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1. One of the more striking features of commutative Noetherian rings
is the fact that they satisfy the descending chain condition on prime ideals.
It is known that arbitrary right Noetherian rings need not enjoy this
property [3]. In this note we show that if R is a ring satisfying a polynomial
identity and the ascending chain condition on two-sided ideals, then R
satisfies the descending chain condition on prime ideals.
Throughout this note all rings will have a unit element and satisfy a
proper polynomial identity over some commutative ring. The word
"ideal" will mean two-sided ideal.
2. If R is a prime ring and d is the minimal degree of the identities
satisfied by R, then d = In (for some n ^ 1) and R satisfies the standard
identity S2n, see [1]. We call the integer d the degree oîR.
If R is a prime ring of degree d and 0 =/= P is a prime ideal in R such
that R/P also has degree d, we showed in [5] that R may be localized
classically at the set S = {ce R\c + P regular in R/P}. The resulting ring
Rs has a unique maximal ideal, PRS, and RS/PRS also has degree d.
Therefore, by a theorem of M. Artin [2] (see [4] for an extension to rings),
Rs is an Azumaya algebra of rank (d/2)2 over its center.
The pieces are now available to prove the
THEOREM. If R is a Pi-ring with the ascending chain condition on ideals,
then R satisfies the descending chain condition on prime ideals.
PROOF. If Px 5 P2 2 * • * 2 Pn 2 • * * is an infinite descending chain of
prime ideals in R, then V = f]Pt is again a prime ideal. R = R/V is,
thus, a prime ring with the ascending chain condition on ideals and with
an infinite descending chain of primes Fx 5 ?2 2 • • * 2 Pn 5 * * * such
that P)Pj = 0. If d = 2n is the degree of R, there exist elements r l 5 . . . ,
f2n-2 such that S 2 rt-2l/i5- • '^in-i\
i2 0 where S2n-2 is the standard
polynomial of degree In — 2. Therefore, since (°|P. = 0, there is a j
such that Pj does not contain S 2n _ 2 [^i, • • • » ^2*1-2]- Hence, Rt = R/Pj
has the same degree as JR. NOW form the localization Rs where 5 is as
above. Since Pt n S = 0 for i ^ 7, the PtRs are distinct prime ideals in
Rs. However, Rs is an Azumaya algebra with the ascending chain condition on ideals. Hence, the center of Rs is Noetherian and, using the
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correspondence between ideals of Rs and those of its center, Rs satisfies
the descending chain condition on prime ideals. Therefore, we have a
contradiction and the theorem is proved.
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