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FINITE SIMPLE GROUPS WHICH PROJECTIVELY EMBED IN
AN EXCEPTIONAL LIE GROUP ARE CLASSIFIED!
ROBERT L. GRIESS JR. AND A. J. E. RYBA

Abstract. Since finite simple groups are the building blocks of finite groups,
it is natural to ask about their occurrence “in nature”. In this article, we
consider their occurrence in algebraic groups and moreover discuss the general
theory of finite subgroups of algebraic groups.

0. Introduction
Group character theory classifies embeddings of finite groups into classical
groups. No general theory classifies embeddings into the exceptional complex algebraic group, i.e., one of G2 (C), F4 (C), E6 (C), E7 (C), E8 (C). For exceptional
groups, special methods seem necessary. Since the early 80s, there have been efforts to determine which central extensions of finite simple groups embed in an
exceptional group. For short, we call this work a study of projective embeddings
of finite simple groups into exceptional groups. Table PE on page 84 contains a
summary.
The classification program for finite subgroups of complex algebraic groups
involves both existence of embeddings and their classification up to conjugacy. We
have just classified embeddings of Sz(8) into E8 (C) (there are three, up to E8 (C)conjugacy), thus settling the existence question for projective embeddings of finite
simple groups into exceptional algebraic groups. The conjugacy part of the program
is only partially resolved.
The finite subgroups of the smallest simple algebraic group P SL(2, C) (up to
conjugacy) constitute the famous list: cyclic, dihedral, Alt4 , Sym4 , Alt5 . This list
has been associated to geometry, number theory, and Lie theory in several ways.
McKay’s correspondence between these groups and the Cartan matrices of types
A, D and E and his related tensor product observations [McK] are provocative.
For the exceptional algebraic groups, theories of Kostant, Springer and Serre have
called attention to particular finite simple subgroups. A good list of finite subgroups
should help us understand the exceptional groups better.
Table of contents
0. Introduction
1. General theory of homomorphisms of finite groups to algebraic groups.
2. Classification of finite quasisimple subgroups.
Received by the editors April 13, 1998, and in revised form May 19, 1998, and October 16,
1998.
1991 Mathematics Subject Classification. Primary 17Bxx, 20Bxx, 20Cxx, 20Dxx, 20Exx,
22Exx.
c 1999 American Mathematical Society

75

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

76

ROBERT L. GRIESS JR. AND A. J. E. RYBA

3. Table of projective embeddings of finite simple groups into exceptional algebraic groups.
4. Sketch of the computer work on hard embeddings.
5. History of classifications of finite subgroups of exceptional groups.
6. Related classifications.
7. References.
Acknowledgements
The first author thanks the NSF for its support under grant number DMS9623038.
The second author thanks the NSA for its support under grant number MDA90497-1-0043 and thanks the Department of Mathematics at the University of Michigan
for computer access.
List of notations
Z(G)
C(H) = CG (H)
N (H) = NG (H)
xy = y −1 xy
[x, y] = x−1 y −1 xy
G0
H◦K
H.K

H:K

H·K

m
mn

Symn
Fp
F̄p
GL, SL
P GL, P SL
AGL
O, SO
Spin, HSpin
Sz(22k+1 )
W (Φ)
G0
Emb(F, G), P rojEmb(F, G)

the center of the group G
the centralizer of the subset H of G
the normalizer of the subset H of G
the conjugate of x by y
the commutator of group elements x and y
the commutator subgroup of the group G
a central product of groups H and K
an extension of the group K by H, i.e., a group
G with normal subgroup N ∼
= H such that
G/N ∼
=K
a split extension of shape H.K (example: 31 : 30
denotes a group with normal cyclic subgroup
of order 31 and cyclic quotient of order 30)
a nonsplit extension of shape H.K (example:
the group SL(2, 5) of order 120 is of shape 2·Alt5 ,
the double cover of the simple group of order 60)
the integer m stands for a cyclic group of order m
a finite group which is the direct product of n
copies of a cyclic group of order m (example: 22
is the direct product of two groups of order 2)
the symmetric group on n objects
the field of prime order p
the algebraic closure of the field of prime order p
the general, special linear group
the projective general, special linear group
the affine general linear group
the orthogonal, special orthogonal group
the spin, half spin groups
the Suzuki simple group defined over the field of
22k+1 elements, k ≥ 1
the Weyl group of a root system of type Φ
the connected component of the identity in the
algebraic group G
the set of embeddings, projective embeddings,
resp., of the finite group F in the group G
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1. General theory of homomorphisms of finite groups to algebraic
groups
The problem of classifying finite dimensional complex representations of a finite
group is an old one. Given a finite group F , an n-dimensional representation is
a homomorphism from F to a general linear group GL(n, C). Two n-dimensional
representations are equivalent if they are conjugate under GL(n, C). Classical
character theory is considered a good solution to the problem of classifying representations. (Definition: the character of a representation F → GL(n, C) is the
function which assigns the trace of the representing matrix to a group element. A
character is a class function since conjugate matrices have the same trace. Two
representations are equivalent iff they have the same character.)
Consider the symmetric group of degree 4 which has character table

1 4 12 21 22 11 31 41

1
1
2
3
3

1
1
1
1
−1
1
1 −1
0
2 −1
0
1 −1
0 −1
−1 −1
0
1

The top row merely names the conjugacy classes (by the familiar cycle structure
for a permutation on four points). Below are five rows; each corresponds to an
irreducible matrix representation. (Definition: a representation of a group F to
GL(n, C) is irreducible if every subspace invariant under F has dimension 0 or n.)
For a given row, the entry below a conjugacy class gives the trace of a representing
matrix. So, the dimension of the matrices is the first entry of each row. The
trivial representation corresponds to the first row, the sign representation to the
second, the action on 3-space by rotations on a cube to the fifth, and so on. For
example, to exhibit the 5-dimensional complex representations of the group, one
simply partitions 5 by integers 1, 2 and 3 and lists all corresponding combinations of
irreducibles. So, 5=1+1+1+1+1, 1+1+1+2, 1+1+3, 1+2+2, and 2+3 which gives
6 + 4.1 + 3.2 + 2.1 + 1.2 = 20 classes of homomorphisms from Sym4 to GL(5, C).
For homomorphisms into algebraic groups, there is an analogue of the finiteness
of the number of representations of a given degree: if G is an algebraic group and
F is a finite group, then Hom(F, G)/G is a finite set. Proofs of this nice result
are given by Kulshammer [Kul], Prasad, Slodowy [Slo]; all depend on [Weil] which
shows that the algebraic variety Hom(F, G)/G) has dimension 0.
The study of homomorphisms from a finite group to a general algebraic group is
not as neat as the special case where the algebraic group is a general linear group.
Recall that a general complex algebraic group G has the following structure: the
index of the connected component of the identity G0 in G is finite, and there is a
maximal unipotent normal subgroup R (the unipotent radical ) such that G0 /R is
a central product of a torus and a finite number of quasisimple algebraic groups.
(A group H is a central product of subgroups H1 , H2 , . . . , Hr if H = H1 H2 . . . Hr
and [Hi , Hj ] = 1 when i 6= j. We write H = H1 ◦ H2 ◦ . . .◦ Hr . The definition allows
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the Hi to be abelian, but in usual practice at most one of the factors is abelian.
A nonidentity group is simple if its only normal subgroups are the identity and
the group itself. A group is quasisimple if it is perfect (equal to its commutator
subgroup) and its quotient by the center is simple.) We limit ourselves here to
a study of homomorphisms from a finite group to quasisimple algebraic groups.
This means (up to finite index and central extensions) the classical groups (special
linear, orthogonal and symplectic groups) and the five exceptional groups G2 (C),
F4 (C), E6 (C), E7 (C), E8 (C).
A finite subgroup is contained in an essentially unique maximal compact subgroup of a complex algebraic group (such as the special unitary group in SL(n, C));
however, there seems to be little advantage to this viewpoint for the classification
program, so we choose the convenience of complex groups.
If G is a classical subgroup of GL(n, C) associated to a nondegenerate bilinear
form, meaning O(n, C) or Sp(n, C), then we can tell if the image of an n-dimensional
representation of F lies in a GL(n, C)-conjugate of G by knowing the character and
the squaring map on conjugacy classes in F . An irreducible complex representation supports a unique (up to scalar multiple) nonzero hermitian form, but it need
not leave invariant a nonzero bilinear form. Irreducibility implies that the space of
invariant bilinear forms is at most one dimensional, and therefore, by considering
the symmetric and alternating parts (which are invariant), we see that an invariant bilinear form is symmetric or alternating. The condition for an irreducible
representation to have an invariant bilinear form is that the character be real valued, and the condition that it be symmetric, respectively alternating, is that the
Frobenius-Schur
indicator be 1 or −1, respectively (the indicator of a character χ
P
is |F1 | g∈F χ(g 2 ); it is 0 in the irreducible nonreal case; see, e.g., [Fe], [I]). For
example, in the group Sym4 , 10 elements square to the identity, 6 elements square
to a permutation with shape 22 , and 8 elements square to a permutation with shape
11 31 : we deduce that the indicator of either of the 3-dimensional representations is
1
24 (10.3 − 6.1 + 8.0) = 1. Accordingly, the 3-dimensional irreducible representations
of Sym4 afford homomorphisms to the orthogonal group. For a reducible character
of degree n, the condition for mapping through G is that the multiplicity of any
nonreal irreducible must equal that of its dual (complex conjugate) and that all
real irreducible characters which occur with odd multiplicity must be of the same
type as G (orthogonal or symplectic).
Homomorphisms into SL and SO involve more subtle issues. For example, in the
first of the three dimensional representations of Sym4 , involutions have trace 1 and
therefore have eigenvalues of −1, 1 and 1, and a determinant of −1. It follows that
the image of this representation does not lie in a conjugate of SO(3, C), whereas a
similar calculation shows that the other three dimensional representation does lie
in a conjugate of SO(3, C). The following example shows that the character table
alone does not determine embeddings into the algebraic group SL. For any prime
p, there are two nonabelian groups of order p3 and they have the same character
table. The faithful characters of these groups all have degree p. For one of these
groups, the image of any embedding in GL(p, C) lies in SL(p, C) and for the other
it does not.
The conjugacy question, so easily resolved for GL(n, C), can be complicated for
general algebraic groups, and is indeed a serious matter for the classification of
finite subgroups of exceptional groups. However, some of the nice features of maps
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from a finite group to GL(n, C) are enjoyed elsewhere. Conjugacy of two such maps
into the classical groups O(n, C) and Sp(n, C) depends only on the character, i.e.,
on conjugacy in GL(n, C). This is not trivial to prove; basic references are [Frob]
[Mal][Tits55]; see Section 3 of [GrG2].
Some examples will indicate the difficulty with formulating a theory of conjugacy
in other algebraic groups. There are infinitely many embeddings P SL(n, q) →
P GL(m, C) which are elementwise conjugate but not conjugate [FoG]. A series
of examples due to Borovik, Griess, and Larsen [Bor89] [Bor90][GrElAb] [Lar1]
show that for exceptional groups G other than G2 (C), there are pairs of embeddings
of finite groups F in G which are conjugate in GL(V ), for any faithful module V
for G, but which are not conjugate in G.
Conjugacy in exceptional algebraic groups. The problem of determining the
conjugacy classes of projective embeddings of finite simple groups in exceptional
Lie groups is not settled (see Table PE on page 84). Here are the general results
known to us.
(1) For embeddings of finite groups in G2 (C), one just checks the degree 7 character [Lar1][GrG2]. More is true: G2 (C) strongly controls conjugacy of its subsets
with respect to GL(7, C); i.e. if subsets A and B of G2 (C) and g ∈ GL(7, C) satisfy
Ag = B, there is a factorization g = ch, where c ∈ C(A) and h ∈ G2 (C) [GrG2].
A classification of finite subgroups of G2 (C) is given in [GrG2], which gives shorter
embedding proofs than in [CW83] and which solves the conjugacy problem. See
Table PE and Section 5.
(2) Two subsets of F4 (C) are conjugate if and only if they are conjugate in E6 (C).
A strong control of conjugacy result as in (1) applies to the containment of F4 (C) in
E6 (C) [GrG2]. This criterion is used in [F3] to settle conjugacy questions involved
with embeddings of Alt5 in F4 (C) and E6 (C).

2. Classification of finite quasisimple subgroups
Now we turn to the question of classifying finite subgroups. Usually one would
not attempt to list all finite subgroups explicitly for a given algebraic group (though
SL(2, C) is an exception). For example, there are infinitely many finite subgroups
of a maximal torus, and each of these may be extended upwards by subgroups of the
Weyl group. In the classical algebraic groups (general linear, symplectic and orthogonal groups), finite subgroups are accounted for by character theory (see Section
1). From now on we therefore focus on finite subgroups of the exceptional groups.
Our classification is mainly about such subgroups which are central extensions of
the finite simple groups.
Definitions. An essential central extension of the finite group F is an exact
sequence of groups 1 → Z → K → F → 1 such that Z ≤ Z(K) ∩ K 0 . The group
Z is necessarily finite. If Z is as large as possible, it is the Schur multiplier of F
(unique up to isomorphism) and K is called a covering group of F .
A covering group of F is unique up to isomorphism if F is perfect (i.e., F 0 = F ),
but not in general. Any essential central extension of F is a quotient of a covering
group of F .
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Definitions. A projective embedding of a finite group is a homomorphism from
one of its covering groups whose kernel is in the center.
A quasisimple group H is a quotient of the unique covering group of H/Z(H). We
point out that a projective embedding of a quasisimple group is just an embedding
of a (possibly different) quasisimple group (both of these are central extensions of
a common finite simple group).
Experience shows that the greater generality of studying projective embeddings
of finite simple groups rather than just embeddings is done at little more cost and
is actually quite useful. For example, a study of homomorphisms from the simple group of order 60 (called by the several names: the icosahedral group, Alt5 ,
P SL(2, 4) and P SL(2, 5)) to E8 (C) requires an intermediate study of maps to a
closed subgroup H of type D8 . The group H is isomorphic to the half spin group
HSpin(16, C), and for calculations it is convenient to study its projective representation of dimension 16 since the smallest dimension of an ordinary nontrivial
representation of H is 128. In such a projective representation of H, a subgroup
isomorphic to P SL(2, 5) may correspond to a subgroup of GL(16, C) which is isomorphic to P SL(2, 5) or SL(2, 5). The same is true for a study of embeddings of
SL(2, 5) in E8 (C). So, it is natural to study embeddings of P SL(2, 5) and SL(2, 5)
together. Another example involves the simple group P SL(2, 37), which embeds in
E7 (C) (adjoint form) but not in 2E7 (C) (simply connected form). For calculations
with E7 , it is convenient to use the nontrivial module of smallest dimension, 56, on
which 2E7 (C) acts faithfully. So, in practical terms, to study projective embeddings
of the simple group P SL(2, 37) into a group of type E7 , one is really dealing with
an embedding result for the quasisimple group SL(2, 37).
First, we indicate roughly what to expect from a classification of subgroups of an
algebraic group. An old theorem of C. Jordan ((14.12), [I]) says that there exists
a function f (n) so that if F is a finite subgroup of GL(n, C), there exists a normal
abelian subgroup A of F such that |F : A| ≤ f (n). A corollary is that GL(n, C)
contains only finitely many isomorphism types of finite quasisimple groups. The
same is therefore true of any algebraic subgroup of GL(n, C). However, the Jordan
bound is not of practical use.
To classify finite quasisimple subgroups of an exceptional group G, the general
strategy is to assume completeness of the list of finite simple groups and go through
each family and limit possibilities. The possibilities not eliminated are then studied
and proven to exist, by a variety of methods. Note that there is a chain of simply
connected groups
G2 (C) < F4 (C) < 3E6 (C) < 2E7 (C) < E8 (C).
Existence of a projective embedding of a finite simple group in some exceptional
algebraic group is equivalent to existence of projective embeddings in E8 (C). The
history in Section 5 treats the individual exceptional groups in greater detail.
Given a quasisimple algebraic group, one can use easy observations to eliminate
most finite simple groups as possible subgroups. An elementary Lie algebra result
that we use many times is the theorem of Borel-Serre [BS]. It says that a finite
supersolvable group (defined below) acting on a finite dimensional complex Lie
algebra stabilizes a Cartan subalgebra. Thus, its image in the automorphism group
of this Lie algebra lies in the normalizer of a maximal torus. (Definition: a group
is supersolvable if there is a finite length chain of normal subgroups in which the
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successive quotients are cyclic.) A finite solvable subgroup of an algebraic group
need not normalize a torus, e.g., Alt4 in P SL(2, C).
Here is a typical application of the Borel-Serre theorem to embeddings. Let
F ∼
= P SL(2, p), for an odd prime p, and assume that F is contained in G :=E8 (C).
Write B for the image modulo scalars of the subgroup of upper triangular matrices
in SL(2, p), that is,
{

 −1
a
0

b
a


| a, b ∈ Fp , a 6= 0}

mod scalars,

and write U for the normal subgroup of order p (a = 1, b ∈ Fp ). Then B/U is cyclic
of order p−1
2 . Since B is supersolvable it is contained in the normalizer N of a torus
T of E8 (C). The quotient T /N is the Weyl group W = W (E8 ) (a group of order
214 35 52 7). Since T is abelian, the kernel of B → W is a normal abelian subgroup of
B, so is 1 or U . The subgroup of diagonal matrices mod scalars therefore embeds
in W , and this group is cyclic of order p−1
2 . In the Weyl group, the order of an
element is at most 30 (this follows by work with cyclotomic polynomials since W has
a faithful eight dimensional rational representation). We conclude that p−1
2 ≤ 30,
whence p ≤ 61. (In fact, there is an embedding of P SL(2, 61) in E8 (C)!)
Another application of [BS] is a quick proof that many sporadic simple groups
do not embed in E8 (C). The Mathieu group M23 of order 27 32 5.7.11.23 [Gor]
[GrTwelve] has a Sylow 23-normalizer of the form 23 : 11, a nonabelian supersolvable group. Since 11 does not divide the order of the Weyl group W (E8 ), the
Borel-Serre theorem implies that this Sylow normalizer does not embed in E8 (C),
whence neither does M23 . Any sporadic group (or covering) which contains M23
is also eliminated from consideration as a subgroup of E8 (C) (this applies to nine
other sporadics). Using these and other techniques, one can show that the quasisimple groups of sporadic type which embed in E8 (C) are just M11 , 2. M12 and
2. HJ.
When q is a prime power, we would like restrictions on values n, q for which
there is an embedding of P SL(n, q) in E8 (C). When n = 2 and q is not prime,
the Borel-Serre theorem may not be used since the subgroup of upper triangular
matrices in P SL(2, q) is not supersolvable (though it is solvable). Results about
elementary abelian p-subgroups and their normalizers in algebraic groups do give
restrictions. For example, an elementary abelian p-subgroup of E8 (C) has rank at
most 8 if p is odd and at most 9 if p = 2 [CS][GrElAb]. A corollary is that if
P SL(3, pk ) embeds in E8 (C), then k ≤ 4, due to a rank 2k subgroup

1
{0
0


0 a
1 b  | a, b ∈ Fpk }
0 1

mod scalars.

Using more detailed results, one can get constraints for all k on Borel subgroups of
P SL(2, pk ) which embed in E8 (C). If the Borel subgroup is in a torus normalizer,
k
we get p 2−1 ≤ 30. If not, the normal subgroup U is nontoral, in which case it
is contained in a maximal nontoral elementary abelian p-group from a finite list
[GrElAb], and we therefore get other bounds on pk . For example, if k ≥ 3 and U is
nontoral, the tables in [GrElAb] show immediately that p ≤ 5. When p = 5, N (U )
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is isomorphic to the semidirect product 53 : SL(3, 5) (a subgroup of the affine group
3
AGL(3, 5)). Since P SL(2, 125) contains an element of order 5 2−1 = 62 and N (U )
does not, we have a contradiction to existence of an embedding of P SL(2, 125). The
analogous discussion for p = 3 leads to N (U ) ∼
= 33 : SL(3, 3), which does contain
33 −1
an element of order 2 = 13, no contradiction. Indeed, there is a subgroup
P SL(2, 27) in F4 (C). The case p = 2 is realized by a subgroup P SL(2, 8) in
G2 (C).
In general, one combines “local arguments” (studies of nonidentity p-subgroups
and their normalizers) with character theory to eliminate or limit the cases which
require detailed study. Suppose that we consider a finite quasisimple group F and
its possible embeddings in G := E8 (C). We may have tried to obtain a “local
contradiction” as above but failed. This situation usually arises when F is not
too large, so it is then reasonable to study fusion patterns, that is the assignments
of classes of elements of order n in F to classes of order n in G. If n ≤ 8, such
classes are fully listed [CG][FrG]. So, we can ask if there is a character of F
which is the restriction of the adjoint character of G to a putative subgroup F
(this is where all possible fusion patterns need to be considered). Actually, we
may restrict ourselves to work with partial characters (supported at just some
conjugacy classes, of elements of orders at most 8), but this can be enough to get
a contradiction. A nice example is the case of Sz(32). If Sz(32) were embeddable
in E8 (C), the restriction of the degree 248 adjoint representation to Sz(32) would
be a sum of two degree 124 irreducibles. Moreover, the 248-dimensional module
M affording this character must support a Lie algebra structure invariant under
the action of Sz(32). The Lie product provides an invariant homomorphism in
HomSz(32) (M ∧M, M ) whose image is all of M . However, the irreducible characters
of degree 124 for Sz(32) do not appear in the exterior square of their sum, whence
there is no nontrivial invariant Lie algebra structure, a contradiction.
Character theory was critical in our construction of embeddings into E8 (C) of
Sz(8), a finite simple group of order 29120 = 26 5.7.13. We first studied traces of
elements of orders 2, 4, 5 to deduce that the restriction of the degree 248 adjoint
character is 14a + 14b + 64 + 65x + 91 where 65x denotes one of three irreducibles
in an orbit under Out(Sz(8)) ∼
= 3. It helps to start with the observations that in
L, an element of order 5 is rational (so can be in only two of the fourteen E8 (C)classes of elements of order 5 [CG]) and that if U is a Sylow 2-group, the center is
an elementary abelian group of order 8 with the property that every nonidentity
element is in a single orbit under the action of N (U ). There are two such “pure”
elementary abelian eights-groups in E8 (C) up to conjugacy, one of which is 2Apure and one 2B-pure [CG]. (Pure means that all nonidentity elements of the
subgroup lie in a single conjugacy class; the notations 2A, 2B refer to the two E8 (C)conjugacy classes of elements of order 2.) The 2A-pure eights-group has centralizer
in E8 (C) of the form 23 × F4 (C). Since Z(U ) ≤ U 0 , Z(U ) is not 2A-pure. So, the
involutions of Z(U ) are of 2B-type. Forcing the above character decomposition is
now an exercise by hand with the character table of Sz(8) and the list of elements
of small order in E8 (C) [CG]. As a second check, a computer was used to survey
partial characters supported only at the elements of orders 1, 2 and 4 in Sz(8),
and the same conclusion was reached. For a few other finite quasisimple groups,
it was important to know the relevant 248-dimensional characters for classifying
embeddings.
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For many of the hard cases, conjugacy of embeddings was settled at the same
time as existence of embeddings. These cases are about situations which are sufficiently rigid to permit just a few possibilities (such as P SL(2, q) in E8 (C), for
certain large q, and P SU (3, 8) in E7 (C)). At the other extreme are small L with
many embeddings. See Table PE on page 84 for a summary of information about
Alt5 and SL(2, 5), due to Darrin Frey [F1][F2]; and P SL(2, 7) and SL(2, 7), due to
Mike Kantor [K]. These are the only classification results known for finite simple
groups with large numbers of embedding classes (say, more than five). For all four
of these finite groups, a fusion analysis and restriction of the adjoint character were
considered. The resulting class function must be a nonnegative integer linear combination of characters, if there is an associated embedding. Many fusion patterns
which passed this initial test were rejected later by local analysis in E8 (C); i.e., the
embedding of the local subgroups of such a group in E8 (C) led to particular group
theoretic conditions on Lie subgroups which did not hold. For instance, existence
of an embedding might imply that a coset of a subgroup of E8 (C) must contain
elements of order 2 and this condition could be disproved by group theoretic examination. In principle, a given fusion pattern (which determines a degree 248
character) could be associated to a large finite number of embeddings. However,
this number is 1 for nearly every fusion pattern for these four groups. It is known
to be 2 in a few cases, and there remain a few unsettled cases.

3. Table of projective embeddings of finite simple groups into
exceptional algebraic groups
We next give a table which summarizes the state of the classification. For groups
F and G, Emb(F, G) and P rojEmb(G) denote the set of embeddings and projective
embeddings respectively. The quotient by G of one of these denotes its equivalence
classes by G-conjugacy. Other notation is compatible with that of [CG], [GrElAb],
which is derived from standard notation in finite group theory and the theory of
Chevalley groups [Gor][Hup][Car].
A finite simple group L appears in column 2 of Table PE if and only if it has
a projective embedding in E8 (C). If so, column 1 lists the isomorphism type z of
the center of a quasisimple group S whose central quotient is L. For all such z,
we give what we know about embeddings in exceptional groups in columns 3, 4,
5, 6, 7; for at least one z, there is an embedding. That is, we try to specify which
central extensions of finite simple groups occur in the exceptional groups. Since
E8 (C) contains all exceptional groups in simply connected versions via a chain in the
order G2 (C) < F4 (C) < 3E6 (C) < 2E7 (C) < E8 (C), a projective embedding into
one of them is a projective embedding into all overgroups. Note that the columns
of Table PE are headed by simply connected versions of the exceptional groups.
A numerical table entry m (or ≥ m) means the quasisimple finite group S in that
row has m (or at least m) equivalence classes of embeddings in the algebraic group
H of that column, i.e., m = |Emb(S, H)/H|. A numerical entry in parentheses
(n) refers to the number n = |Emb(S, H)/Aut(S) × H|. An entry y (“yes”) means
≥ 1, an entry ? means that we do not know whether there are any embeddings,
and an entry Z or S means that there are unsettled cases only for zero dimensional
centralizer or small dimensional centralizer, respectively.
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Table PE. The finite simple groups with a projective embedding in E8 (C)
z

Finite
Simple
Group

G2 (C)

F4 (C)

3E6 (C)

2E7 (C)

E8 (C)

Reference,
Comments

1
2
1
2
3
6
1
2
3
6

Alt5

4
4
0
0
2(1); 3A2
0
0
0
0
0

13(8)
12(21)
3A2 A2
4D3
3A2
0
0
4D3
0
0

15(10)
18(32)
y
y
y
6A5
6A5
y
6A5
6A5

y
y
y
y
y
y
22 D6
y
y
y

≥ 31(≥ 19)Z
≥ 103(≥ 58)S
y
y
y
y
y
y
y
y

[F1,2,3][GRQ]
[F1,2,3][GRQ]
[CG][GrG2]
[CG][GrG2]
[CG][GrG2][GRQ]
[CG][GrG2][GRQ]
[CG]
[CG]
[CG][GRQ]
[CG][GRQ]

0
0

0
n≤ 9

0
n ≤ 11

y : n =8
n ≤ 13

n ≤ 10; 3A8
n ≤ 17; 2D8

2
0
3(1)P

y
2B4
y

y
y
y

y
y
y

≥ 33(≥ 16)S
≥ 55(≥ 22)S
y

0
0
2(1)P
0
0
0
0
0
0
0
0
0
0
0
0
0

0
0
y
0
0
2(1); 2B4
0
0
0
P
0
≥ 3(1)P
0
0
0
0

5A4 , 2D5
2D5
≥ 6(≥ 3)
2(1); 2A1 A5
0
y
0
≥ 4(1)P
0
F4
0
y
0
0
0
0

y
y
y
y
0
4A7
0
y
y
y
?
y
?
0
yP
0

y
y
y
y
2D8
3A8
2D8
A8
y
y
2D8
y
?
2B7 ≤ 2D8
y
≥ 3(2)P

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
2(1)P
0
0
0

5(1)P
2(1)
3(1)P
2(1)P
2(1)P

0
0
0
0
0

yP
0
0
0
0

y
0
0
6A5
0

y
4A7
0
y
0

y
y
8A7
y
yP

1
0
0

y
0
0

y
1P
y

y
1
y

0
0
0
0
0

4D3
0
?
?
2
2 D4

y
0
6A5

y
6A5
?
?
y

y
y
?
?
y

2D8
y
22 D4 D4
22 D4 D4
22 D4 D4

[CG]
[CG][CW95]
∼
= Alt5
∼
= Alt5
[K][GRQ]
[K]
[CW83][GrG2]
∼
= Alt6
[CG][CW83][GRQ]
[CG][CW83][GRQ]
[CW83][CW93][GrG2]
[GRQ]
[CG][CW95][GRQ]
[CG]
[CG]
[CG][CW97][GRQ]
[S96]; y : P GL(2, 19)
[CW97]
[CG]
[CW97]
[CW97]
[CG], p. 370[GRQ]
[SP][GRQ]
[S96] [GR31];
3(2) for P GL(2, 31)
[GR31]
[KR][CG],(5.2.10)
[GR41]
[GR41]
[CGL][GRQ]
∼
= P SL(2, 7)
in 33 : SL(3, 3); [Alek] [CG][GrElAb]
[CG]
[CG][GRQ]
[CG]
in 53 : SL(3, 5); [Alek][CG][GrElAb]
∼
= Alt8
[CW83][GrG2]
[GRU][GRQ]
−
0
∼
= Ω (6, 2) ∼
= WE [CG][GRQ]
6

0
0

0
0

0
?

0
0

0
0
2
2 D4
0

y
0

y
0

B6
2
22 D4
2
2
2 D4
3(1)P

0
0
0
0
0
0

0
yP
0
0
0
0

0
y
yP
6A5
D5
0

0
y
y
y
y
2B5 ≤ 4D6

D7
y
y
y
y
y

1
2
1
2
1
1
2
1
2
1
1
2
1
2
1
2
1
2
1
2
1
1
2
1
1
1
1
2
4
6
1
1
1
1
2
6
1
2
22
2
1
2
1
1
1
1
2
1
2

Alt6

Alt7

Altn
n = 8, . . . , 10
n = 8, . . . , 17
P SL(2, 4) →
P SL(2, 5) →
P SL(2, 7)
P SL(2, 8)
P SL(2, 9) →
P SL(2, 11)
P SL(2, 13)
P SL(2, 16)
P SL(2, 17)
P SL(2, 19)
P SL(2, 25)
P SL(2, 27)
P SL(2, 29)
P SL(2, 31)
P SL(2, 32)
P SL(2, 37)
P SL(2, 41)
P SL(2, 49)
P SL(2, 61)
P SL(3, 2) →
P SL(3, 3)
P SL(3, 4)

P SL(3, 5)
P SL(4, 2) →
P SU (3, 3)
P SU (3, 8)
P SU (4, 2)
P SU (4, 3)
P SO+ (8, 2)
P SO+ (8, 2)
P SO+ (8, 2)
P Sp(4, 3) →
P Sp(4, 5)
P Sp(6, 2)
Sz(8)
G2 (2)0 →
G2 (3)
3 D (2)
4
2 F (2)0
4
HJ
M11
M12
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[CG]
[CG]
[CG]
[CG]
∼
= P SU (4, 2)
[CG]; Sec. 6[GRQ]
0
∼
= Ω(7, 2) ∼
= WE [GRQ];[CG]
7
[CG]
Sec. 6[GR8]
∼
= P SU (3, 3)
[CG][GRQ]
[CW97]
[CW97]; y : 2 F4 (2)
[CG]; see Sec. 4
[CG]
[CG]; see Sec. 4[GRQ]
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A finite subgroup F of a connected algebraic group G with finite center is Lie
primitive if and only if whenever H is a Zariski closed subgroup of G with F ≤
H ≤ G, then H is finite or H = G. If F is Lie imprimitive and an H < G as above
can be chosen so that F ≤ H 0 , we say that F is intrinsically Lie imprimitive (via
H). An example: E8 (C) contains a finite subgroup F of the form 21+3 .GL(3, 2),
which is contained in a subgroup H (the normalizer of the normal subgroup of
order 24 ) of the form 24 .A81 (C).23 .GL(3, 2) and in another subgroup C of the form
2E7 (C)A1 (C) (the centralizer of the center of F ). Since C is connected, F is
intrinsically Lie imprimitive, but F does not lie in H 0 . For arbitrary connected G,
we say that F is Lie primitive in G iff F Z(G)/Z(G) is Lie primitive in G/Z(G).
In the table, an entry P means all indicated cases are Lie primitive embeddings
in that column’s exceptional group. An entry giving an intermediate semisimple
Lie group indicates existence of some (non Lie primitive) embedding via such a
subgroup; in this case, there is no implication that all such embeddings occur this
way.
The column marked “Reference, Comments” cites sources for information in a
given row. An arrow means that an exceptional isomorphism is noted to the right.
We do not describe finite overgroups of finite quasisimple Lie primitive subgroups.
Normalizers are discussed in [CW97].

4. Sketch of the computer work on hard embeddings
All computer proofs of embeddings L ≤ G = E8 (C) have proceeded by building
an embedding of the finite group L into a Chevalley group of type E8 over a field
F of positive characteristic prime to |L| and applying the following Lifting Lemma
[CGL][GrElAb] to obtain an embedding in characteristic 0.
Lifting Lemma. Let p be a prime number and L be a finite group of order prime
to p, such that L embeds in a Chevalley group of type E8 in characteristic p. Then,
L embeds in E8 (C).
The computer constructions rely on being able to compute in a finite Chevalley
group of type E8 and in its 248-dimensional matrix representation. Thus, for the
purposes of computer constructions, a Chevalley group of type E8 (F ) will always
be considered as a subgroup of the matrix group GL(248, F ).
There are two fundamentally different computational strategies that have been
employed. In the first strategy, we begin with an explicit matrix representation of
the group E8 (F ) ≤ GL(248, F ), and working within the matrix group E8 (F ), we
build up a subgroup isomorphic to L. In the second strategy, we start instead with
an explicit matrix representation L ≤ GL(248, F ), and we build a copy of E8 (F )
between L and GL(248, F ).
The first strategy tends to be successful in cases where the group L is generated
by a pair of subgroups L1 and L2 with a large intersection. This is because the
construction works by building a copy L∗1 of L1 inside E8 (F ), then looking for a
copy L∗2 of L2 by identifying a candidate J for L∗1 ∩ L∗2 inside L∗1 and trying to
extend this candidate to a group L∗2 . There are usually several different choices for
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such an extension of J to L∗2 , and most of these choices will prove fruitless. For
each possible candidate for L∗2 we must test whether hL∗1 , L∗2 i is a copy of L. If the
centralizer in E8 (F ) of J is large compared to the centralizer of L2 , there will be a
great many ways to extend J to a copy of L2 and the method will be unwieldy.
For example, in our computer construction of embeddings of L = P GL(2, 31)
[GR31], we view the group L as generated by elements s,t,u of respective orders 31,
30, 2: the images of the GL(2, 31) elements

1
0

 
1
1
,
1
0

 

0
0 1
,
.
3
−1 0

Two particularly useful subgroups of L are: hs, ti ∼
= 31:30 and ht, ui ∼
= 30:2. We
also remark that the element us has order 3.
To build up a copy of L in a Chevalley group of type E8 , we examine subgroups
of E8 (p) with structures L∗1 ∼
= 31:30 and L∗2 ∼
= 30:2 that intersect in a cyclic
subgroup of order 30. We pick a characteristic that will make it easy for us to
locate elements of orders 30 and 31 in E8 (p). Specifically, we choose characteristic
p = 2791 = 3 × 30 × 31 + 1, and we work with a particular copy of E8 (p) inside
GL(248, p). We begin by selecting a copy of L1 , which we know can be found inside
the normalizer of a split torus (by our choice of characteristic, and by preliminary
consideration of characters of degree 248 of L which could result from an embedding
of L in E8 (p)). We write s for a generator of the cyclic Sylow 31-subgroup of L1
and t for a normalizing element of order 30 that has the property that st = s3 .
Again, preliminary consideration of E8 -feasible characters of L shows that the
centralizer of t is just another split torus, X say, of E8 (p). Suppose now that u0
inverts the torus X under conjugation. The coset Xu0 gives the complete set of
involutions in E8 (p) that invert t. Our task is to examine all of these involutions
and detect which (if any) together with s and t generate a copy of L.
We remark that it is a routine matter to obtain explicit matrices giving generators
for X and for the elements s, t, and u0 that we have described. However, the group
X has 27908 elements, and therefore, it is computationally infeasible to search all
elements of the coset Xu0 for generators of L.
Recall that we are looking for an involution u = xu0 ∈ Xu0 with that additional
property that 1 = (us)3 . Rearrangement of this relation shows that: xu0 sxu0 s =
s−1 xu0 . Now let h be an element of the Cartan subalgebra of the Lie algebra of
G that is fixed by X. In our computation h is just represented as a 1 × 248 row
vector. Then, because hx = h, we need an element x that satisfies:
hu0 sxu0 s = hs−1 xu0

(∗)

This is an equality between two 248-dimensional vectors. Moreover, in (*), every
quantity except x is represented by a known vector or matrix. Hence, we can view
(*) as 248 conditions on the unknown x. By using 8 basis vectors of the Cartan
subalgebra fixed by X, we obtain 8 × 248 such conditions. These conditions are
linear on the additive subspace of matrices spanned by the torus X. However, the
torus X is conjugate to a set of diagonal matrices, and therefore the additive space
that it spans is also conjugate to a set of diagonal matrices, and thus has dimension
at most 248.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

FINITE SIMPLE GROUPS WHICH PROJECTIVELY EMBED

87

We have 248 × 8 linear conditions on an unknown matrix x in a 248-dimensional
space. A simple Gaussian elimination produces the solution space: it turns out to
be 3-dimensional. We can search this “small” space. The search produces exactly
3 candidates for embeddings of L into E8 (2791) (in [GR31] we show further that
these are the only candidates over any extension field of F2791 ). We must still check
that the three candidates really give copies of L: in [GR31] this is accomplished by
verifying a presentation for L.
We now outline an example of the second computational strategy for establishing Lie primitive subgroups of E8 (C). In our construction [GR8] of an embedding of L = Sz(8), we begin with an explicit 248-dimensional representation
L ≤ GL(248, F ). Preliminary character theoretic calculations show that if F contains 4th and 7th roots of unity and there exists an intermediate Chevalley group of
type E8 , then the representation must break up as a sum of five distinct irreducible
constituents with degrees 14, 14, 64, 65 and 91. (There are three different possibilities for the 65-dimensional constituent, but the other constituents are uniquely
determined). It is computationally preferable to work over a prime field, and it is
desirable to work with the above roots of unity, so we choose to compute over the
field F29 , and with an appropriate representation of L on a 248-dimensional space
V over F . We write V14a , V14b , V64 , V65 and V91 for the explicitly known irreducible
constituents of the L-module V .
Rather than search for an intermediate subgroup, we search for an L-invariant
Lie algebra of type E8 on V . The existence of such a Lie algebra would give us an
embedding of L in the automorphism group of the algebra, a Chevalley group of
type E8 .
We can view a Lie algebra structure on V as a bilinear product V ×V → V . Thus
we seek a particular Lie element from a space parametrized by HomL (V ⊗ V, V ).
Unfortunately this parameter space is 516-dimensional, so we cannot search it directly. However, we can apply the theory of modular Lie algebras to show that any
L-invariant Lie product on V must be determined by its effect on V × V14a . In
other words we need only search the smaller (27-dimensional) parameter space
HomL (V ⊗ V14a , V ). This space is still too large to search directly; however,
we can use the knowledge that HomL (V14a ⊗ V14a , V ) is just one dimensional
to deduce further linear conditions that must be satisfied by a Lie element of
HomL (V ⊗ V14a , V ). For example, the Jacobi identity at a triple of fixed vectors of V14a leads to 248 linear conditions on HomL (V ⊗ V14a , V ) that must be
satisfied by any Lie element. Further computations, with other consequences of the
Jacobi identity that lead to linear conditions HomL (V ⊗ V14a , V ) and its tensor
square, show that there is an essentially unique L-invariant Lie algebra of type E8
on V . As a corollary we deduce that Sz(8) does embed in E8 (C).
The second strategy, which we have just illustrated, tends to be successful when
the adjoint module for E8 (F ) has relatively few irreducible constituents when
viewed as an L-module. This is because, in order to construct E8 (F ), we construct an L-invariant Lie algebra on the natural 248-dimensional L-module. This is
accomplished by searching the space of all L-invariant alternating products on the
module. If the module has a large number of irreducible constituents, there will be
an impossibly large number of L-invariant products to consider. This is the case
where L is P SL(2, 5), SL(2, 5), P SL(2, 7) or SL(2, 7).
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5. History of classification work for exceptional groups
The earliest work on finite subgroups of exceptional groups was that of Cohen
and Wales [CW83] on G2 (C). In 1984, Cohen and Griess began work on finite
quasisimple subgroups of E8 (C) and limited the possibilities [CG]. There were quite
a few unsettled cases. The analogous problem for F4 (C) and E6 (C) was considered
by Cohen and Wales in the mid 80s [CW97]. In all these cases, one searches through
a list of candidate simple groups for projectively embeddable ones. In the case of
G2 (C), Wales’ work on finite linear groups of degree 7 [W] gives a short list to
consider. For the larger exceptionals, no straight classifications of linear groups
of degrees 26, 27, 52, 56, 78, 133 or 248 are available, so one assumes the full
classification of finite simple groups and considers all groups on the list. The result
is included in Table PE of Section 3.
For each exceptional group, a short list of candidate finite simple groups is obtained and the focus shifts to proving existence of embeddings. For most putative
embeddings in E8 (C), an existence proof is easy by embedding in a suitable subgroup of the form SL(n, C) (n ≤ 9) or SO(n, C) (n ≤ 16) modulo a group of
scalars. Existence of such an embedding is settled routinely with character theory
and power maps as in Section 1. This method gives projective embeddings of, for
example, low degree alternating groups and of P SL(2, q), for certain q ≤ 29. In a
very few cases, one uses character theory to deduce existence of an anticommutative algebra structure which satisfies the Jacobi identity (easy example: the three
dimensional representation of Alt5 embeds in the adjoint group P SL(2, C); less
easy: the embedding of 3 D4 (2) in F4 (C)[CW95]).
The hard cases are all instances of Lie primitive embeddings in an exceptional
group. Most of these existence proofs involve computers, and all classifications
of such embeddings done so far have required computers. Computer work here is
roughly speaking more difficult as the dimension of the smallest irreducible module increases. In all these computer cases, one works over a suitable finite field,
then lifts the result to characteristic 0. For example, generators for P SL(2, 27)
are given as explicit degree 27 matrices over F547 [CW97] which give an embedding in F4 (547), hence an embedding in F4 (C). Degree 56 matrices over F5 which
generate a P SU (3, 8) subgroup of E7 (5) can fit on a single journal page [GRU].
The computational complexity does become significant for work in 248 dimensions.
This became clear when we were able to classify embeddings of P GL(2, 31) but not
P SL(2, 31) in E8 (C)[GR31]. By dropping only to an index 2 subgroup, the space
of parameters over F2791 that we need to search becomes too big.
A theory of Serre [S96] proves that an arbitrary simple algebraic group does
contain certain P SL(2, q) subgroups. The general applicability of this technique is
attractive, and it gives the first existence proofs for some embeddings and alternate
proofs for others that originally used a computer. The subject of [S96] is the case
when q = mh + 1 where m ≥ 1, h is the Coxeter number and q is prime. The main
cases are m ∈ {1, 2}, for which Serre proves P GL(2, q) embeds in G when m = 1
and P SL(2, q) embeds in G when m = 2. He gives the first proof of one of the
hard embedding cases, P GL(2, 31) in E8 (C); later computer work [GR31] classifies
equivalence classes of embeddings of P GL(2, 31) (there are three, two of which are
given by [S96]). Serre’s theory [S96] also establishes embeddings of P SL(2, 61)
in E8 (C), P SL(2, 19) and P SL(2, 37) in E7 (C) and P SL(2, 13) and P SL(2, 7) in
G2 (C) (there are several old proofs of these last two embeddings). The case m = 2
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addresses the 1983 theory of Kostant. For an exceptional group, with Coxeter
number h, the number q = 2h + 1 is a prime power. Kostant noticed elements in
the exceptional group which have orders h, h + 1 and 2h + 1 and which have traces
just 0 or ±1 on all fundamental modules. He felt that conjugates of such elements
ought to be in a finite subgroup L ∼
= P SL(2, q) (this is for the adjoint version of
the exceptional group). His conjecture was verified over the years, case by case;
the constructions of [S96] are uniform and seem to give finite subgroups with the
right elements, but we have not checked this. About 1994, Serre called attention to
certain “Springer numbers”, n, which come up in invariant theory [Spr]. For E8 (C),
besides the Coxeter number n = 30, we have n = 20, 24. Serre felt that there might
be P SL(2, 2n + 1) subgroups. In unpublished work, Serre has given embedding
proofs for P SL(2, 41) in E8 (C) and P SL(2, 29) in E7 (C); see also [GR41]. Arjeh
Cohen noticed this possibility for the Springer numbers but did not propose it
since [CG] had erroneously eliminated the relevant P SL(2, 2n + 1) embeddings. It
is interesting that “h + 1” for one exceptional group may be “2h + 1” for another,
so it may be worth studying the whole system of embeddings for a given P SL(2, q)
in all the exceptional groups.
The theory of Sepanski [Sep] should be mentioned since it gives a uniform treatment of (previously known) embeddings of P SL(2, q) into the automorphism groups
of the simple rank 2 Lie algebras. Let q be an odd prime power. The complex irreducibles of L := P SL(2, q) have dimensions 1, (q ± 1)/2, q and q ± 1. Sepanski
studies certain irreducible modules M of dimension q + 1 and is able to analyze
when there is an L-invariant Lie algebra structure on M . In a Lie algebra, there are
integrality conditions on structure constants, and these lead to an interpretation
of (q − 1)/2 as the Coxeter number for the Lie algebra, whence limits on q. The
result is the set of embeddings in rank 2 groups: P SL(2, 7) in A2 (C), P SL(2, 9) in
B2 (C) and P SL(2, 13) in G2 (C). A Lie algebra structure on a module corresponds
to a degree 3 invariant with the right properties; the Jacobi identity can rarely be
verified with straight character theory. What is special in [Sep] is that the low degree invariants of M are accessible for the relevant values of q, though sophisticated
techniques are used.
6. Related classifications
The Lie primitive concept (defined in Section 3) was inspired by that of a primitive linear group (Definition: a finite subgroup of GL(n, C) which permutes the
summands of a nontrivial direct sum decomposition is called imprimitive; otherwise primitive.) For instance, a dihedral subgroup of order at least 6 in GL(2, C)
is irreducible, but imprimitive. For a finite subgroup of GL(n, C), Lie primitivity
implies primitivity as a linear group which in turn implies irreducibility, but not
conversely (e.g., take Alt5 < SO(3, C) < SL(3, C)).
The next result clearly shows the significance of Lie primitivity and further justifies the classification of finite quasisimple subgroups (for convenience the algebraic
group below is of adjoint type, so any finite quasisimple group which arises is actually simple). Recall that the socle of a finite group is the product of its minimal
normal subgroups; write Soc(F ) for the socle of F .
Theorem (Borovik [Bor89][Bor90][CG93]; see also [FrG]). Let F be a finite Lie
primitive subgroup of the simple algebraic group G, adjoint type. Then one of
the following holds.
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(a) There is a nontoral elementary abelian p-group A so that F ≤ NG (A), a
finite Lie primitive group (all such were classified by Alekseevski [Alek]).
(b) Soc(F ) is a finite simple group.
(c) G = E8 (C), and F ≤ B where Soc(B) ∼
= Alt5 × Alt6 and B/Soc(B) ∼
= 2 × 2.
We call this group B the Borovik group; it is unique up to conjugacy.
The Borovik group was a fascinating new discovery. A different terminology
(Jordan subgroups) is used in [Alek] for the elementary abelian groups in (a). Many
of them come from the following situation. Let P be an extraspecial p-group, that
is, a nonabelian p-group such that P 0 = Z(P ) has order p; there is an integer
n > 0 so that |P | = p1+2n . All faithful irreducible representations are embeddings
into GL(pn , C). The image of P in P GL(pn , C) is elementary abelian and is rather
obviously not toral since P is nonabelian. There is a pleasant example of a nontoral
elementary abelian 2-group of order 8 in G2 (C) which comes as a group of sign
changes with respect to a famous basis of the Cayley numbers [Cox] [GrElAb]. This
G2 (C)-example can also be realized by a general method for constructing a nontoral
elementary abelian 2-group. In a connected, simply connected quasisimple complex
Lie group, we take the subgroup generated by elements of order 2 in a maximal
torus and an element of order 2 in the torus normalizer that maps to −1 in the
Weyl group, if such an element exists. This procedure has analogues for the primes
3 and 5 [GrElAb].
Borovik’s Theorem indicates a role played by finite quasisimple subgroups of Lie
groups. It has no real effect on the program to classify finite quasisimple subgroups
of exceptional groups (other than providing the example (c)), but it can be useful for
studying other kinds of subgroups, such as direct products of finite simple groups.
For example, one could use the Borovik theorem to show that the image of any
embedding of P SL(2, 11) × P SL(2, 11) in E8 (C) must lie in an A24 type subgroup
(meaning, in a closed subgroup N which is the normalizer of a cyclic group of
order 5 such that the components of N 0 are each isomorphic to SL(5, C); in fact,
N0 ∼
= SL(5, C) ◦ SL(5, C)).
Embeddings of nonquasisimple finite groups in exceptional algebraic
groups. There has been some systematic work on classifying finite subgroups which
are abelian or whose socle is a large noncentral solvable group. Assorted results
classifying smallish solvable groups may be found throughout the basic classification
articles [CG][F1][F2] [F3][K].
(1) Elementary abelian p-groups. The maximal ones have been classified in
nearly simple algebraic G, in characteristic not p (definition: nearly simple means
G0 is quasisimple and CG (G0 ) ≤ G0 ). See [GrElAb], where the summary (1.18)
shows that, for each prime p and nearly simple group G, there is up to conjugacy
a finite list of nontoral maximal elementary abelian p-groups. In these nontoral
cases, the class distributions and normalizers are studied. This category includes
the groups in (a) of Borovik’s Theorem.
Torality of an elementary abelian group can sometimes be detected by “local
tests”: for example, in E8 (C) , one can assign a polynomial degree to an elementary
abelian 2-group; this degree is at most 3, and (with one exception) such a group is
toral iff the degree is at most 2. The issues for a definitive theory on torality are
tricky. See [GrElAb], especially Section 13.
(2) Mike Kantor’s thesis [K] contains an analysis of subgroups F of E8 (C) which
normalize a maximal torus T and have the property that A := T ∩ F is a finite
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∼ P SL(2, 7) or SL(2, 7). He determined the possible structures
2-group and F/A =
of A and the E8 (C)-conjugacy classes of subgroups S of F , S ∼
= P SL(2, 7) or
SL(2, 7). There were interesting homological issues involving representations of S
over coefficients Z/2n Z. Let F be a subgroup of the torus normalizer isomorphic
to P SL(2, 7) or SL(2, 7). Fix a subgroup P of order 7 in F . Let A be a finite
2-subgroup of T normalized by S and write A as a direct product of groups A3 ×
A30 ×A1 , where the factors are the maximal P -submodules whose every composition
factor is the respective F2 P -irreducible 3, 30 , 1 of respective dimensions 3, 3, 1 (the
module 30 is dual to the module labelled 3). For k = 3, 30 , Ak is a direct product
of isomorphic cyclic groups. If 2n(k) denotes the orders of the cyclic groups, then
|n(3) − n(30 )| ≤ 2. For each k, there exist subgroups in the E8 (C)-torus normalizer
of the shape
0

[Z32k × Z32k+2 ]P SL(2, 7)
but none of shape
0

[Z32k × Z32k+3 ]P SL(2, 7).
Connections with positive characteristic. A comparable study of projective
embeddings of finite simple groups into exceptional algebraic groups of positive
characteristic has been under way since the mid 80s. In positive characteristic,
there are more simple groups which embed; the obvious ones are groups of Lie type
over finite subfields, but also we get the first Janko group J1 in G2 (11) [J] and the
Rudvalis sporadic simple in E7 (5) [GRU], among others. In the case where the
positive characteristic divides the order of the finite group, we expect the classification of embeddings to be much more complicated than in the characteristic zero
case. We do not attempt to survey the results here, but make an important point
below in the coprime characteristic case. This is relevant to classifying embeddings
in characteristic 0, because we prefer computer work over a finite field.
Let p be a prime number not dividing the order of the finite group F . The classic
theory of Richard Brauer says that the reduction mod p process gives a bijection
of irreducible modules over algebraically closed fields in characteristics 0 and p.
Here is a sketch. To reduce from characteristic 0 to characteristic p, one writes the
representation of F over a ring which is finitely generated over Z, then reduces by a
prime ideal which contains p. The inverse process involves creating an appropriate
discrete valuation ring. One has a representation of F in characteristic p, and it may
be assumed to be written over a finite field k. Take a complete discrete valuation
ring R such that R/rad(R) ∼
= k. By coprimeness, the representation may be lifted
modulo increasing powers of rad(R). The completeness of R and an inverse limit
process allows us to write a representation of F over R which reduces modulo R
to the original representation over k. An embedding of R in the complex numbers
finishes the lifting.
This theory for GL(n, ·) has an analogue for G(·), a Chevalley group functor. Let
F be a finite group. For p a prime not dividing |F |, conjugacy classes of embeddings
of F in G(C) and in G(F̄p ) are in bijection by a “reduction mod p” procedure. This
is a very nice recent result of Michael Larsen which we call the (0,p) Equivalence
Theorem for coprime characteristic embeddings. An earlier version of this assuming
Lie primitivity was obtained by Griess and Ryba; see [GR31] for both. Larsen’s
proof uses nontrivial algebraic geometry; one would hope for a more elementary
proof.
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Jacques Tits, Sous-algèbres des algèbres de Lie semi-simples (d’apres V. Morosov, A.
Malcev, E.Dynkin et F. Karpelevitch), Séminaire Bourbaki, No. 119, May 1955. CMP
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