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any lesser power of technique. When one of the main researchers in a 
field takes the time and trouble to write an exposition, he makes a 
valuable contribution; certainly that is the case here. 

R. M. DUDLEY 

Geometric measure theory by Herbert Fédérer. Springer-Verlag, Berlin, 
Heidelberg, New York, 1969. 676 pp. $29.50. 

Measure theory is perhaps the least honored of the several large 
mathematical disciplines which have been developed during the 
twentieth century. 

A number of reasons may be given for this humble standing of the 
subject. In the first place, the French school of mathematicians, with 
its high prestige level and talent for persuasiveness, had relegated the 
subject to a relatively minor role and declared it to be a small branch 
of functional analysis, another discipline of rather low status, except 
perhaps in its applications to partial differential equations. A second 
reason is that the subject was largely regarded as a tool for probability 
theory and this, for a while, involved, for the most part, some of the 
pleasant but not especially deep or difficult aspects of measure theory. 
Thirdly, the representation of measure algebras consists primarily 
of one theorem, that a homogeneous nonatomic normal algebra is 
homeomorphic to the measure algebra of a product of circles, and 
this has an interesting but not especially difficult proof. 

This is an improper assessment of measure theory. Probability 
theory has had an unexpectedly proliferous growth, giving more to 
other fields than it has taken. I t is often indistinguishable from mea
sure theory. I t may suffice to note its connection with potential 
theory via brownian motion and more general processes, its elucida
tion of the behavior of orthonormal systems via martingales, and its 
generalization of differentiation theory. 

A more serious slighting of measure theory by distinguished and 
influential people lay in their failure to emphasize that the deepest 
and perhaps most useful aspects of measure theory relate to those 
measures for which open sets have infinite measure. Geometric mea
sure theory deals with measures of this sort. Recent developments, 
notable among which are the appearance of Federer's book, are bring
ing about a change in the position of measure theory described above. 
The subject deals with measures of lower dimensional sets imbedded 
in higher dimensional spaces, as well as with the evaluation and 
properties of integrals over appropriate lower dimensional domains. 
I t accordingly includes such topics as the Gauss-Green theorem and 
Stokes' theorem, as well as matters related to the Plateau problem. 
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Concerning measures, perhaps the beginning of geometric measure 
theory was in Carathéodory's work on the length of a point set. This 
notion was extended by Hausdorff to measures of various dimensions, 
not necessarily numerical, but the basic idea is that of Carathéodory. 
A plethora of measures was soon in existence and much work was 
done especially in comparing them with each other. The most impor
tant among these measures are the Hausdorff measure and the inte-
gralgeometric measure. Much of this work may be only of academic 
interest. Besicovitch made a deeper study of lower dimensional mea
sures. While his work was restricted to the one-dimensional measure 
of sets in the plane, it opened the possibility of studying the more 
general situation. The results deal with the relation between Haus
dorff rectifiability of sets and their projection properties. A set of 
finite 1 measure is Hausdorff 1 rectifiable if all but a subset of Haus
dorff 1 dimensional measure 0 lies on the union of countably many 1 
manifolds of class one. I t is a remarkable fact that a set of finite 1-
measure is 1 rectifiable if and only if it has certain projection proper
ties, i.e., compact subsets of the set which project on sets of measure 
0 are of measure 0. 

The methods of Besicovitch do not extend to the case of Hausdorff 
k dimensional measure in n space, n>k. Nevertheless, Fédérer was 
able to obtain the structure of sets of finite Hausdorff k measure in 
n space. This is an accomplishment of a very high order of magnitude. 
Although there have been fine contributions to the theory of Haus
dorff and other measures, the paper by Fédérer "The ($, k) rectifiable 
subsets of n space", published in 1947, is doubtless the high point 
of the theory. 

Regarding the other aspect of geometric measure theory, i.e., the 
appropriate domains of integration, one should first mention the 
generalized curves and surfaces of L. C. Young. In the manner of 
distributions, defined later by Schwartz, and found by him and others 
to play a vital role in several branches of analysis, Young defined a 
surface by means of its action on a class of integrands. A second 
original and important contribution is the book of Whitney on "Geo
metric integration theory." The definitive work in this domain, how
ever, is the paper "Normal and integral currents" by Fédérer and 
Fleming, published in 1961. I can do no better than to quote from 
the introduction. "Long has been the search for a satisfactory analytic 
and topological formulation of the concept lk dimensional domain of 
integration in euclidean n space/ Such a notion must partake of the 
smoothness of differentiate manifolds and of the combinatorial 
structure of polyhedral chains with integer coefficients. In order to 
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be useful for the calculus of variations, the class of all domains must 
have certain compactness properties. All the requirements are met 
by the integral currents studied in this paper. " Later in the introduc
tion, the authors say: "The basic techniques of this paper are measure 
theoretic, extended from ordinary functions to differential forms of 
arbitrary degree. The elegant linear functional approach to measure 
theory, which almost ignores that functions are defined on sets and 
have values at points, and that spheres are round, is followed through
out the first seven sections. However, in §8 it appears necessary to 
use more refined local techniques from the theory of relative differen
tiation of measures, a covering theorem of Vitali type, and the funda
mental structure theorem from the theory of Hausdorff measure. " 

It would seem from the above remarks that, while the development 
of geometric measure theory is by no means a one man show, Fédérer 
is clearly the dominant figure in the building of this deep and impor
tant theory. 

Federer's book gives a complete and self-contained treatment of 
geometric measure theory and its prerequisites. It starts at the be
ginning and goes to the frontier of the subject. Then it penetrates 
beyond the frontier and presents a good deal of important new ma
terial. 

Chapter 1 is presented mainly for the sake of completeness. It 
furnishes the multilinear algebra needed for general purposes together 
with the particular aspects needed for geometric measure theory. 
Exterior algebra is treated as a Hopf algebra. In addition to the 
euclidean norms, the important norms, mass of an m vector and 
comass of an m covector, due to Whitney, are discussed. The defini
tion of a normal current involves its mass and the mass of its boun
dary. Although multilinear algebra is used in so many branches of 
mathematics that it seems reasonable to assume it as part of the 
equipment of every graduate student, this is not the case at all, so 
that the inclusion of this preparatory material is essential. 

Chapter 2 is independent of the remainder of the book. It may be 
used as a first course in measure theory or real variables. It is self 
contained and much of the material is rather standard. Some of the 
topics treated here in more detail than in other books are Suslin sets, 
which have recently become popular again, generalizations of the 
Besicovitch version of the Vitali covering theorem which, especially 
in a form due to A. P. Morse, has saved more than one mathematician 
from considerable heartache and many hours of labor, and a nice 
blending of abstract and special differentiation theory. 

The last section of Chapter 2, Carathéodory's Construction, will be 
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of special interest to many readers. There seems to be no other book 
which gives the definitions and elementary properties, except for 
cursory treatments, of the measures which come under this heading. 
For a metric space X, a family SF of subsets of X, and a function f on 
IF, with 0 ^ f (S) g oo, a measure is obtained in the following way. For 
each 0 < 5 ^ oo, let <£a be defined by <t>t{A) =inf ]T) £($)> where each 
summation is over a countable set in ff which covers A and each 
diam 5 ^ 5 . Then \p(A) =liiru-,o<£aG4). Special cases discussed are the 
Hausdorff measures and half a dozen or more others including the 
integralgeometric measure. Among the many interesting properties 
discussed in this section, I mention only the following result of 
Besicovitch. If 0^m< oo, A(ZRn is compact, Hm(A)>Ot then there 
is a compact BC.A with 0<Hm(B)<<x>. Davies and Rogers have 
recently given an example of a space and a Hausdorff type measure, 
not numerical dimensional, for which this result fails. 

As I write this review, it occurs to me that it could be appropriate 
for each chapter to have a separate review. In that case, I think I 
would choose to be the reviewer of Chapter 3. If I were compelled 
to have a favorite chapter, I feel that this would have to be the one. 
The chapter is divided into four sections. The first section presents 
basic theorems on the differentiation of functions and may be con
sidered to be a modernization of Saks. Accordingly, there are proofs 
that 

(a) if f:Rn—»i?m is Lipschitzian it is differentiable almost every
where, 

(b) it is approximately differentiable almost everywhere if and 
only if its approximate partial derivatives exist almost everywhere, 

(c) it is differentiable at almost all points where 

lim sup j f(x) — f (a) \ / | x — a \ < oo, 

and 
(d) it is approximately differentiable at almost all points where 

ap lim sup | f(x) — f (a) \ / \ x — a \ < oo. 
x-*a 

The related theorem of Calderón and Serrin which says that for 
/:i?n—^JR1, ƒ is differentiable almost everywhere if it is absolutely 
continuous and its partial derivatives are in Lp, p>n, is not given. 
The Whitney extension theorem is given a nice proof. The related 
theorem of Fédérer and Whitney which characterizes those mappings 
which are equal, except on sets of arbitrarily small measure, to map
pings of class k, is proved. In this connection, H. E. White has char-
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acterized the one-one mappings which may be approximated in this 
way by diffeomorphisms. Among the other interesting facts in this 
section is the proof of the theorem, half due to Whitney and half new, 
that if BC.Rn is connected, and & à 1, then B is a submanifold of class 
k of Rn if and only if there is a map of class k retracting some open 
subset of Rn onto B. 

§2 deals with Lipschitzian maps of Rn into Rm, and especially with 
the area and coarea of such maps. For f;Rm—>Rn Lipschitzian, m^n, 
and A QRm measurable, the area formula 

f JmfdL<»~ f N(f:A,y)dH» 
J A J Rn 

is obtained, where Jmf(a) — \\AmDf(a)\\ is the Jacobian, and N(f:A, y) 
is the cardinal number of the set f~l{y)r\A. The troublesome set 
where J is zero is handled in an ingenious new way. In this connection, 
Goffman and Ziemer have recently shown that if ƒ is such that the 
partial derivatives of the coordinate mappings ƒ* are in LPi, with 
pi>rn — l and ]T) ( 1 / ^ 0 ^ 1 for every set of m distinct summands, 
then JJmfdLm=iA(f)1 where A is the Lebesgue area. A transformation 
formula corresponding to the above area formula is given for Lipschit
zian mappings. The coarea formula, discovered by Fédérer, refers to 
the case of a mapping ƒ :Rm—*Rn, where m>n. It is obtained for Lip
schitzian ƒ and says that if A(ZRm is measurable then 

f Jnf(x)dLm~ f H™-*(AC^f-l{y})dL». 
J A J Rn 

The example w = l, /(a0 = |# | , is given in detail to show how this 
formula is used to obtain properties of the gamma function. A set is 
m rectifîable if it is the Lipschitzian image of a bounded set in Rm\ 
it is (0, m) rectifiable if its <j> measure is finite and <£ almost all of it is 
contained in the union of a countable number of m rectifiable sets; 
it is purely (0, m) unrectifiable if no subset of positive <j> measure is 
rectifiable. It is shown that (Hm, m) rectifiable sets have nice tan
gential properties. For (Hm, m) rectifiable sets the various measures 
agree; in particular, Hm~Im, the integralgeometric measure. The 
(iîm, m) rectifiable sets, without the finite measure restriction, are 
those which, except for a subset of Hm measure zero, lie on the union 
of countably many m manifolds of class one. The following new result 
is obtained. If WQRn is (Hm

f m) rectifiable and Hm measurable, 
f:W—>Rn is Lipschitzian, k is an integer, O^k^rn, X>0, and 

Z - [y:E^{J-l{y}) ^ X], 



32 BOOK REVIEWS [January 

then Z is (JET*, k) rectifiable. Some integralgeometric formulas are ob
tained, the principal tool in their derivation being the coarea formula. 
Minkowski content is defined and is shown to be equal to Hausdorff 
measure for rectifiable sets. I have only given a sampling of the con
tents of this section. 

The next section, entitled Structure Theory, is the high point of 
this chapter, and perhaps of the entire theory. Rectifiable sets are 
characterized in terms of their projection properties. Perhaps the 
most beautiful result is that if AQRn is a Borel set, Hm(A)<«>, 
there is a Borel set BCA such that Im(B)=Hm(B), Im(A~B)=0, 
and A~B is purely (Hm, m) unrectifiable. This theorem, due to 
Fédérer, is presented with certain simplifications in the proof due to 
Mickle. The theorem is needed for the proof of the compactness 
theorem for integral currents given in Chapter 4. The section ends 
with a discussion of progress made on some still open matters regard
ing density and rectifiability. 

The last section of Chapter 3 is in two parts. The first part deals 
with a matter which started with an interesting example discovered 
by Whitney of a mapping ƒ :R2-^R1 of class 1 whose set of singular 
points is carried into a set of positive measure. The situation was 
clarified by A. P. Morse who showed that if f:Rn—+R1 is of class n 
then its set of singular points is mapped by ƒ into a set of measure 
zero. Sard extended this theorem to mappings from Rn to Rm. Fédérer 
has now proved the optimal theorem of this sort. The proof, which 
depends in part on the arguments of Morse, is given here for the first 
time. If m >v è 0 and k è 1 are integers, A C.Rn is open, F is a normed 
vector space, f:A—>Y is of class k, and dim im Df(x) Sv for x(£B, 
then jan-e»-*)/* [ƒ(£)] =0 . Conversely, if y<v + (m-v)/k it can hap
pen that iT*[/CB)]>0. 

In the second part of the section, local algebraic and measure the
oretic properties of sets defined by real analytic equations are derived. 
This section is highly algebraic. I t is shown that a real analytic set 
has dimension m in the sense of local ideal theory if and only if its m 
dimensional Hausdorff measure is positive and locally finite. 

Chapter 4 is an exposition of the work of Fédérer and Fleming, 
with many improvements, additions, and with new applications. 
Currents were introduced by deRham as objects which reflect the 
analysis and the topology of manifolds. I t is accordingly natural that 
in seeking domains of definition of variational integrals one should 
consider special currents as likely candidates. In §1, the definitions 
and main properties of those currents which are important in geo
metric measure theory are presented. These are the normal, rectifi-
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able, and integral currents. There is a short discussion of distributions 
in a general setting. Currents are a special case of distributions; for 
m currents the space of testing functions consists of m forms. The 
boundary flf of an m current r is an t n - 1 current defined by 
dT(<t>) = T{d<f>). The mass M(T) of a current is defined. The currents 
for which M(T) < oo are those which are representable by integration. 
Let N(T)~M(T)+M(dT). T is called normal if N(T) < oo and T 
has compact support. Rectifiable currents are those which may be 
approximated, in a certain way, by sums of oriented simplexes. An 
integral current is one for which both T and dT are rectifiable. Flat 
chains are defined as certain limits of normal currents. Flat chains 
have important integralgeometric relationships which are established, 
e.g. if T is a flat chain, m > 0 , then 7m(spt T) = 0 implies T = 0. Map
ping properties of flat chains and rectifiable currents are given. New 
representations of n dimensional flat chains by means of pairs of Ln 

summable m and m — 1 vector fields are given. 
The main results of the general theory are exposed in §2. Let K 

be a compact Lipschitz neighborhood retract in Rn. The compactness 
theorem asserts that, for every nonnegative c, the set of integral cur
rents with support in K and N(T) ^c is compact in the metric given 
by the Whitney flat norm. The closure theorem asserts that the inte
gral currents form a closed subset of the normal currents metrized by 
the flat norm. The section also includes the deformation theorem and 
approximation theorems of normal currents via polyhedral chains. 
A new proof of the closure theorem is given which applies to flat 
chains modulo v, a theory developed by Ziemer and by Fleming. 

§3 deals with slicing. Let U be an open set, l e t / : U—>Rn be locally 
Lipschitzian, and let T be an m dimensional flat chain with compact 
support KQ. U, m^n. An m~n dimensional current (T, ƒ, y), called 
the slice of T in f~~l{y} is defined for almost every yÇzRn> Slices in
herit the properties of the currents. This furnishes, in particular, a 
measure theoretic description of the algebraic geometric description 
of tangent cones at singular points for complex varieties. A generali
zation of the coarea formula is given. 

In the next section, the author constructs the integral homology 
groups of local Lipschitz neighborhood retracts in Rn by using com
plexes of integral flat chains. The homology theory needed is all 
given in the book. The compactness properties of homology classes 
are established. These are used to obtain the existence of minimizing 
currents in Chapter 5. 

The last section of this chapter deals with real functions on Rn 

which are locally summable and whose partial derivatives are repre-



34 BOOK REVIEWS [January 

sentable by integration. Closely related are the sets of locally finite 
perimeter introduced by deGiorgi and given concrete meaning by 
Fédérer using the notion of restricted boundary. I t is the set of points 
a t which the Fédérer normal exists. I t is equivalent to take it as the 
set of points a t which both the set and its complement have nonzero 
upper density. The proof of this equivalence was published by Vol-
pert. In terms of these notions a version of the Gauss-Green theorem 
which seems to be optimal is given. Stokes' theorem does not seem 
as yet to have been given such ultimate form, although I understand 
that Brothers has made recent progress on this issue. 

The class of functions discussed in this section has a long history, 
and now seems to be the most appropriate extension to n dimensions 
of the functions of local bounded variation in 1-dimension. I t now 
becomes clear for the first time that the theorem that right and left 
limits exist everywhere remains valid. The exceptional set, which is 
empty for w = l, is of Hausdorff n — \ measure zero, and limits are 
replaced by approximate limits. For n = 1, bounded variation compels 
ordinary limits and approximate limits to be the same. A variety of 
other interesting properties of these functions, some of which are 
new, are obtained. The theorem of J. H. Michael on the approxima
tion of functions whose partial derivatives are functions by means of 
functions of class one is not given. 

The author's important work on surface area, using the methods of 
this chapter, is not discussed. Since the appearance of the book, the 
author has applied the methods of this chapter to obtain significant 
new results on the multiple Fourier integral. 

The last chapter is concerned with minimizing problems for varia
tional integrals. Based on work of Fleming and of Reifenberg, Alm-
gren obtained general results on regularity of minimizing objects, 
somewhat like the generalized surfaces of L. C. Young. The machin
ery developed in Chapter 4 is now employed to give an exposition 
of this theory. 

In §1, a parametric integrand $ of degree m is considered and its 
integral over an m dimensional rectifiable current T is defined. Ellip
tic and semi-elliptic integrands are defined. If the classical parametric 
Legendre condition is satisfied then the integrand is elliptic. Lower 
semicontinuity is established with respect to the appropriate topol
ogy. The compactness results of Chapter 4 are used to deduce the 
existence of minimizing currents. 

The second section has contact with the book by Morrey. Those 
parts of the theory of strongly elliptic systems of second order partial 
differential equations which are needed is expounded. Sobolev's in-
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equality is given. Higher differentiability of solutions of equations 
arising from elliptic variational problems is established. 

§3 is a modified version of Almgren's general results concerning 
the interior regularity properties of minimizing currents for positive 
elliptic integrands. 

The Bernstein problem is treated in §4 using methods originating 
with Fleming, and it is shown that in dimensions m £6 an m dimen
sional locally rectifiable current T which is absolutely area minimiz
ing is an m dimensional manifold of class oo. 

Since the appearance of the book, striking progress has been made 
on both of these matters. Bombieri, deGiorgi, and Giusti have shown 
that the Bernstein theorem fails in higher dimensions. For area min
imizing m dimensional currents T in higher dimensions there can be 
singular points in spt T^spt dT. Fédérer has shown that the Haus-
dorff dimension of the singular set never exceeds m — 7. It seems that 
nothing is known regarding the structure of this set. 

Geometric measure theory is a great book which should have a pro
found influence on the development of mathematics in the next few 
decades. The subject requires an interplay of various disciplines. It 
has depth and beauty of its own, but its greatest worth should be in 
its effect on other areas of mathematics, e.g., differential geometry, 
differential topology, partial differential equations, algebraic geom
etry, potential theory. The subject is hard, and the book is not easy 
reading. However, it is all there, and readable. I might mention that 
it is no harder to read than other books of comparable merit, for 
example Zygmund's Trigonometric series, which has certainly had a 
great influence. 

We shall be grateful to Fédérer for so diligently and carefully per
forming the immense task of organizing into a magnificant whole 
this vast body of previously scattered and not easily accessible ma
terial. No one else could have written this book. Fédérer is surely 
one of the bright mathematical stars of our era. 

CASPER GOFFMAN 


