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ON THE LOCAL LANGLANDS CONJECTURE
IN PRIME DIMENSION
BY PHILIP KUTZKO 1 AND ALLEN MOY

Let F be a local field of residual characteristics p. Then it is a conjecture
of Langlands [JL] that there should be a natural bijection between the set of
n-dimensional semisimple representations of the absolute Weil-Deligne group
of F and the set of irreducible admissible representations of GLn(F). Some
cases of this conjecture have been established [He, JL, JPS, K, M]. Here we
announce further progress toward its verification.
To describe our results, we first note that by work of Bernstein and Zelevinsky [Z], one may restrict one's attention to irreducible representations of
the Weil-Deligne group on the one hand and irreducible supercuspidal representations of GL n (F) on the other hand. In this context, the conjecture says
there should exist a bijection a i-+ 7r(cr) of the set A^(F) of equivalence classes
of continuous, irreducible n-dimensional complex representations of WF, the
absolute Weil group of F, with the set A°(GLn(F)) of equivalence classes of
admissible irreducible supercuspidal representations of Ghn(F). This bijection should satisfy the following conditions:
(1.01) e(7r(a),ip) = e(a,^) (see [D, GJ] for definitions),
(1.02) ir(a) 0 x ° det = 7r(cr (g) x) for all quasi-characters x of Fx,
(1.03) u;7r(a) = det a, where u;7r(a) is the central character of ^(a).
We note that if n = 1, the existence of such a bijection is a restatement of
the fundamental theorem of local classified theory [S]; thus when n > 2, the
conjecture under consideration may be thought of as a nonabelian analogue
of that theorem.
When n > 2 the construction of ir(a) breaks naturally into two steps.
I. Construction of 7r(cr) when a is induced from a representation of smaller
dimension. This construction is provided when n = 2 by decomposing the
Weil representation of SL2(F) (see [JL]). When n = 3, it is obtained by global
methods [JPS]. When p /n then all n-dimensional irreducible representations
a of WF are monomial, and one may use a representation which induces a to
construct a supercuspidal representation 7r'(cr) of GL n (F). This was first done
by Howe [Ho], who conjectured that 7r'(<r) satisfied (1.01)-(1.03). Recently,
Moy [M] showed that a representation 7r(a) satisfying (1.01)-(1.03) may be
obtained by a slight modification of Howe's construction and thus verified the
Langlands conjecture in case p ƒ n (one needs, however, that char F = 0 in
order that the map a \-+ 7r(a) be bijective).
When p | n, however, the above approach appears to fail.
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II. Extension of the map a —• 7T(<J) to primitive representations a. Such
an extension was obtained in case n = p = 2 by Kutzko in [K] and in case
n = p = 3 by Henniart in [He], thus verifying the Langlands conjecture in
these cases.
In general, one has reason to expect that step I above may be approached
using global methods and that, in particular, such methods will lead to the
construction of 7r(a) when a is induced from a one-dimensional representation
on a normal subgroup of WF- We here announce that, given such a global
construction for monomial representations a of dimension n = p, we are able to
construct ir(cr) for an arbitrary p-dimensional representation a. To be precise,
we must make the following
ASSUMPTION 1.1. Let K be a local field of residual characteristic p and let
E/K be a cyclic extension of degree p. Let 6 be a quasi-character of Ex which
is not fixed by the galois group, TE/K, of E/K and let a = Indw^TWk: 0- Then
there is an irreducible supercuspidal representation 7r(<7) of GLP(K) which
satisfies (1.01)-(1.03). Furthermore, the map a -» 7r(cr) is injective, and if L is
a field over which K is galois, then the map a —• 7r(<r) commutes with TK/LWe then prove
THEOREM 1.2. Suppose Assumption 1.1 holds for all extensions
K/F.
Then, given any irreducible p-dimensional representation a ofWF, there exists
an irreducible supercuspidal representation 7r(a) ofGLp(F) satisfying (1.01) —
-(1.03).
We proceed as follows (proofs will be provided elsewhere).
DEFINITION 1.3. Call a galois extension K/F a good extension of F, either
if T/C/F is cyclic and either [K : F] \ p — 1 or [K : F] | p + 1, or if TK/F is a
generalized quaternion group and [K : F] \ 2(p + 1).
PROPOSITION 1.4. Let K/F be a good extension. Then there is a map
littx/F which maps irreducible supercuspidal representations of GLP(F) to irreducible supercuspidal representations ofGLp(K) and has the following properties:
(1.4.1) Ifn is an irreducible supercuspidal representation ofF, thenliî^K/F^
is fixed under TK/F]
(1.4.2) e(mK/F7T^otTK/F)
= [e(7T,^)] [K:F] X- p /F ^(7r) ; where \K/F W the
Langlands constant associated to K/F and S(ir) = +1;
(1.4.3) \ihK/F(iT®x) = liftjfc/FM®X°N K / F for any quasi-character x of
Fx.

(1.4.4) Let TTK be an irreducible supercuspidal representatin of K which is
fixed under TKJF crnd let UJ(TTK) be its central character. Then ifuj is a quasicharacter of F for which UJK = U; O NK/F, there is exactly one irreducible
supercuspidal representation IT of GLP(F) for which (JJ(TT) = a; and liftjc/Fir =
TTK.
PROPOSITION 1.5. Let a be an irreducible p-dimensional representation
ofTF. Then there is a good extension K/F, a cyclic extension E/F and a
quasi-character 6 of Ex such that a \wK= ^^WE^WK ®- Furthermore,

e(* \WK^K,F)

=

[<CJM[K:F]^KP,F^I
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PROPOSITION 1.6. With notation as above, and assuming 1.1, define the representation 7r(a) ofGLp(F) by the conditions liftK/FK((T) = K(V\WK)> ^M* 7 )) ~
det a. Then e(7r(cr), ip) = £e(cr, ip), where £ is a pth-power root of unity.
PROPOSITION 1.7. 7r(<7) satisfies conditions (1.01) — (1.03). If the map a »-•
7r(cr) given by Assumption 1.1 has the additional property that it commutes
with Y\&K/F> then the map a i-+ ir(a) constructed above is unique and infective.
If all irreducible supercuspidal representations of GLP(F) may be constructed
by induction from open compact-modulo center subgroups (see [C]); then the
map o \-+ 7r(cr) is a bisection of the set of equivalence classes of irreducible
p-dimensional representations of W(F) with the set of equivalence classes of
irreducible supercuspidal representations ofGLp(F) (see also [Ko]).
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