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The study of nonlinear partial differential equations in this century has been

dominated by one basic idea: a priori estimates. Bernstein was one of the

early pioneers in this field, proving many estimates in the first decade of the

century, and Schauder's work in the thirties still guides most modern attempts

at proving existence via estimates. In particular, the Leray-Schauder fixed point

theorem reduces the question of existence of solutions to the Dirichlet problem

for quasilinear elliptic equations (or the initial Dirichlet problem for parabolic

equations) to four estimates on solutions to a family of related problems. If u

is the solution in the domain Q, we estimate ||w||oo,îî> II-Dm||oo,ô£î , ||-Dw||oo,n >

and \Du\a>a for some positive a, where this last norm is just the usual Holder

norm and D denotes the spatial gradient. When the boundary condition is

nonlinear with respect to the gradient, a different fixed point theorem is needed

even for quasilinear equations, but the same estimates arise. For fully nonlinear

equations, the latter fixed point theorem is also used and the corresponding

norms of second derivatives of u are estimated.

The development of appropriate a priori estimates follows a long trail, but

there are important dates to be noted. After the early work of the nineteenth

century, in which only simple equations such as the usual heat equation were

considered, Bernstein, in the early years of the twentieth century, proved some

basic estimates for elliptic equations, and many of these estimates have simple

parabolic analogs. In the thirties, Schauder developed his theory of linear elliptic

equations and some important ideas for studying general nonlinear equations.

In the fifties, Barrar and Friedman proved parabolic analogs of Schauder's linear

estimates. A crucial turning point for studying nonlinear elliptic and parabolic

equations came in 1957 and 1958 with the discovery of Holder estimates for
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solutions of linear divergence structure equations with bounded measurable co-

efficients by deGiorgi and Nash. These estimates were extended to quasilinear

divergence structure equations by Ladyzhenskaya and Ural'tseva in the early

1960s. In the late sixties, Serrin proved boundary gradient estimates for a large

class of nonuniformly elliptic equations and the parabolic versions of these es-

timates were proved in the early 1970s by Edmunds and Peletier, Ivanov, and

Trudinger. The next crucial step occured in 1979 when Krylov and Safonov

proved a Holder estimate for solutions of linear nondivergence equations with

bounded measurable coefficients. This discovery opened the possibility of an-

alyzing so-called fully nonlinear equations. Since 1980, the field has virtually

exploded. Estimates once thought unobtainable are being proved every day, and

it seems that the only real limitation to current research on a priori estimates

is what estimates are true. In the course of this review, we shall mention some

of the more recent results in some detail.

The book being reviewed here presents results concerning these a priori esti-

mates and their applications. Although most of the book studies parabolic equa-

tions, there are also chapters on hyperbolic equations and on the Schrödinger

equation. A major strength of this book is that it introduces the West to many

results from China; a quick perusal of the references yields many papers only

available in Chinese. In addition, there are many Western and Russian works

quoted.
Care must be taken in reviewing any book that attempts to portray the cut-

ting edge of research. This book in particular suffers from the obvious pitfalls

inherent in such an endeavor. Many of the estimates in this book have been

improved between the original writing and the English translation, although one

should not fault the author too heavily for such omissions. After all, it is diffi-

cult to keep up with all of the latest developments. Also, as in all branches of

mathematics, in estimate-proving major improvements to one person are triv-

ial consequences of known results to another. To demonstrate some of these

estimates, let us look at some examples, with commentary.

First are the degenerate parabolic equations from Chapter V. Here the prob-

lem is to solve the equation

ut = Dj(alj(x, t, u)Dju) + b'(x, t, u)D¡u + c(x, t,u) = 0

in some cylindrical domain Q = fix (0, T), where repeated indices are summed

from 1 to n, Q, c E" , the coefficients a'J and ¿V are continuously differ-

entiable with respect to x, D = (D\, ... , D„) denotes the spatial gradient

operator, and a'j satisfies the inequalities

{y(\r\m2<a'J(x,t,u)e^<Av(\r\)\c:\2

for all £ e M" and (x, t, r) e Q x E, where A is a positive constant and the
function v satisfies the inequality

Jo "(*) ds

for all positive, sufficiently small r. This inequality on v includes as a special

case v(r) = rm~x for m > 1 a constant. Dong proves, under some addi-

tional technical hypotheses on the equation, that solutions exist and are Holder

continuous.   In fact, Sacks [9] and DiBenedetto [1] had shown in the early
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1980s that solutions exist and are continuous under much weaker conditions on

v and without any differentiability of a'J or b'. Actually, DiBenedetto and

Sacks studied slightly different classes of equations, but their ideas work for this

structure as well. The step from continuity to Holder continuity is nontrivial,

but it is a simple corollary of later work of DiBenedetto and Friedman [3], who

explicitly proved the Holder continuity in the case where v(r) = rm~l with

m > 0.
In §3 of Chapter I, Dong follows the much earlier book of Ladyzhenskaya,

Solonnikov, and Ural'tseva [6] (the first and third names are transliterated as

Ladyzenskaja and Ural ' ceva in this reference) in studying for solutions of di-

vergence structure equations:

ut = div A(x, t, u, Du) + B(x, t, u, Du).

The basic hypothesis is that a'j(x, t, z, p) = dA'(x, t, z, p)jdp¡ satisfies the

inequality

X(x,t, z,p)\i\2<all(x,t, z, p)&ij < A(x, t, z, p)\c;\2

for positive functions A and X. Dong gives a synopsis of the work of

Ladyzhenskaya and Ural'tseva in the case where A and X are constants. The

main goal (as already mentioned) is to show a Holder gradient bound for so-

lutions. For more general A and X, such estimates are still known although

none are mentioned in this book. In particular, the "unsolved problem" (Com-

ment 6 on page 29) in which the constants are replaced by constant multiples of

l + \p\m~2 (with m > 2 a constant) was already completely solved by 1986. The

appropriate interior and global gradient estimates were proved by the reviewer

[7] (under more general hypotheses) in 1983, assuming a modulus of continuity;

the modulus of continuity was proved in 1986 by DiBenedetto [2]. Alternative

hypotheses under which these estimates are valid can be found in [4] or [8].

The organization of the book is somewhat puzzling to the reviewer. It is a

hybrid of sorts between a report of the author's work and a unified description

of the field. In some ways, Nonlinear partial differential equations of second

order is like a book of conference proceedings. There is common ground unit-

ing all chapters, but I never got a sense of progession from one chapter to the

next. Instead, Chapters I-IV are separate stories, Chapters V and VI form an-

other little story, and then Chapters VII-X tell a final story, disjoint from the

previous ones. Nowhere is this separation clearer than in the Holder gradient

estimate for solutions of quasilinear equations near the lateral boundary. A cru-

cial element of the proof by Ladyzhenskaya and Ural'tseva is an L°° estimate

for ut, which assumes the coefficients A and B to be Lipschitz with respect

to t. This Lipschitz dependence is not needed as demonstrated by Krylov's

boundary estimate, which is Theorem 18 of Chapter IX in Dong's book. Even

more puzzling is the absence of Krylov's book [5], which appeared in 1985 (with

English translation in 1987), from the references.

It would be unfair to close this review with a complaint about this book, so

now I will tell what I liked. First and foremost, it collects the author's large

body of work on the subject into a single source. Second, the book is very well

written (which is also a compliment to the translator, Kaising Tso); in each

chapter, there is a clear sense of direction and the English is excellent, far better

than what is found in most current mathematical journal articles.  There are
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two audiences for whom this book is very useful: Those who want an overview

of the current (as of 1985) state of affairs in parabolic equations and those

interested in seeing what has been done in the field by Chinese mathematicians.
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In 1845 the British engineer J. Scott Russell published results of extensive

experiments on a new type of water wave that he had recently discovered. Such

waves can be observed without much difficulty in a long tank or gutter of con-

stant rectangular cross-section. Suppose the tank is filled with water to a shallow

depth, which is allowed to reach equilibrium, and that a not-too-violent distur-

bance is then created at one end of the tank. (This may be done, for example,

by adding more water behind a barrier and then suddenly removing the bar-

rier.) If conditions are right, one or more smooth humps of water will emerge

from the disturbance and propagate down the length of the tank. As the humps

gradually separate (those with greater amplitude moving with greater velocity),

each will reveal itself to be an individual wave of constant shape and velocity,

not dependent on the others for its existence.


