. MA can be realized as the algebraic pseudo-riemannian 
submanifold of R*XW given by the equations: 

2 

%i —• 2x3 = 0, Xi — %A(w, w) = 0. 

RéXW has the flat pseudo-riemannian metric : 
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((%, w), (x', w')) — Xix'2 + ocioc'i — %d%'\ — XÏX'% + (w, wf). 

4. Notes and examples, (a) Some nilpotent quadruples. Let V be 
a w-dimensional real vector space, and R a 4-linear form on V having 
all the algebraic properties of a Riemann tensor. A nilpotent quad
ruple qR = (<ùR, ÎB, PJB, BR) is defined by: 

$R = V AV@V®V* 

where F* is the real dual of V. The multiplication is given by : 

[*B,V*]=0, [ F A F , F A F ] = 0 , 

[vi, v2] = »i A t>2 for vi, v2 G V, [vi A v%, vB] = R(vi A v*, vz) 

where R(viAv2> ^ ) G ^ * is given by: 

R(vi A v2, VZ)VA = R(vh v2, v9, Vi), 

ÎR = F A V; pR = V® F*; £ # is the canonical pairing of V with F*. 

LEMMA 2. (1) QR is a nilpotent Lie algebra and qR is a s.q. of dimen
sion In and signature {n, n). 

(2) qR is indecomposable if and only if the symmetric bilinear form 
on VA F associated with R is nondegenerate. 

(3) qR and qR' are isomorphic if and only if there exists a linear 
isomorphism E: V—^V such that: R(vif v2y v$> VA) =R'(Evi, Ev2, EvZl Ev*). 

(b) Four dimensional s.q.'s. The complete classification of these 
quadruples has been achieved. The solvable case consists of examples 
analogous to the ones described in §3 and §4(a). Examples in this 
case show that Theorem 3 does not generalize to general s.q.'s. If 
<3f — (ô> ï» P> B) is neither solvable nor semisimple and is indecompos
able, then the semisimple part of g is either sL(2, R) or sO(3). The 
duality has interesting implications in this case. Results of the (2, 2) 
case seem to generalize in the (2, n) case. 

(c) Examples of compact Lorentzian symmetric spaces. We find 
Lorentzian symmetric tori associated with certain of thequ described 
in §3. Let A be such that the eigenvalues of A are of the form 
— 4cw2p2/q2 where p, qÇzZ (where Z is the integers). Then on QA the 
map t—>etadT has period q. Let L be a lattice of W (free subgroup 
of rank n) and set F = (Zg, Z, L)CG(MA). Then T is a discrete sub
group of G(MA) acting freely and properly discontinuously on MA, 
and MA/T is homeomorphic to Tn+2. 
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