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I. WHAT ARE DIOPHANTINE PROBLEMS?

I don't know the answer. To feel our way around the question, let us first
consider some miscellaneous problems that have been labelled " Diophantine"
and then review some attempts towards a systematic organization of these
"Diophantine problems".
The point of such a preamble is to get us to appreciate why number-theorists
are often so fondly devoted to the study of rational points on algebraic curves,
and to sense the more general contexts which embrace that study.
My aim will then be to discuss the recent progress made in the arithmetic of
curves [Fa]', 1 and to explain a few of the ideas involved without requiring
substantial background in algebra, number theory, or algebraic geometry.
This survey has been culled from my notes to the Colloquium Series
Lectures at the 1984 winter meeting of the American Mathematical Society at
Louisville, Kentucky, and from part of the Albert Lectures delivered at the
University of Chicago this past fall. I feel very lucky to have had such engaging
and stimulating audiences.
I am very appreciative of the comments and suggestions of J.-P. Serre who
read closely early versions of this survey. I am also thankful for the help and
advice I received from many people in the course of writing it, among whom
are: Mike Artin, Greg Call, Persi Diaconis, John Hsia, John Hubbard, Nick
Katz, Serge Lang, Joe Mazur, David Mumford, Julia Robinson, Joe Silverman,
John Tate, Jeremy Teitelbaum, and Don Zagier.
1. Miscellaneous Diophantine problems.
(a) |Chosen at random from Diophantus] (V.16) Find three numbers such that
when each is subtracted from the cube of their sum, a cube remains.
(b) (Diophantine approximation (of irrationals)] Since y[ï is irrational,
x2 — 2y2 never represents 0 for integral values of JC and y, not both zero. But,
for such values of x and y, x2 — 2_y2is integral, and therefore the smallest
values it can assume are
x2 - 2y2=

±1

which is a type of equation that is universally (but wrongly, it turns out [Wl]')
referred to as a Pellian equation.2
*A prime after a reference (e.g. [Fa]') indicates that it is to be found in one of the first three
sections of the bibliography.
2
The Archimedes Cattle Problem also reduces to Pell's equation. See [Wl, Fo]' for very readable
accounts of this.
Weil [Wl]' provides a beautiful account of the treatment that the Pellian equation received in the
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Such an equation has been known since the 17th century to have an infinity
of integral solutions
X

Ï
3
7
17
41
99
239
577
1393
3363

x/y

y

1
2
5
12
29
70
169
408
985
2376

1.0
1.5
1.4
1.416 • • •
1.4137 • • •
1.41428 • • •
1.414201 • • •
1.414215 • • •
1.4142132 • • •
1.4142136 • • •

and as the size of y increases, x/y provides better and better approximations
to ]/2 . Specifically, since

(x/y)2-2=

±\/y\

one can easily find a constant c (e.g., c = 1) such that

\x/y-Jl\^c/y\
for all pairs (x, y) on our list. In fact, in a technical sense the above list is the
complete collection of "best approximants" to Jl.
There may be something daunting about being confronted with an " infinity"
of different solutions to the same Diophantine problem. But for any Pellian
equation and for this one in particular, all solutions (x, y) may be obtained
systematically from the smallest one, the rule being in this case

x + Jly={\

+ Jl)N

hands of the Indian mathematicians Brahmegupta (7th century A.D.) and Bhascara (12th century
A.D.). They dealt with the general equation written in modern terms in the display below, each
ingredient of which was known by its particular name (whose rough English translation is
indicated)

The multiplicative property of solutions was known by the name "bhâvanâ" which apparently
means "production rules". The Indian mathematicians also had a process known as "kuttaka" (or:
"the pulverizer") which brought, in effect, the Euclidean algorithm to bear on the problem of
producing new solutions from old. Bhascara and earlier mathematicians were also aware of the fact
that all solutions for m = ± 1 come from the smallest solution; the process enabling one to
generate all from the smallest went under the name "cakravâla" (from cakra = a wheel).
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where N runs systematically through all integers.3
To what extent does the optimistic extension of this principle hold? Is it the
case that whenever there are an infinity of solutions to a given Diophantine
question, there is some systematic coherence to this infinite collection, which
enables us in an orderly way to generate all of them from a finite subcollection?
(c) |From geometry]
—The famous Pythagorean problem of listing all right-angle triangles all of
whose sides are integral was solved in antiquity.
—The Congruence number problem (which dates, apparently, to an Arab
manuscript of the 10th century) is to determine for a given natural number n
whether there exists a right-angle triangle with all three sides rational and area
equal to n (such a number n is called congruent).
Two years ago, using a host of modern equipment (the arithmetic of elliptic
curves, L-functions, modular forms of half-integral weight) Tunnell produced
a beautiful and simple algorithm which (if a standard conjecture in the theory
of elliptic curves were true) would determine all congruent numbers. For
example, for odd integers «, Tunnell's algorithm simply requires you to check
whether the number of triples (x, y, z) satisfying 2x2 + y2 + 8z2 = n is twice
the number of triples satisfying 2x2 + y2 + 32z 2 = n (conjecturally, an odd
integer n is congruent if and only if this happens).4
— Let W c C 2 be an algebraic plane curve. That is, W is the locus of zeroes of
a polynomial in two variables with complex coefficients. Is it possible that
there be an infinity of points on W all expressible as rational linear combinations of a finite number of points in the plane C 2 ? 5
—The intriguing problem of classifying finite subsets S of points in the
Euclidean plane such that no three points in S are collinear and such that the
distance between any two points in S is rational, is discussed in [Kl]'. The
problem has a curiously "Diophantine ring" to it but one doesn't immediately
see how to put it into a familiar category. Apparently, the case where S has
cardinality 4 has been attacked by Brahmegupta, Kummer, and Mordell
[Kl,Mo2]'.
(d) (Representing integers, or rational numbers, by some given polynomial]
Any positive integer is a sum of four squares. The number of ways in which a
natural number n can be expressed as a sum of k squares (or, more generally,
can be represented by a given positive-definite quadratic form) yields a
fascinating array of arithmetic functions of n, and a profound understanding
3

Not to leave the reader with the impression that the "smallest solution" is always as small as
our example above, let us cite the case X2 - 109 • Y2 = 1 whose smallest solution is
(158071986249,15140424455100),
as was known to Fermât (cf. discussion on p. 97 of [WI]').
4
See Koblitz's book [Ko]', which is devoted to this problem.
5
Answer: Not if the genus is greater than one! This is essentially equivalent to Mordell's
conjecture, recently proved by Faltings—the focus of these talks.
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of these functions6 is one of the impressive achievements of classical number
theory.
I don't mean to say that we now fully understand these matters. Far from it:
the richness of structure of these arithmetic functions has been a source of
amazement to everyone who has encountered them, and their connections with
some of the other great problems in mathematics7 are labyrinthine.
There is also no dearth of problems involving polynomials of higher degree
(Waring's problem being, perhaps, the most well known). Here are two
problems (in " few variables") where in each case an affirmative answer would
settle an important long-standing issue in the arithmetic of elliptic curves:
(Silverman's problem.) For any natural number k, is there a cube-free integer
that can be represented as a sum of two cubes in at least k waysi
Readers of Hardy's account of Ramanujan's last days will remember the
taxicab license that settles this for k = 2.
(Weil's "1929 problem" [W1929]'.) Is there a general algorithm to settle the
question of whether or not a fourth-degree polynomial with rational coefficients in
one variable represents the square of a rational number?
(For any fixed number field one would also want a corresponding algorithm.)
2. Systematic formulations. One does not have to wait long, in the history of
the development of algebra to hear calls for the systematic treatment of the
problems at issue. The modern inventor of algebra (François Viète) ends his
treatise Introduction to the analytic art, which is dedicated to a contemporary
[ ~ 1591] descendant of the "fairy Melusine", [Vi 1, 2]' with the bold:
Finally the analytical art, having at last been put into the threefold
form of zetetic, poristic, and exegetic, appropriates itself by right to
the proud problem of problems, which is
TO LEAVE NO PROBLEM UNSOLVED.8

A clearer formulation of this sentiment is given by Hubert [Hi]' in his 10th
problem.
Determination of the solvability
of a Diophantine equation
Given a diophantine equation with any number of unknown quantities and with rational integral numerical coefficients: To devise a
process according to which it can be determined by a finite number of
operations whether the equation is solvable in rational integers.
Readers are probably aware that some 15 years ago, Matijasevic showed that
6

They also arise as Fourier coefficients of classical, and not-so-classical, modular forms.
For example, sphere-packing problems (of course), the structure of the Monster group, the
representation theory of the group of automorphisms of the algebraic closure of the field of
rational numbers, the infinite-dimensional representation theory of some linear algebraic groups
(like GL 2 ), to say nothing of a myriad of other (at first view unrelated) important Diophantine
problems.
8
" fastuosum problema problematum ars Analytice... iure sibi adrogat, Quod est, NULLUM
NON PROBLEMA SOLVERE" (the capital letters are Viète's).
7
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no such process as envisaged by Hubert exists, at least if by process one means
computing machine algorithm. An ironical element in Matijasevic's proof is
that the very success that we have in enumerating all solutions of a Pellian
equation [e.g., our example §l(b) would suffice for his purposes; cf. [D-M-R]']
is used as a lever to demonstrate the nonexistence of general algorithms.
It is still unknown, however, whether or not there are general algorithms to
determine whether equations are solvable in rational numbers (rather than
rational integers).9
Now a few words about Diophantine questions, organized by degrees:
Degree 1
Even here, where Cramer's rule completely takes care of the question of
rational solutions, if one asks for the "smallest" integral solutions of a system
of linear equations with integral coefficients in many variables, one finds one's
self in difficult terrain, within the realm of the "geometry of numbers". Good
asymptotic bounds are of considerable importance, for example, for the
production of "auxiliary polynomials" to be used in the theory of transcendental numbers. See [B-V] for the latest and best bounds.
Degree 2
Homogeneous forms of degree two (quadratic forms) have the agreeable
property that if you are given one nontrivial rational solution, you can get the
rest by a systematic procedure. We shall see this later in a special case (the
" method of sweeping Unes").
Definite quadratic forms have no nontrivial real solutions, and hence no
rational ones. Indefinite quadratic forms with rational coefficients in 5 variables or more always have a nontrivial rational zero. There are, in general,
effective procedures to determine whether or not a quadratic form has a
rational zero.
As mentioned above, the question of representing integers by quadratic
forms is vast, and seems at present open-ended.10 So is the question of
9

In view of higher-dimensional Mordell conjectures of Lang [L 5], Bombieri and Vojta, it is
tempting to pose some "effectivity problems" which are more pliable than the classical ones
described in the text. For example, say that a polynomial equation ƒ ( Xx,..., XN ) = 0 is arithmetically dense if there exists a number field K such that the AT-solutions of ƒ [i.e., (al,... ,aN) e KN
such that f(al,...,
aN ) = 0] are so numerous that any polynomial q>{X^...,XN) vanishing on all
AT-solutions, vanishes on all C-solutions as well. Is there an effective algorithm to determine
whether a given polynomial ƒ is arithmetically dense?
A technical note concerning arithmetic density.
The notion of arithmetic density may be framed in the more general context of algebraic
varieties. By Faltings' theorem, and known simple results, a curve is arithmetically dense if and
only if its genus is < 1. As for varieties of arbitrary dimension, see an account of specific
conjectures and results in this area in a forthcoming survey article by Lang. One has, for example,
a conjecture due to Bombieri and Lang that arithmetically dense varieties are not of general type.
One also has partial confirmation of this conjecture in the context of function fields (see [No]; see
also the earlier related work of Bogomolov, e.g. [Des]).
It seems fair to say, however, that at the present moment we lack sufficient experience to make
definitive conjectures concerning arithmetic density, covering all varieties, or even covering all
surfaces. Are there, for example, AT3 surfaces which are not arithmetically dense?
10
It was only relatively recently proved by Siegel (1972) that this problem is effective. Other
effective proofs have been given subsequently by Cassels [Ca]' and Benham-Hsia [B-H].
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classifying quadratic forms up to integral General Linear change of variables.11
(The case of two variables alone, a study initiated by Fermât, Euler, Lagrange,
and especially Gauss—in modern terms: "the ideal class group of quadratic
number fields"—still presents innumerable mysteries.)
Degree 3
There are at present, no proved algorithms to determine whether a general
homogeneous form in three variables with rational coefficients has a nontrivial
solution (we will discuss this case at much greater length later). A theorem of
Heath-Brown proved in this past year guarantees, however, that any smooth
(nonsingular) such form in 10 variables or more does have a nontrivial rational
solution. This improves upon prior results of Davenport and Birch; it is also
"best possible" in the sense that there are such forms in 9 variables without
nontrivial solutions. In contrast to the case of degree 2, finding one nontrivial
rational solution does not end the matter: the fun only then begins, as we shall
see later in the case of three variables.
The theory of integral representations is in an incomparably more primitive
state than for degree 2. It has been known for a long time, for example, that
any natural number is representable by 9 (or fewer) perfect cubes, 9 being best
possible, but we are in the dark about more refined questions (i.e., Silverman's
problem described above).
As for classification, there are the beginnings of a fascinating theory of
binary (i.e., two-variable) cubic forms, initiated by Davenport, Heilbronn, and
Shintani.
Degree > 4
Following the work of Matijasevic, J. P. Jones has produced a polynomial,
fa(xl9...,
xl53) = f (a; *!,..., x1S3), of degree 4 in 154 variables such that the
question of whether or not, for a given integral value of the parameter a, fa
has a positive integer zero can never be settled by a computing machine
algorithm.
As for rational solutions, although a theorem of Birch guarantees that for
any odd degree d, there is a number N(d) such that a homogeneous form of
degree d in N variables with rational coefficients (N > N(d)) has a nontrivial
rational solution, one still doesn't have a good guess for the best N(d). Nor
are there algorithms (even in cases as special as Weil's "1929 problem" above).
For the rest of these lectures—after a digression on the question of integral
solutions and their connections with Diophantine approximation—we shall
concentrate on the problem of rational points on curves.
3. Digression: Questions of integral solutions vs. Questions of Diophantine
approximations. Let us return to the fact, discussed in §l(b), that there are an
infinity of rational approximants x/y to yfl satisfying the inequality
\x/y-

i/2|<

c/y2.

The celebrated theorem of Roth underscores the fact that this infinity of
approximants has just barely "squeaked through". That is, Roth's theorem
11

Or the more general question of representing one quadratic form by another.
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asserts that for a any algebraic irrationality and for (c, e) any choice of
positive constants, there are only a finite number of approximants x/y to a
satisfying the inequality
\x/y - a|< c/y2

+E

.

A major drawback in our understanding of Roth's theorem is that the
method of proof provides no effective way of determining the finite set of
approximants in question.12 This drawback casts its shadow on all of the
applications of Roth's theorem to questions concerning integral solutions, as
we shall soon see.
Perhaps the quickest way to see that Roth's theorem says something important about integral solutions is to consider a particular equation, like
X3 - 1 -Y3 = m
for some fixed integer m. The main requirement of the particular equation we
choose is that, in contrast to the Pellian equation, its degree is > 2. By
reasoning utterly analogous to that of §l(b) we may obtain a constant c (which
depends upon the choice of m) such that if (X, Y) is an integral solution to our
equation, then

\X/Y-

ff\^c/Y3.

But, choosing e so that 2 + e < 3, Roth's theorem immediately implies that
there are at most a finite number of such approximants, from which one
deduces that our equation admits at most a finite number of integral solutions.
By more elaborate arguments, but ultimately appealing to the same Roth's
theorem13 Siegel proved the following general result:
THEOREM (SIEGEL). Let f(X,Y)
be an irreducible polynomial with integral
coefficients. Then the equation f(X, Y) = 0 has only a finite number of integral
solutions ( X, Y) except in the following special case:
(a) The curve f(X,Y) = 0 can be rationally parametrized, i.e., there are
rational functions X(t), Y(t) of a variable t, not both constant, such that
ƒ(X(t),Y(t)) vanishes identically, and
(b) the projectivized curve (see Part II below) has at most two points at oo.

By virtue of the fact that Siegel makes use of Roth's theorem in his proof, no
effective way is given to find the finite number of integral solutions of the
equations ƒ ( X, Y ) = 0 covered by the theorem. There is an alternative method,
due to Baker, which establishes the finitude of the number of integral solutions
of a class of equations of the form ƒ( X, Y) = 0. Baker's method is based on an
effective estimate for a lower bound satisfied by linear forms in logarithms,
rather than on Roth's theorem. Its disadvantage vis a vis Siegel's theorem is
that Baker's method covers only a restricted class of such equations. It would,
in fact, be interesting to have a satisfying explanation as to why Baker's
12

The number of approximants can, however, be bounded [D-R].
In fact, Siegel's theorem (1929) pre-dated the discovery of Roth's theorem (1955). Siegel was
constrained to appeal to a weaker result, antecedent to Roth's theorem (his own sharpening of a
theorem proved in 1909 by Thue) and had to resort to concomitantly more elaborate arguments.
13
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method is inapplicable more generally, and, perhaps, to have a conceptual
description for its precise domain of applicability. The great advantage of
Baker's method is that, when it is applicable, it provides an effective result.14
An example of an equation for which both Baker's method and (of course)
Siegel's theorem applies is:
AY2 + BX3 = M
for fixed integer nonzero constants A, B and M. Such equations have been the
focus of much study for various reasons: First, the nature (e.g. finiteness) of
their solutions visibly bears upon the phenomenology of the placement of the
set of "perfect squares" and "perfect cubes" in integers. Second, such equations arise as rather natural " next-most-simple cases" to contrast to the Pellian
equations which exhibit vastly different behavior. But perhaps the most
important reason to consider them in detail is that (for certain A, B) their
solution plays a critical role in classifying certain structures of Diophantine
importance. We shall touch upon this below, and in anticipation of the role
that these equations play, we call them: generalized cubic discriminant equations.
Applying Baker's method, Stark established the following "almost exponential" upper bound for the size of solutions to generalized cubic discriminant
equations:
For fixed A, B, and f or every e > 0, there is a constant c = c(e) such that if
(X, Y) is an integral solution of AY2 + BX3 = M, then
\X\<cMl+f.
However powerful the above estimate may be, it is likely to be quite far from
the actual phenomena. Specifically, M. Hall has conjectured:
(?) For fixed A, B and for every e > 0, there is a constant C = C(e, A, B)
such that if (X, Y) is an integral solution of A Y2 + BX3 = M, then
\X\<C-\M\2+£}5
We now devote ourselves to the study of rational points.
II. CURVES

1. Plane curves. Let AT be a subfield of C, the field of complex numbers. The
most important examples for us are K = Q, the field of rational numbers, and
K = C. We shall be dealing with polynomial equations in two variables with
coefficients in K, <p(x, y) = 0. As a running example, let us take the Klein
curve (Figure 1).
If one's aim is to study K-rational solutions, i.e., points (a, b) in the "finite
plane" K X K such that <p(a, b) = 0, one loses little and often gains some
simplicity by passing to the projective plane. This is a truth universally
acknowledged since the days of Poncelet, but notice that if we were interested
14

But, the bounds provided are usually enormous.
See [Hall] for computer evidence for this conjecture. See [Si] and [Ma] for its treatment and the
treatment of analogous problems in the context of function fields. See [Vo] for the role that Hall's
conjecture plays within the realm of more general conjectures of Vojta.
15
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in the question of integral solutions, we could not "projectivize". To pass to
the projective plane amounts to replacing the polynomial <p(jc, y) by its
associated homogeneous form f(u, v,w). The associated form f(u, v,w) is
characterized by the requirements that it be homogeneous, of the same degree
as <p, and such that f(x, y, 1) = y(x, y). In the case of the Klein curve, the
homogeneous form is
(1)

f(u,v,w)

= u3v + v3w + w3u.

X3Y+

73 + X = 0

FIGURE 1

Digression about real points. In the above picture, the real locus of the Klein
curve is seen to have two connected components in the finite plane. They
"hook together" to make a single component in the projective plane. The
number of components of the real locus of an algebraic curve, and their
placement (possible nesting configurations) has been a topic of continued
concern, and the problem of Hilbert devoted to this (the 16th problem) is far
from settled. About a century ago, Harnack proved that a smooth real
algebraic curve of degree d can have a maximum of
(d-

l)(</-2)/2 + 1

components and that for every degree this maximum is realized.
I can't resist reproducing A'Campo's beautiful, intriguing picture of a real
algebraic curve of degree 6 with the maximum number of components a curve
of its degree can have (Figure 2). This appears in his account of recent progress
towards Hubert's 16th problem [A].
Recall that the K-rational points of the projective plane are equivalence
classes of triples (a, b,c) in K X K X K such that a, b, and c are not all zero,
and where the equivalence relation is given by scalar multiplication by nonzero
elements in K. As usual, we denote by P2(K) the set of ^-rational points in
the projective plane.
We shall reserve the term plane curve to refer to a curve C in the projective
plane given by an equation:
(2)

f(u,v,w)

= Q
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FIGURE 2 (Reprinted, with permission, from Norbert A'Campo, Sur la
première partie du seizième problème de Hubert (Séminaire Bourbaki, exp.
537, Juin 1979), Lecture Notes in Mathematics, vol. 770, Springer-Verlag,
1980, p. 216)

where ƒ is a homogeneous irreducible form. The degree of C is the degree of
the form ƒ.
Two homogeneous forms which are nonzero scalar multiples of one another
define the same curve. A curve C is defined over K if there is a homogeneous
form ƒ defining C, all of whose coefficients lie in K. Equivalently, given any
homogeneous form ƒ defining C, C is defined over K if the ratio of any two
nonzero coefficients of ƒ lie in K. Our Klein curve, for example, is defined
over Q.
If the plane curve C is defined over K, then the set of AT-rational points on
the curve C, denoted C{K)y is the set of AT-rational points in the projective
plane which are solutions of (2); that is, a AT-rational point on C is an
equivalence class of triples (0, b, c) in K X K X K such that f(a,b,c) = 0, the
equivalence relation being given by scalar multiplication by nonzero elements
of K. The question of determining C(K), even in specific instances, is
notoriously difficult. If you wish to convince yourself of the difficulty of this
problem, try to find all Q-rational points on our Klein curve! For the answer,
see [Hu].
2. Algebraic curves. Why not consider, more generally, algebraic curves in
projective space of any dimension NI We certainly can do so, and, moreover,
all the work we are about to discuss will make reference, in essence, only to the
intrinsic algebraic geometry of curves. No use will really be made of the way
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the curve sits in projective space. Nevertheless, if you want to keep some
"concrete model" in mind, there is little harm in sticking to plane curves, when
studying A>rational points. This is because any algebraic curve X in projective
iV-space may be linearly projected in a generically one:one way into the
projective plane. There are, in fact, many such linear projections, and if X is
defined over K, such linear projections may be found which are also defined
over K. The image of X under such a projection (generically one:one on X
and defined over AT) is a plane curve C defined over K, and (a matter of great
importance for us), the ^-rational points of X and of C are closely related.16
3. Smooth curves. Recall that the singular or nonsmooth points of a plane
curve are those points on the curve at which all the partial derivatives

d£

d£

d£

dx '

dy '

dz

vanish. Our Klein curve, for instance, is smooth, since there are no simultaneous solutions of
dx

dy

dz

for ƒ as in (1).
Any algebraic curve C in projective space is the (generically one:one) linear
projection of a smooth algebraic curve X in some higher-dimensional projective space. Such a curve X is called a smooth model for C.
If C is defined over K, it possesses

