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ABSTRACT. The characterization of the Hardy space, H of the plane, 
as those integrable functions whose first order Riesz transforms are (or whose 
maximal function is) integrable is well known. J.-A. Chao and M. Taibleson 
have shown that there is a conjugate system characterization of H of a local 

1 2 field that parallels the Riesz system characterization of H (R ). C. Fefferman 

has conjectured that "nice" conjugate systems, such as the second order Riesz 
1 2 transforms would also give a characterization of H (R ). In the present paper 

a counter example of A. Gandulfo and M. Taibleson is described that shows that 

any conjugate system generated by an even kernel will fail to characterize H 

of a local field. A counter example of J. Garcia-Cuerva is described that shows 

that the second order Riesz system for the Euclidean plane (which is generated 
1 2 by an even kernel) will fail to characterize H (R ) in the above sense. 

Let ƒ G Lx(Rn) and let ƒ*(*) = supy>0\f(x, y)\, where ƒ(*, y) is the 
Poisson integral off. We say that ƒ G Hl(Rn) iff ƒ* G Lx(Rn). Let (r, 0) be 
the polar representation of (xv x2) G R2, and let ( • )" and ( • )" represents the 
Fourier transform and its inverse. The following characterization of Hl(R2) is in 
[5, §8]: 

THEOREM A Iff is real-valued andfEL^R2), then ƒ G H^R2) iff 
(eiefy GL'iR2). 

Similarly, if AT is a local field, e.g., a p-adic field, we may define f*(x) = 
suPfcez ' ƒ(*> *)l > where f(x, k) is the regularization of/. (See [6, Chapter IV].) 
We say that ƒ G Hl(K) iff ƒ* EL^K). The following characterization of 
HX(K) follows from results of Chao and Taibleson [3] and Chao [1], [2]. 

THEOREM B. Suppose n is a multiplicative character on K that is unitary, 
ramified of degree 1, homogeneous of degree 0 and odd. If fELl(K) then 
fEH\K)iff{Tify EL\K). 
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The "only if" part of the proof is in Chao [2]. The "if" part follows 
from [3, Theorem 2] and [2, Theorem 3.1 and example (i), p. 282]. 

The "if" part of the proof of Theorem B depends on the fact that n is an 
odd function. Taibleson and Gandulfo investigated this point and have shown 
Theorem B fails if n is even. 

THEOREM 1. Suppose X is a multiplicative character on K that is unitary, 
ramified of degree 1, homogeneous of degree 0 and even. Then, there is a real-
valued function g, g GLX(K) such that Xg = g and g* é Ll(K). 

Thus, g and ( XgY G Lx (K ) but g é Hl (K ). If the local class field of K 
is odd and of order not equal to 3 (e.g., a p-adic field with p -=h 2 or 3) then there 
is a character n on K that satisfies the conditions of Theorem B while n 2 satis
fies the conditions of Theorem 1. Note that ƒ—• Or2/)" is bounded from H1 

into itself (Chao [2] ). 
This result suggested that a similar investigation be made of the multiplier 

e2ie on R2. Note that ƒ —> (e2WfY is bounded from H1 into itself (Fefferman 
and Stein [5, p. 190]). Recently it has been conjectured by Fefferman [4] that 
any "nice" multiplier should characterize H1 in the sense of Theorem A. In par
ticular, e2ld is a usual example of such a "nice" multiplier. Garcia-Qierva has 
investigated this problem and obtained the following result: 

THEOREM 2. There is a real-valued, radial f unction g,g£ Ll(JL2) such that 
(e2W

gy G L^R2) but g é HX(R2). 

We now briefly sketch proofs of Theorems 1 and 2. 

LEMMA 1. Let X be as in Theorem 1. Then there exists a finite Borel 
measure ix, supported on 0 {the ring of integers in K) such that IJL is singular, 
M(0) = 0 and Xjl = ju. 

Theorem 1 follows from Lemma 1. We note that ju * É Ll, where M*(*) 
= supk\tx(x, k)\. Also sup̂ H M( * y fc)lli < °°. Using the fact that IA(X, k) is sup
ported on 0 x Z we define f(x) = S^., .^ akix(x 4- ck, k) where {ck} are coset 
representatives of Q in K. If S \ak\ < °° we see that fGLx(K) and X f = f 
Note that (M( - + ck, *))*(*) = sup/>fe|ju(*, 01. Thus, SUPJIM(' + ck, k)\ 
= °°, and we may choose the {ak} so that ƒ* Ê LX(K). 

To construct the measure II we need to construct a regular function {Ji(x, k) 
on K x Z such that ii(x, k) is supported on D x Z, ƒ n(x, k)dx = 0 for all k, 
||M(-, k)\\x <A and ||M( •, k) - /x(•, * - l)l!x = B, k = - 1, - 2 , . . . , for 
positive constants A and B. (See [6, IV(1.8d) and (1.9b)].) 

One now observes that if x is an additive character on K that is nontrivial 
on D, but is trivial on 'tf> (the maximal ideal in D) then 

*(*) = 
!

Re x(*), 

xé O, 
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has the property that Xg = g whenever X is as in Theorem 1, n(x, k) is construc
ted by "patching together" various translations and dilations of g. 

For a sketch of the proof of Theorem 2 we will identify R2 with C in the 
usual way: (xv x2) +-±reiQ = z. 

For ƒ e i ^ O let f(w) = P.V./C f(w - z)dz/z2. Then, (J)" = e2Wf. 
We now assume that ƒ is radial; i.e., f(z) = g(\z\ ) for some g. We then show that 
if ƒ is radial on C then ƒ E Hl(C) iff rg(f) G H1 where rg(r) can be viewed as 
either a function defined on [0, °°) or as an even function on R. Finally we 
show that 

J(reie ) = ire™ J - | ƒ ; ^ s d s - *(r)|. 

Thus, we see that we need to find a function </? G Lx(0, °°) such that 
(1/r) ƒ£ ^(s) <ft G L^O, «>) but (p e //^O, oo). 

Let Iiab\ be the characteristic function of the interval [a, b], and let lk = 
kl[k,k+i/k) -"0/*)J[*+i/*,2*+i/*]- We see that/J°|/fc| = 2,/^°/fc = 0, 
Jo°IO/r)/o Jfcl̂ r ^ 1' We see that there is a O 0 such that if k is large enough 
fie 12\ly\dr> C\&k. A little calculation shows that if n0 is large enough, then 
ip = SJ°(l/«2)/w 6W has the required properties. 

As a final comment, we observe that the formula for ƒ, ƒ integrable and 
radial extends easily to finite Borel measures that are radial. Apply that result 
to the singular measure JJL that has measure 1 uniformly distributed on the unit 
circle in C and measure —1 uniformly distributed on the circle of radius two. It 
is easy to check that JU is a singular measure. Together with the result of Lemma 
1 we see that the conjugate systems induced by the multipliers e2ld and n2 (on 
the Euclidean plane or local fields respectively) fail to produce an F. and M. 
Riesz theorem in the sense: There is a finite Borel measure ju, such that the con
jugate of M is also a finite measure, but ix is not absolutely continuous. 
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