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Lipman Bers [1] and Ilya Vekua [2] extended the concept of an analytic 
function by considering the weak solutions of elliptic systems of two 
equations, with two unknowns, and two independent variables. The 
solutions they investigated have come to be known as generalized (or 
pseudo) analytic functions. Subsequently Avron Douglis [3] introduced 
a class of functions which satisfy (classically) the principal part of an 
elliptic system of 2r equations, with Ir unknowns, and two independent 
variables. These functions are known as hyperanalytic functions. The 
present paper extends the class of functions studied by Douglis in much 
the same way as Bers and Vekua have extended the analytic functions. 
Hence, we refer to our class of functions as generalized hyperanalytic 
functions. 

We shall be concerned with elliptic systems in two variables of the form 

U0,x - V0,y + Po,0W0 + 40,0^0 = °> 

"o,y + v0tX + r0,oWo + s0t0v0 = 0, 
k 

(1) a*,* - vkty + auk.Ux + bMk-i,y + Z (PMUI + Qkivi) = 0, 
1 = 0 

k 

Uk.y + vk>x + avk.Ux + bvk.Uy + £ (rklut + sklvt) = 0, 
i = 0 

k = l , . . . , r - 1. 

Our work uses the hypercomplex function theory developed by A. Douglis 
[3] for the special case of (1) where only the principal part appears. 

Douglis introduced the commutative algebra over the reals generated 
by the two elements i and e, subject to the multiplication rules 

j2 = — i, te = ei, er = 0. 

A hypercomplex number in this algebra has the form 
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f - l 

c = Z cktk> 
k = 0 

where each ck is an ordinary complex number. A hypercomplex function 
w of two variables is written as 

r - l 

fc = 0 

where each wk is complex-valued. By use of the operator 

D = Dx + iDy + eaD* + ebDy, 

and the identifications wk = uk -f wk, the principal part of system (1) 
can be written as 

(2) Dw = 0. 

Douglis has shown that solutions of (2) retain many properties of the 
analytic functions in complex variable theory. 

We extend Douglis' theory to more general systems. With proper 
definitions of the complex functions AH and Bkl, (1) can be written as the 
hypercomplex equation 

(3) Dw + " f ek £ (Aklwt + Bklwt) = 0. 
k=o r=o 

Here derivatives are in the Sobolev sense. We also treat a more restrictive 
special case of (3): 

(4) Dw + Aw + Bw = 0, 

where in this formula A and B are hypercomplex functions. When r = 1, 
equation (4) reduces to the complex equation for which Bers and Vekua 
have developed an extensive theory. 

Introducing some variations on the techniques of Vekua, we have 
been able to prove the following theorems. (Detailed proofs are to be 
given elsewhere.) 

THEOREM I. Let a and b, along with their first partial derivatives, be 
bounded and Holder-continuous in the whole plane E, and also lie in LP(E) 
for some p, 1 ^ p < 2. Let each AkhB^ lie in Lp2(E) for some p > 2. 
If w satisfies (3) in E, then 

(i) either the zeros of w are isolated, or w = 0. 
(ii) If w is continuous and bounded in the whole plane, then 

w(z) = cexp{co(z)}, 

where c is a hypercomplex constant, and co is a hypercomplex valued func-
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tion, Holder-continuous in E, which is 0(|z|(2~p)/p) at infinity. The exponen
tial function in this formula generalizes the exponential function in complex 
variable theory. 

(iii) (Liouville's Theorem.) Ifwis continuous and bounded in the whole 
plane, and vanishes at a point z0, then w = 0. 

(iv) (Generating pairs.) Continuous and bounded solutions w of (3), for 
fixed Akl, Bkl, have the representation 

w(z) = c0(p0(z) + c^^z), 

where c0 and c1 are hypercomplex constants, and q>0 and q>u which depend 
on the Akl, Bkl, are also bounded and continuous solutions. 

THEOREM II. Let % be a bounded domain whose boundary T consists of 
a finite number of simple, piecewise smooth, Jordan curves. Let a, b, A and B 
have the same properties as in Theorem I. Suppose w satisfies (4) in (5 and 
is continuous in S>. Then 

(i) w has a "Cauchy integral" representation in terms of its boundary 
values and the boundary values of two "fundamental kernels" Qx and Q2, 
namely 

hl^-' »<z) - ^ I ilite 0 ( 0 dtta - n2(z, (MO 4*0, 

for ze($>, where t(Q is a so-called "generating solution" of (2). The funda
mental kernels depend only on A and B (and a and b) and the domain ©. 

(ii) w may also be expressed by an integral formula involving the boundary 
values of the fundamental kernels and boundary values of a hyperanalytic 
function O (satisfying (2)) associated with w, namely 

- S F . f r 0 * (5) «<2) - 2^71 r «M*. 0*<0 MO - " j fe OHO dHO-

(iii) An alternate representation for w in terms of the hyperanalytic 
function O is given by 

w(z) = J f (<D; ©) 

(6) 
= <D(z) + IVifc C; ©)<P(0 d£ dn + f fr2(z, C; «WO ^ dn, 

where 

-SF.fr0*


1972] GENERALIZED HYPERANALYTIC FUNCTION THEORY 1001 

As a concluding remark, we mention that with these representations 
we can construct a complete (in the uniform norm) family of solutions to 
(4) bounded and continuous in the closure of (5. This procedure uses a 
correspondence given by Douglis, between solutions of (2) and analytic 
functions. 
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