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1. Introduction. If if is a (complex) Hubert space and F is any 
collection of (closed linear) subspaces of H9 Alg F is used to denote the 
set of (bounded linear) operators on H that leave every member of F 
invariant. Dually, if 9t is a set of operators on H, Lat 9t is used to denote 
the collection of subspaces of H left invariant by every member of 91. 
The collection F of subspaces is called reflexive if ^ = L a t A l g ^ . 
If F is reflexive it is easy to show that IF is a complete sublattice, contain
ing both the zero subspace (0) and H, of the lattice of all subspaces of 
H. In fact, if F is reflexive it is strongly closed [2]. It is easily seen that a 
given collection F of subspaces will be reflexive if a subset M ç Alg F 
can be found with the property that ^ = L a t 0t. In the case that J^ is a 
complete nest, the set of operators of rank one of Alg F is such a subset 
[4]. Such a subset can also be found in the case that F is either a complete 
atomic Boolean algebra [2] or a finite distributive lattice [3]. Thus com
plete nests, complete atomic Boolean algebras and finite distributive 
lattices of subspaces are examples of reflexive subspace lattices. In this 
paper we indicate how these results follow from one and the same theory 
of abstract lattices. This theory of strongly reflexive lattices leads to new 
examples of reflexive subspace lattices. It develops from and is motivated 
by the question: Which lattices of subspaces F are determined by the 
set 0t of operators of rank one of Alg F in the sense that F=L&t Ml 
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2. Existence of operators of rank one. Let if be a Hubert space 
with dim H^ 1 and let F be a complete sublattice containing (0) and H, 
of subspaces of H. If e and ƒ are nonzero vectors of H, e (g)ƒ denotes the 
operator of rank one x-+(x\e)f (x e H). Let 2% denote the set of operators 
of rank one of Alg F. It will be shown below that the condition 01^0 
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is a lattice-theoretic property of ^ . We adopt the conventions that 
\ / 0 = ( O ) a n d A0=H. 

DEFINITION 1. For M e F let M_=V {N e SF : M ^ N}. 

It follows that M_ e F for every M etF. 
DEFINITION 2. Let J={M eF:M^(0) and M_^H). 

PROPOSITION 1. 0t= 0 if and only if<f= 0 . 

The proof of this is by the following lemma which, in the case that SF 
is totally ordered, is precisely Lemma 3.3 of [4]. 

LEMMA 1. The operator e <g> f belongs to Alg SF if and only if there is a 
subspace M in SF such that f e M and e e HQM_. 

Thus, for example, if J^ is the double triangle lattice described in [2], 
0t=0. If we now suppose that J^0, we obtain a lattice-theoretic 
sufficient condition that ^ = L a t 01. 

DEFINITION 3. For N e SF let N* = A {M_:M e J , M&N}. 

It follows that, for every N e SF we have N^eSF and N^N+. 

PROPOSITION 2. The subspace K belongs to Lat 01 if and only ifN^K^ 
N* for some N e SF. 

In the proof of this, first Lemma 1 is used to show that for K to belong 
to Lat 3k it is both necessary and sufficient that, for each M e </, at least 
one of the inclusions M^K, K^M_ is valid. If now N^K^N* with 
Ne^ and Me J with M§K, then M§N and so N*^M_. Hence 
K^M_ and it follows that K e Lat @. On the other hand, if K e Lat ^ 
and we define Ne F by N=\/ {M eJ'iM^K}, it is easily shown that 

COROLLARY 1. If dim(N*QN)^l for every NeSF then J ^=La t 0Z. 

COROLLARY 2. IfN=N* for every NeS? then SF=Lstt ^ . 

The first of these corollaries is obviously not lattice-theoretic and 
its converse is false. It covers the case of the reflexive pentagon lattice in 
[2]. It is the second corollary that leads to the notion of a strongly re
flexive (abstract) lattice. 

3. Strongly reflexive lattices. In the preceding section the definitions 
of M_, J and JV* are lattice-theoretic. If L is an abstract complete lattice 
with zero (respectively unit) element denoted by 0 (respectively 1) and 
a e L, we can define a_ and J using notationally modified versions of 
Definitions 1 and 2. If J^V 0 we can define a* in a similarly obvious way 
using Definition 3. 
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DEFINITION 4. An abstract lattice L is strongly reflexive if 
(i) L is complete ; 

(ii) J * V 0 ; 
(iii) a—a* for every a e L. 
If by a representation of the strongly reflexive lattice L on H we mean 

a complete sublattice of subspaces of if, containing (0) and H, which 
is lattice isomorphic to L, then Corollary 2 shows that every representation 
L is determined by its operators of rank one in the sense that Z=La t 0t. 
In particular L is reflexive and hence strongly closed. 

4. Examples of strongly reflexive lattices. 

THEOREM 1. Every complete chain with 1^0 is strongly reflexive. 

An element a of a complete lattice L is called completely join irreducible 
if a = \ZaeI ba with bae L (oc e ƒ) implies a=ba for some a e I. 

THEOREM 2. A complete lattice L with 17*0 satisfying the following con
ditions is strongly reflexive 

(i) «A(Va62^a)=Vaei (#A&a) for every nonempty collection {ba}aeI of 
elements of L and a e L; 

(ii) every element of L is a (complete) join of completely join irreducible 
elements. 

The proof of Theorem 2 follows from the fact that every nonzero 
completely join irreducible element of L belongs to J>. 

COROLLARY 2.1. A complete sublattice, with at least two elements, of 
a complete atomic Boolean algebra is strongly reflexive. 

This follows from Theorem 3 of [1] and includes Theorem 1 of [2]. 

COROLLARY 2.2. A finite distributive lattice with 1^0 is strongly 
reflexive. 

5. Additional results. 

PROPOSITION 3. A complete Boolean algebra with 1^0 is strongly 
reflexive if and only if it is atomic. 

PROPOSITION 4. Every strongly reflexive lattice is distributive in the 
sense of Theorem 2(i). 

COROLLARY 3. A finite lattice with 1 T*0 is strongly reflexive if and only 
if it is distributive. 

The proof of these results will appear elsewhere. 
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