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Introduction. If A is an algebra over a commutative ring, then for any 
ideal I of R the image of the canonical map / ® R A -» A is an ideal of A, 
denoted by IA and called a scalar ideal. The algebra A is called an ideal 
algebra provided that / -> IA defines a bijection from the ideals of R to 
the ideals of A. The contraction map denned by 21 -> 91 n JR, being the 
inverse mapping, each ideal of A is a scalar ideal and every ideal of R is 
a contraction of an ideal of A. It is known that any Azumaya algebra is 
an ideal algebra (cf. [2], [4]). 

In this paper we initiate the study of ideal algebras and obtain a new 
characterization of Azumaya algebras. We call an algebra finitely genera
ted (or projective) if the R-module A is, and show that a finitely generated 
algebra A is Azumaya iff its enveloping algebra is ideal (1.7). 

Hattori introduced in [9] the notion of semisimple algebras over a 
commutative ring as those algebras whose relative global dimension 
[10] is zero. If R is a Noetherian ring, central, finitely generated semisimple 
algebras have the property that their maximal ideals are all scalar ideals 
[6, Theorem 1.6]. It is also known that for R, a Noetherian integrally 
closed domain, finitely generated, projective, central semisimple algebras 
are maximal orders in central simple algebras [9, Theorem 4.6]. Therefore 
by Remark 2.4, over Dedekind domains finitely generated, central, pro
jective semisimple algebras are ideal algebras. (The converse is trivial by 
[5, 8.1].) The Endo-Watanabe example of a semisimple algebra over a 
discrete valuation ring that is not Azumaya [7, Theorem 1] then assures 
that the class of finitely generated, central ideal algebras is strictly larger 
than that of Azumaya algebras. Over artinian rings, however, finitely 
generated central ideal algebras are Azumaya (Corollary 1.10). 

Semisimple algebras need not be projective over their centers even if 
the centers are artinian [7] and, hence, not all semisimple algebras are 
ideal algebras. However, as mentioned above, over artinian rings or over 
Dedekind domains, finitely generated, central projective semisimple 
algebras are precisely ideal algebras. 

We do not know whether or not, over a Noetherian ring, every finitely 
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generated, projective, central semisimple algebra is an ideal algebra; but 
although an easy computation shows that in this case, every prime ideal 
of the algebra is a scalar ideal. Nevertheless, it appears unlikely that this 
should imply in the general case that every ideal is scalar. 

For R a Noetherian ring, we obtain a homological property for a finitely 
generated ideal algebra A, namely gl dim A — gl dim R (Proposition 2.2). 
If we further restrict R to be a Noetherian integrally closed domain with 
the quotient field K, then any finitely generated central ideal algebra A is 
a maximal order in the central simple algebra K®RA (Proposition 2.3). 
It is this fact above all others which arouses interest in ideal algebras in 
as much as they are undoubtedly a new class of maximal orders. 

It is known that, over a Noetherian integrally closed domain, a projec
tive finitely generated central algebra A is separable iff for all prime ideals 
p of height 1, Ap is Rp separable [2, 4.6]. This property does not hold in 
ideal algebras [7, §3]. 

In order to publish the main ideas and results as rapidly as possible 
we have suppressed the details which may be found in the author's thesis. 

The author expresses his gratitude to Dr. Carl Faith for the direction 
and preparation of this paper. 

1. Ideal algebras and Azumaya algebras. Jensen [11] has shown that if 
R (not necessarily commutative) is a ring without proper zero divisors, a 
torsion free left jR-module M is flat iff IM n J M = (J n J)M for all right 
ideals I and J of R. The same type of proof in fact yields 

LEMMA 1.1. For an arbitrary ring R, and a left R-module M the follow
ing are equivalent: 

(a) M is R-flat. 
(b) (1) IM nJM = (I n J)M for all right ideals I and J ofR. 

(2)(0:a)RM = (0:a)M, where (0:a)R = {reR\ar = 0} and (0:a)M 

= {me M\am = 0} 

PROPOSITION 1.2. If A is an ideal algebra over R, then A is faithfully 
flat over R. 

PROOF. From the definition of ideal algebras it is clear that the conditions 
(b) of the lemma are satisfied and hence A is K-flat. As mA # A for all 
maximal ideals m of R, A is faithfully flat over JR. 

COROLLARY L3. If R is either Noetherian or a domain, a finitely genera
ted ideal algebra A is faithfully projective over R. 

We now give two criteria for separability. 

PROPOSITION 1.4. IfR is a ring such that R/m is perfect for all maximal 
ideals m ofR then a finitely generated ideal algebra is separable. 
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PROOF. A/mA is simple over R/m and therefore is separable by the 
perfection of R/m. Our proposition now follows from Endo-Watanabe 
[8,1.1]. 

It is easy to verify the next lemma. 

LEMMA 1.5. An algebra Ais an ideal algebra iff Am is an ideal Rm-algebra 
for all maximal ideals m ofR. 

LEMMA 1.6. Let (R, m) be a local ring and B c Abe two finitely generated 
ideal algebras such that Dim^B = DimRA. Then B = A. 

PROOF. Obviously mA n B => mB. The unique maximal ideal of B is 
mB, hence m A n B = mB. The natural map rj:B/mB *-* A/mA induced by 
the inclusion B a A is an injection. Since DimRB = DimRA, rj is a surjec-
tion. By Nakayama's lemma, B = A. 

PROPOSITION 1.7. A finitely generated algebra A is Azumaya iff the en
veloping algebra Ae is an ideal algebra. 

PROOF. If A is Azumaya so is Ae
9 and hence Ae is an ideal algebra. 

Conversely because of Lemma 1.5, it is sufficient to assume that (R, m) is 
a local ring. Since A is an R-direct summand of Ae

9 then A is K-free 
(Proposition 1.2). Hence EndRA is Azumaya, and, in particular, an ideal 
algebra. Consider the canonical algebra map rj:Ae -* EndRA. This is an 
injection since every ideal of Ae is a scalar ideal. Moreover, DimRAe 

= Dim^End A = n2, where n is the dimension of A as an R-module. 
Thus, by Lemma 1.6, rj is an isomorphism, and, therefore, A is Azumaya 
[4, Chapter 3, 4.1]. 

Along the same lines one can show 

PROPOSITION 1.8. If A is a finitely generated ideal algebra over R, then 
every algebra endomorphism of A is an automorphism. 

PROPOSITION 1.9. If R is a commutative artinian local ring and A is a 
central finitely generated and projective algebra with a unique maximal ideal 
mA9 then A is Azumaya. 

See [6, Proposition 2.1]. 

COROLLARY 1.10. For a commutative artinian ring R, a finitely generated 
central ideal algebra is Azumaya. 

PROOF. Follows from Lemma 1.5 and Corollary 1.3. 
Since there exist ideal algebras that are not Azumaya (Introduction), 

then by 1.7, the tensor product of two ideal algebras need not be an ideal 
algebra. However, one can prove 

PROPOSITION 1.11. If A and B are algebras such that one of them is flat 
over R and A®RB is an ideal algebra then A and B are ideal algebras. 
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PROPOSITION 1.12. If S is a commutative R-algebra such that S is R-
faithfully flat and S ®R A is an S-ideal algebra then A is an R-ideal algebra. 

2. Ideal algebras and maximal orders. The following proposition is due 
to Silver [12]. 

PROPOSITION 2.1. Let (R9m) be a Noetherian local ring and A be a 
finitely generated projective algebra with the Jacobson radical mA. Then 
gl dim A = gl dim R. 

PROOF. Follows immediately from [12,4.6 and 4.9]. 

PROPOSITION 2.2. For R a Noetherian ring and A a finitely generated 
ideal algebra, gl dim A = gl dim R. 

PROOF. Since 

gl dim A = Sup{gl dim A\m9 maximal ideals of R}, 

it is sufficient to assume (R, m) to be a local ring. The proposition now 
follows from 1.3 and 2.1. 

If R is a domain and A is a finitely generated central ideal algebra, then 
A can be imbedded in K ® A, a central simple algebra. As an immediate 
consequence of the above proposition and [1, Theorem 1.5 and Theorem 
2.3] we have the following: 

PROPOSITION 2.3. Over a Noetherian integrally closed domain, a finitely 
generated central ideal algebra is a maximal order in a central simple algebra. 

REMARK 2.4. It is known that for R a Dedekind domain, every ideal 
of a maximal order in a central simple algebra is a product of maximal 
ideals [3, Theorem 8.6]. Hence if the maximal ideals are scalar ideals, 
then every ideal is scalar. In fact, in this case, R will be an ideal algebra 
since every ideal of R is a contraction of an ideal of the algebra because of 
faithful projectivity. 

REMARK 2.5. Let (R9 m) be a discrete valuation ring and A be a finitely 
generated central ideal algebra. A being a maximal order, its m-adic 
completion A is also a maximal £-order in a central simple algebra with 
unique maximal scalar ideal. Hence by the above remark, A is also a 
central R-ideal algebra. As the separability of Â implies the separability 
of A, we remark that even over complete discrete valuation rings, finitely 
generated central ideal algebras need not be Azumaya. (See the Intro
duction.) 
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