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Let N be an open, connected, orientable surface. Let E(iV) denote the set 
of ends of N, a compact, totally disconnected, separable space of ideal points at 
infinity [1] . The closed subset E*(N) of nonplanar ends consists of those ends 
that are limit points for sequences of handles of N. The topological pair (E(/V), 
E*(N)) and the genus of N determine the surface up to homeomorphism [4], [8]. 

Let E*0)(AO coincide with E(N) and let E^\N) be the set of accumulation 
points of E(r~1)(7Vr), r> 1. 

Given N, let M0) coincide with N and, if r > 1, obtain Mr) from M""^ 

by deleting a closed discrete set of points approaching all of the ends of Mr~'1\ 

Thus E(r)(N^r)) = E(N). 

DEFINITION. The surface N is of (finite) type r > 0 if E^r\N) ¥= 0 = 
E^r+1)(N). 

The surfaces of finite type form a large and interesting class. There are 
basic type r examples Nr i9 0 < / < q(r) < °°, such that all surfaces of finite type 
are finite connected sums of these basic ones and a compact surface. (The func
tion q(r) is amusing: q(p) = 1, q{\) = 3, q(2) = (19), ?(3) > 106, ?(4) > io300>000.) 
This makes possible several constructions and arguments that depend inductively 
on the type r. 

Thus, for instance, a result of J. Sondow [9, p. 623] for surfaces of type 
0 is improved and generalized as follows. 

THEOREM 1. Every N of finite type is homeomorphic to a leaf (a proper 

leaf if N ¥= (R2)^*, r > l) o f a transversely orientable C°° foliation in a suitable 

closed orientable 3-manifold. Furthermore, every N of finite type is homeomor

phic to a proper leaf of a transversely orientable C1 foliation in every closed 3-
manifold. 

We remark that the C1 construction in the proof of this theorem provides 
a negative answer to a question of T. Nishimori [6, Problem 6.4]. 

The following greatly generalizes results of S. Goodman [2], [3, §3] . 

THEOREM 2. Let N be of finite type and let M be a closed 3-manifold. 

Then 
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(a) if N has no isolated nonplanar end, it is homeomorphic to a leaf (proper 
ifN^ (R2)(r\ r> I) of a transversely orientable C°° foliation ofM\ 

(b) if N has only nonplanar ends or is the connected sum of such a surface 
with one as in (a), and if M is orientable and is not a rational homology sphere, 
then N is homeomorphic to a proper leaf of a transversely orientable C°° folia
tion of M. 

Remark that every surface as in (b) has at least one isolated nonplanar end. 
By [10] and [11] smooth transversely orientable foliations exist on every 

closed 3-manifold. Our theorems are proven by constructions for modifying such 
foliations along a closed transversal, so as to produce the prescribed leaf N. These 
constructions prove more than was asserted. Indeed, the foliations can be kept 
free of exceptional minimal sets and the leaf homeomorphic to N always has 
polynomial growth [7]. Most of our restrictive hypotheses are necessary if such 
nice asymptotic behavior is to be preserved. Indeed, 

THEOREM 3. Ifr>l9 then ( R 2 ) ^ cannot occur as a proper leaf with non-

exponential growth in a C2 foliation of any closed 3-manifold. These are the 

only surfaces of finite type for which this assertion is true. 

THEOREM 4. Let L be a proper leaf of a transversely orientable C2 folia

tion of a rational homology 3-sphere. If L has an isolated nonplanar end, then 

L has exponential growth and approaches an exceptional minimal set 

These two results rely heavily on work of J. Plante [7] and a lemma of 
N. Kopell [5, Lemma 1]. Such nontrivial interplay between the topology of a 
leaf and its asymptotic behavior seems surprising. 

We also know a class of surfaces of infinite type, all having a Cantor sub
set of ends, each of which occurs as a leaf of a C°° foliation in every closed 3-
manifold. 

The proofs of these results will appear elsewhere. 
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