BULLETIN OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 82, Number 1, January 1976

THE DIRICHLET PROBLEM FOR A COMPLEX
MONGE-AMPERE EQUATION
BY ERIC BEDFORD1 AND B. A. TAYLOR2
Communicated by P. R. Halmos, September 25, 1975

On C1, write d = 3 + 3, dc = i(3 - 3) so that ddcu = 2/33w, and let
;=i

be the usual volume form. We study here the nonlinear Dirichlet problem,
(ddcu)n = dd°u A • • • A dd°u = ffin
^'

on £2,

u plurisubharmonic on 1*2,
u = 0 on 312

where 12 is a bounded open set in Cn, f > 0, and 0 is a continuous function on
312. For arbitrary plurisubharmonic functions w, it is known that ddcu is a positive current of type (1, 1) [4, p. 70] ; but, it is not clear that the higher exterior
powers of ddcu are well defined. In fact, examples indicate that it is probably
not possible to define (ddcu)n as a distribution for all plurisubharmonic functions
u [7]. However, for bounded, C2 plurisubharmonic functions, Chern, Levine,
and Nirenberg [3] have given an estimate which makes it clear how to define
(d(Fu)n when u is a continuous plurisubharmonic function. If llwll^ =
sup { \u{z)\ : z e 12}, then they prove that for each compact subset K of 12, there
is a constant C — C(K) such that

fK(ddcuT<C{\\u\\a}n
for all C1 plurisubharmonic functions u on 12. With this result (and its proof),
it is easy to show that the operator (ddcu)n, thought of as a mapping from the
C2 plurisubharmonic functions on 12 to the space of nonnegative Borel measures
on 12, has a continuous extension to the space of all continuous plurisubharmonic
functions on 12. It is with this definition of (ddcu)n as a nonnegative Borel measure on 12 that we study the Dirichlet problem (1).
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1. Let Slbe a bounded, strongly pseudoconvex set in Cn with C2
boundary. Let 0 G C(312) and f > 0, ƒ G C(12). Then there exists a unique
solution to the Dirichlet problem (1) in the class of all functions continuous on
12 and plurisubharmonic in 12.
THEOREM

The differential equation of (1) bears a strong resemblance to the real
Monge-Ampere equation (see, e.g. [1], [5], [6]). However, in contrast to the
situation for real Monge-Ampere equations there are, in general, many different
(but not continuous) plurisubharmonic functions solving (1), at least when the
nonnegative measure ji = fPn of (1) is allowed to be singular. Thus, uniqueness
is not possible without some mild regularity assumption.
Our method of proof is the familiar Perron method. The solution is exhibited as the upper envelope of a family of subsolutions. The uniqueness part
follows from the following minimum principle.
2. Let £1 be a bounded open set in Cn. If u, v are continuous
on 12, plurisubharmonic in 12, and if {ddcuf < (ddcv)n in 12, then
THEOREM

min{w(z) - v(z): z G 12} = min{u(z) - v(z)\z G 312}.
In a special case, we also prove a regularity result.
3. 7/12 is the unit ball in Cn, if 0 G C2(312), and iff1/n G
C2(12), then the unique, continuous plurisubharmonic solution of(l) has locally
bounded second partial derivatives.
THEOREM

In general, the solution u of problem (1) will not be of class C2 when ƒ
= 0, even if 0 is real analytic.
Under stronger conditions, the Laplacian of u also satisfies a maximum
principle.
4. If u G C2(£2), u is plurisubharmonic on 12, and u solves (1),
with f G C(12) a nonnegative, plurisubharmonic function on 12, then for 1 < ƒ
<n,
THEOREM

max \
3 (z): z G 12 v = max \
zr (z): z E d£2>.
{ dZjdZj
J
( dZjdZj
)
One interest in the Dirichlet problem (1) results from the work of Bremermann [2], who introduced the following function. Given 0 G C(312), let
8(0, 12) denote the Perron-Bremermann family of all plurisubharmonic functions
v on 12 such that lim sup. ) ^ v(z) < 0(f) for all f G 312, and then define
(S0)(z) = sup {v(z)\v G 8(0, £2)}.
Bremermann showed that 50 is plurisubharmonic on 12 and S<j>(z) —• 0(f) as z
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—> f G dSl, provided that SI is strongly pseudoconvex. It was later proved by
J. B. Walsh [8] that 50 is continuous on SI. Bremermann also noted that if
50 G C2(Sl), then (ddcu)n = 0 in SI. Now, in general, 50 is not a C2 function,
but in any case, Theorem 1 shows that 50 is characterized as the unique continuous solution of the special case of (1) with ƒ = 0.
Bremermann also proved that the envelope of holomorphy of the Hartogs'
domain in Cn + 1, {(z, w): z G dSl, \w\ < exp(-0(z)), or z G SI, \w\ < e"M}, M
= max {0(z): z G dSl}, is described as {(z, w) G Cn + 1: \w\ < exp(-50(z)), z
G SI}, when 12 is strictly pseudoconvex. Thus, the boundary of this envelope of
holomorphy is characterized as the solution to the partial differential equation
(ddcu)n = 0. In particular, if SI is the unit ball in Cn and 0 is smooth, then
Theorem 3 yields a smoothness property of the boundary of this envelope of
holomorphy.
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