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We consider the classification up to homotopy of homotopy equivalences 
of compact 3-manifolds. Given two compact 3-manifolds (with base point and 
CTV-decomposition) (M, m) and (N, n), in [3] we found an algebraic criterion for 
the existence of a degree 1 map ƒ : (M, bM) —* (N, bN) extending a given map 
fl defined on the relative 1-skeleton (M, bM)1. Here we consider the space 
Hl(M, m) of degree 1 homotopy equivalences ƒ: (M, m) —» (M, m) such that 
ƒ \bM = Id and ƒ is homotopic rel bM U {m} to a map coinciding with the 
identity on (M, bM)1 . If bM = 0, it is equivalent to say that ƒ induces the 
identity automorphism of n^M, m). (If bM ¥=0, we assume that m E bM.) 
Important results are the following. 

1. Following Waldhausen e.a. [6] a homotopy equivalence of P2-irreducible 
(closed) sufficiently large 3-manifolds is homotopic to a homeomorphism unique 
up to isotopy. Our result indicates that the exclusion of 2-sided projective planes 
is necessary. Indeed, suppose M is the connected sum of two nonsimply connected 
3-manifolds, then we have 

THEOREM ([2]). If M contains 2-sided projective planes, M admits a self 
homotopy equivalence, in Hl(M, m), which is not homotopic to a homeomor* 
phism rel bM. 

Recall that all elements of Hl(M, m) are simple homotopy equivalences (in 
the sense of Whitehead). 

On the other hand, let S be an embedded 2-sphere in M with collar S x 
[0, 1] » Then the rotation along S is the homeomorphism in Hl(M, m) defined 
by the identity outside Sx [0,1] and by a generator of ntSO(3) within Sx [0, 1]. 

THEOREM ([4]). Let M be a ^-manifold which does not contain 2-sided 
projective planes, then every self homotopy equivalence in Hl(M, m) is homo-
topic rel bM U {m} to a rotation along a sphere. 

2. Let R be the set of 2-spheres S in M such that we can express 
M- Mx U Af2, where Mx O Af2 = S, and where Mx Us D3 is a connected sum 
of closed manifolds, each either with finite fundamental group whose 2-Sylow 
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subgroup is cyclic or homotopy equivalent to a S2 or P2 fib ration over S1. 

THEOREM ([4]). The rotation along an embedded 2-sphere S is homo-
topic to the identity veld M if and only ifSGR. 

For nonseparating spheres 5, this is contained in [5]. 

3. The composition in Hl(M9 m) defines a multiplication in ir0H
l(M9 m). 

THEOREM. TT0H
1(M, m) is a group of exponent 2. 

More completely, let A = {X E ir%(M9 m); X2 = e9 X reverses the orienta
tion} } By [1] there exists for each X E A an immersion ox: (52 , *) —* 
(AT, m) such that oK(S2) is a (2-sided) projective plane carrying the loop X. Let 
W(A) denote the Z2-module with generators A x A and relations <X, /x> = 
<M, X> = ^ X r 1 , Sjur1) = <X, M̂M> for every X, ju G A and £ G nxM. Let R 
denote the nxM submodule of n2M generated by R. 

MAIN THEOREM ([4]). Suppose n2M & 0. There is an exact sequence of 
Z2 modules: 

0 - * Z2 ®ff (n2M)/R - ^ n0H
l(M, m) - + W(A) © Z2 ®„ Z[A] - * 0, 

where ®n denotes the tensor product over Zffl^A/]. 

If a: (52 , *) —* (Af, ra) is an embedding or an immersion with image a 
2-sided projective plane, r(l ® a) is represented by the rotation along o(S2). 
Let X, ju G A, and suppose ƒ: Af —• Af is a map different from the identity only 
in a 3-ball where it differs by oK o Hopf E n3M9 where Hopf denotes the Hopf 
fibration S3 —• S2 (resp. by the Whitehead product [oX9 a^J). Then the arc 
component of ƒ is mapped to 1 ® X (resp. <X, M>)-
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7Tj(M, m) acts on A by conjugation. 


