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RANKS OF ELLIPTIC CURVES

KARL RUBIN AND ALICE SILVERBERG

Abstract. This paper gives a general survey of ranks of elliptic curves over
the field of rational numbers. The rank is a measure of the size of the set of
rational points. The paper includes discussions of the Birch and Swinnerton-
Dyer Conjecture, the Parity Conjecture, ranks in families of quadratic twists,
and ways to search for elliptic curves of large rank.

Introduction

L. J. Mordell began his famous paper [49] with the words “Mathematicians have
been familiar with very few questions for so long a period with so little accomplished
in the way of general results, as that of finding the rational [points on elliptic
curves].”

The history of elliptic curves is a long one, and exciting applications for elliptic
curves continue to be discovered. Recently, important and useful applications of
elliptic curves have been found to cryptography [29], [48], for factoring large integers
[35], and for primality proving [17], [1], [18]. The mathematical theory of elliptic
curves was crucial in the proof of Fermat’s Last Theorem [76].

It is easy to find the rational points on a line. There is a well-known method
for parametrizing the rational points on a conic C in the plane: namely, if P is a
rational point on C, then every line through P intersects C in P and one other
point, and this gives a bijection between the rational points on C and the slopes
of the rational lines through P , which can be identified with the rational points on
the projective line. Thus, it is easy to find the rational points on a plane curve
defined by a linear or quadratic equation. Increasing the degree of the polynomial,
the next case to consider is that of cubics. This brings us to the case of elliptic
curves.

In this paper we give a survey of ranks of elliptic curves over the field of rational
numbers. The rank of an elliptic curve is a measure of the size of the set of rational
points. In 1901 Henri Poincaré [60] stated that the rank is obviously very important
in the classification of rational cubics. The major open questions about elliptic
curves today, including the Birch and Swinnerton-Dyer Conjecture, have to do
with the rank (see [66]).
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We begin by giving the basic definitions about elliptic curves over the field of
rational numbers, including the definition of the rank. We discuss the Birch and
Swinnerton-Dyer Conjecture and the Parity Conjecture, and consider ranks in fam-
ilies of quadratic twists. We give lower bounds for densities of quadratic twists with
a given rank, and in the process consider ranks of elliptic curves over the function
field Q(t). We also discuss some ways to search for elliptic curves of large rank.

The authors thank B. Mazur and J.-P. Serre for helpful comments on an earlier
version of the paper.

1. Elliptic curves over Q

An elliptic curve over the field Q of rational numbers is a curve E defined by a
Weierstraß equation

y2 = x3 + ax+ b(1)

where a, b ∈ Z and

∆ := −16(4a3 + 27b2) 6= 0.

The condition that the discriminant ∆ be nonzero is equivalent to the curve
being smooth. It is also equivalent to the cubic x3 + ax + b having 3 different
complex roots.

We can view an elliptic curve E as a curve in projective space P2, with homoge-
neous equation y2z = x3 + axz2 + bz3, and one point at “infinity”, namely (0, 1, 0).
This point ∞ is the point where all vertical lines meet. Write

E(Q) = {rational solutions (x, y) of y2 = x3 + ax+ b} ∪ {∞}.
Basic Problem. Given an elliptic curve E, find all of its rational points E(Q).

Example 1.1. Let E be the elliptic curve y2 = x3 − x. We obtain three points on
the curve by setting y = 0. It is easy to show that these are the only integer-valued
points on E. It is true, but much more difficult to show, that these are the only
rational points on E, i.e.,

E(Q) = {(0, 0), (1, 0), (−1, 0),∞}.
This was proved by Fermat using his method of infinite descent (see §§X, XV, XVI
in Chapter II of [75]).

Over the complex numbers, a line intersects an elliptic curve in three points
(counting multiplicity), and if two of these points are rational then so is the third.
One can use this fact to define an addition law on E(Q). Namely, given P,Q ∈
E(Q), draw the line through P and Q. Let R be the third point of intersection of
that line with E, and define P +Q to be the third point of intersection of E with
the (vertical) line through R and ∞.

Figure 1 shows (among other things) the graph of the real-valued points on the
elliptic curve y2 = x3 − x+ 1, and an example of its addition law.

Concretely, if E is the elliptic curve y2 = x3 + ax + b, and P = (x1, y1), Q =
(x2, y2) ∈ E(Q) with x1 6= x2, then

P +Q =
(( y2 − y1

x2 − x1

)2

− x1 − x2,
( y2 − y1

x2 − x1

)
x3 −

y1x2 − y2x1

x2 − x1

)
.

Theorem 1.2. With the above addition law, E(Q) is a commutative group with ∞
as the identity element.

Under this operation, three collinear points on the curve sum to the identity
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Figure 1. y2 = x3 − x+ 1 and its addition law

element. We note that proving associativity is nontrivial.
The following important result was proved by Mordell using Fermat’s method of

descent.

Theorem 1.3 (Mordell [49]). If E is an elliptic curve over Q, then the commuta-
tive group E(Q) is finitely generated.

Definition 1.4. By Mordell’s theorem we can write

E(Q) ∼= Zr ⊕ E(Q)tors

where r is a nonnegative integer and E(Q)tors is the subgroup of elements of finite
order in E(Q). This subgroup is called the torsion subgroup of E(Q). The integer
r is called the rank of E and is written rank(E).

Example 1.5. For the curve y2 = x3 − x of Example 1.1,

E(Q) = E(Q)tors
∼= Z/2Z× Z/2Z, rank(E) = 0.

In other words, each of the points (0, 0), (1, 0), and (−1, 0) has order 2 in E(Q).

2. Torsion subgroups

The torsion subgroup is “well-understood”. First, there is an effective algorithm
to determine E(Q)tors given E.

Theorem 2.1 (Nagell [54], Lutz [36]). Let E be the elliptic curve y2 = x3 +ax+b.
If (x, y) ∈ E(Q)tors and (x, y) 6=∞, then

(i) x, y ∈ Z,
(ii) either y = 0, or y2 divides 4a3 + 27b2.

Second, a deep theorem of Mazur states which finite groups can occur as torsion
subgroups of elliptic curves.

Theorem 2.2 (Mazur [39]). If E is an elliptic curve, then E(Q)tors is one of the
following 15 groups:

(i) Z/nZ, with 1 ≤ n ≤ 10 or n = 12,
(ii) Z/2mZ× Z/2Z, with 1 ≤ m ≤ 4.

Each of the groups in Theorem 2.2 occurs infinitely often as the torsion subgroup
of an elliptic curve over Q.
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Example 2.3. Let E be the curve y2 = x3 − x of Example 1.1. By the Nagell-
Lutz theorem, the nontrivial rational torsion points (x, y) have y ∈ {0,±1,±2}.
The only such points are (−1, 0), (0, 0), (1, 0).

Example 2.4 (See Table 3 of [34]). Suppose t ∈ Q and t 6= 0,−1. Let E be

y2 + (1− t− t2)xy + (t2 + t3)y = x3 + (t2 + t3)x2.(2)

Then E is an elliptic curve, (0, 0) ∈ E(Q), and one can check that

7 · (0, 0) =∞.

By Mazur’s theorem, the subgroup generated by (0, 0) must be all of E(Q)tors, so

E(Q)tors
∼= Z/7Z.

Conversely, one can show that every elliptic curve over Q with torsion subgroup of
order 7 is isomorphic to a curve of the form (2) for some t ∈ Q.

3. Ranks

There are no analogues of Theorems 2.1 or 2.2 for ranks:
• there is no known algorithm guaranteed to determine rank(E);
• it is not known exactly which integers can occur as the rank of an elliptic

curve.
For the first question, there are algorithms for computing both upper bounds and
lower bounds for rank(E); with luck and enough work, they might be equal.1 For
the second, it is not even known if the set of ranks of elliptic curves over Q is
bounded.

Table 1 shows, for certain r between 4 and 24, the date of publication (in print
or electronically) of an elliptic curve known to have rank at least r.

Table 1. Rank records

Rank ≥ Year Discoverers

3 1945 Billing [2]
4 1945 Wiman [77]

6 1974 Penney & Pomerance [58]
7 1975 Penney & Pomerance [59]
8 1977 Grunewald & Zimmert [21]
9 1977 Brumer & Kramer [6]
12 1982 Mestre [40]
14 1986 Mestre [41]
15 1992 Mestre [44]
17 1992 Nagao [50]
19 1992 Fermigier [13]
20 1993 Nagao [51]
21 1994 Nagao & Kouya [53]
22 1997 Fermigier [14]
23 1998 Martin & McMillen [37]
24 2000 Martin & McMillen [38]

Note: In the early 1950’s, Néron [56], [57] showed that there exist elliptic curves
with rank ≥ 11, but his proof did not yield examples.

1See p. 193 of [70].
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The curve in Table 1 with rank at least 24 is

y2 + xy + y = x3 − 120039822036992245303534619191166796374x+
504224992484910670010801799168082726759443756222911415116.

(Note that this is not exactly in the form (1), but it can be put in that form by a
simple change of variables, at the expense of increasing the size of the coefficients.
See (3) below.) The rank is “at least” 24 because Martin and McMillen exhibited
24 independent points in E(Q), but it has not been proved that the rank is exactly
24.

Many of the ideas for finding elliptic curves of high rank are due to Mestre. See
§9 below.

4. Elliptic curves over arbitrary fields

To fully understand elliptic curves over Q it is helpful to study elliptic curves
over finite fields (see §5) and over function fields (see §8 and §9).

If F is a field, an elliptic curve over F is a nonsingular curve defined by a
generalized Weierstraß equation

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6(3)

with ai ∈ F . (Compare with (1). If the characteristic of F is not 2, then we can
complete the square in y and change variables to make a1 = a3 = 0; similarly if
the characteristic is not 3, we can suppose that a2 = 0.) Such a curve always has
a single point at infinity in projective space P2(F ).

Conversely, one can show that every nonsingular plane cubic with coefficients in
F that has a point in P2(F ) has an equation of the form (3).

As when F = Q, the set E(F ) of F -points (including the point at infinity) is an
abelian group under the geometric composition law described in §1. For example,
the theory of elliptic functions shows that if E is an elliptic curve defined over the
complex numbers C, then there are a lattice L ⊂ C and an analytic group isomor-
phism E(C) ∼= C/L. Thus the group E(C) is not finitely generated. However, for
certain fields one does have an analogue of Mordell’s Theorem (Theorem 1.3):

Theorem 4.1 (Néron [56]). If K is either Q or a finite field, F is a finitely gen-
erated extension of K, and E is an elliptic curve defined over F , then the group
E(F ) is finitely generated.

5. The Birch and Swinnerton-Dyer Conjecture

Fix an elliptic curve E : y2 = x3 + ax+ b over Q. For every prime number p not
dividing the discriminant ∆ = 16(4a3 +27b2) of E, we can reduce a and b modulo p
and view E as an elliptic curve over the finite field Fp. Reduction modulo p induces
a group homomorphism

E(Q) −→ E(Fp).

The idea of Birch and Swinnerton-Dyer was that the larger E(Q) is, the larger
the E(Fp)’s should be “on average” as p varies. The size of E(Q) can be measured
by rank(E), but how can one measure the average size of the E(Fp)’s?
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Definition 5.1. For every prime number p not dividing ∆ let

Np = #E(Fp)

= 1 + #
{

0 ≤ x, y ≤ p− 1 : y2 ≡ x3 + ax+ b (mod p)
}
.

Theorem 5.2 (Hasse [22], [23]). For every prime p not dividing ∆,

p+ 1− 2
√
p < Np < p+ 1 + 2

√
p.

To test their idea, in the 1950’s Birch and Swinnerton-Dyer computed

πE(X) :=
∏

p≤X,p-∆

Np
p

(4)

as X grows, for certain elliptic curves E.
Figure 2 shows the behavior of πEd(X) for X up to about 1.5 × 107 for five

different curves Ed : y2 = x3 − d2x (using the first five values of d in Table 2 of §6,
so these curves have ranks 0, 1, 2, 3, and 4). The horizontal axis is log log(X) and
the vertical axis is log(πEd(X)).

From their data Birch and Swinnerton-Dyer [3] were led to conjecture that

πE(X) ∼ C(log(X))rank(E)(5)

as X → ∞ for some constant C depending only on E. (Note that this relation is
consistent with the data in Figure 2 — if the axes were to scale, then the slopes of
the lines would be the ranks of the curves.) The function πE does not behave very
nicely and therefore is difficult to work with. Birch and Swinnerton-Dyer stated a
related conjecture, using the L-function of E in place of πE .

Figure 2. Birch and Swinnerton-Dyer data for y2 = x3 − d2x
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Definition 5.3. Define the Hasse-Weil L-function of E, a function of a complex
variable s, by

L(E, s) =
∏
p-∆

(
1− 1 + p−Np

ps
+

p

p2s

)−1

×
∏
p|∆

`p(E, s)−1(6)

where `p(E, s) is a certain polynomial in p−s with the property that `p(E, 1) 6= 0
(see for example p. 196 of [70]).

It follows from Theorem 5.2 that L(E, s) converges absolutely and uniformly on
compact subsets of the complex half-plane {s ∈ C : Re(s) > 3/2}. The Shimura-
Taniyama Conjecture, recently proved by Breuil, Conrad, Diamond, and Taylor [5]
by extending work of Wiles [76], implies the following long-standing conjecture of
Hasse and Weil.

Theorem 5.4 ([76], [72], [5]). L(E, s) has an analytic continuation to all of C and
satisfies a functional equation

Λ(s) = wEΛ(2− s)

where wE = ±1 and Λ(s) = Ns/2(2π)−sΓ(s)L(E, s) for some positive integer N
(depending on E).

See for example p. 196 of [70] for a definition of the conductor N of E.
While the Euler product (6) for L(E, s) may not in general converge at s = 1,

purely formally evaluating (6) at s = 1 gives

L(E, 1) “=”
(∏
p-∆

Np
p
×
∏
p|∆

`p(E, 1)
)−1

.(7)

Thus, since there are only a finite number of terms in the second product, we can
hope that the behavior of L(E, s) near s = 1 will reflect the average size of the
Np: the larger the Np are, the faster L(E, s) will tend to 0 as s tends to 1. The
following quantitative version of this statement is part of the conjecture of Birch
and Swinnerton-Dyer.

Conjecture 5.5 (Birch and Swinnerton-Dyer [4]). For every elliptic curve E,

rank(E) = ords=1L(E, s).

Goldfeld proved the following surprising result, which says in particular that the
“purely formal” connection between πE(X) and L(E, s) in (7) is off by a factor of√

2.

Theorem 5.6 (Goldfeld [16]). Suppose that πE(X) ∼ C(log(X))r with constants
C ∈ R+ and r ∈ R. Then r = ords=1L(E, s) and

lim
s→1

L(E, s)
(s− 1)r

=
√

2erγC−1
∏
p|∆

`p(E, 1)−1

where γ is Euler’s constant. In particular, if r = 0 then

L(E, 1) =
√

2
(∏
p-∆

Np
p
×
∏
p|∆

`p(E, 1)
)−1

.
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The lines log(C)+r log log(X) in Figure 2 were calculated using (5), Theorem 5.6,
and the full Birch and Swinnerton-Dyer Conjecture to determine C and r. (Birch
and Swinnerton-Dyer predicted not only the order of vanishing of L(E, s) at s = 1,
but also the first nonvanishing coefficient of its Taylor expansion about s = 1.)

Definition 5.7. With the Birch and Swinnerton-Dyer Conjecture in mind, call the
order of vanishing of L(E, s) at s = 1 the analytic rank of E and write

rankan(E) := ords=1L(E, s).

The following theorem, a combination of work of Kolyvagin [31], [32], Gross and
Zagier [20], and others, is the best result to date in the direction of the Birch and
Swinnerton-Dyer Conjecture.

Theorem 5.8 ([31], [32], [20]). (i) rankan(E) = 0⇒ rank(E) = 0,
(ii) rankan(E) = 1⇒ rank(E) = 1.

Assertion (i) can be rephrased as “L(E, 1) 6= 0 ⇒ E(Q) is finite”. The case
rankan(E) ≥ 2, except for isolated examples, remains completely open.

There are elliptic curves that can be proved to have analytic ranks 0, 1, 2, and
3 (see [20]). There is no elliptic curve that has been proved to have analytic rank
greater than 3.

Example 5.9. If E is the curve y2 = x3 − x of Example 1.1, then

L(E, 1) = 0.65551438857302995 . . . 6= 0.

Thus Theorem 5.8(i) shows that (as Fermat said) E(Q) is finite.

The sign wE in the functional equation (Theorem 5.4) for L(E, s) determines
the parity of rankan(E):

rankan(E) is

{
even if wE = +1,
odd if wE = −1.

The Birch and Swinnerton-Dyer Conjecture predicts in particular that rank(E) and
rankan(E) have the same parity, so the following is a consequence of the Birch and
Swinnerton-Dyer Conjecture.

Conjecture 5.10 (Parity Conjecture).

rank(E) is

{
even if wE = +1,
odd if wE = −1.

To describe recent progress concerning the Parity Conjecture, we need to intro-
duce the Tate-Shafarevich group and the Selmer group. For definitions see pp. 238–
239 of [8] or Definitions 4.6.8 and 4.8.1 of [66]. The Tate-Shafarevich group XE is
a torsion group that measures the failure of the Hasse Principle for curves that are
principal homogeneous spaces for E.

Conjecture 5.11. (Tate-Shafarevich Conjecture).2 XE is finite.

2 In his article in the proceedings of the 1962 ICM ([8], pp. 239–240), Cassels writes, “Indeed

Tate and Šafarevič have, I believe, independently conjectured that X itself is always finite, al-
though, so far as I know, it has not been completely determined in any individual case.” In a
footnote he adds, “In his lecture Tate denied paternity but adopted the conjecture. In conversation
during the Congress Šafarevič expressed strong doubts.”
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The proof of Theorem 5.8 also proves the following theorem.

Theorem 5.12 ([31], [32], [20]). If rankan(E) ≤ 1, then XE is finite.

There is no example known of an elliptic curve with rankan(E) > 1 for which
XE has been proved to be finite.

Although there is no known general algorithm guaranteed to determine E(Q)
or XE , there are effectively computable groups, known as Selmer groups, which
combine information about both E(Q) and XE . More precisely, for every natural
number m, the m-Selmer group Sm(E) is a finite group of exponent dividing m
that sits in an exact sequence

0→ E(Q)/mE(Q)→ Sm(E)→X
E

[m]→ 0(8)

where X [m] denotes the kernel of multiplication by m in an abelian group X .
Thus the Tate-Shafarevich group can also be viewed as an obstruction to effectively
computing the rank of E: if p is a prime, then (8) and Theorem 1.3 show that

dimFp Sp(E) = rank(E) + dimFp E(Q)[p] + dimFp X
E

[p].(9)

In practice the only way to prove upper bounds for the rank of E has been to
prove upper bounds for #Sm(E). For example, Theorems 5.8 and 5.12 follow from
the statements

(i) rankan(E) ≤ 1⇒ rank(E) ≥ rankan(E);
(ii) rankan(E) ≤ 1⇒ #Sm(E) ≤ Cmrankan(E), with a constant C independent of

m.
The first assertion is trivial if rankan(E) = 0 and was proved by Gross and Zagier
[20] when rankan(E) = 1 by constructing a point of infinite order (a Heegner point).
The second assertion uses Kolyvagin’s method of Euler systems and an infinite
family of Heegner points. Combining these two statements with (8) proves that if
rankan(E) ≤ 1, then rank(E) = rankan(E) and #XE ≤ C.

Theorem 5.13 (Nekovář [55]). If XE is finite, then the Parity Conjecture holds
for E.

What Nekovář proved (using recent results of Vatsal [74] and Cornut [10]) is that
if p is a prime not dividing #E(Q)tors, and if E has good ordinary reduction at p
(see Chapters V and VII of [68]), then dimFp Sp(E) and rankan(E) have the same
parity. But if XE is finite, then the Cassels pairing [7] is a nondegenerate skew-
symmetric pairing on XE , and it follows that dimFp XE is even. Hence by (9),
rank(E) and dimFp Sp(E) have the same parity. Every elliptic curve has infinitely
many primes of good ordinary reduction, so the Parity Conjecture for E follows.

It had been proved earlier that if the Tate-Shafarevich Conjecture is true, then
the Parity Conjecture holds for semistable elliptic curves (combining [33] and The-
orem 5.8) and for the curves y2 = x3 − d2x (see Monsky’s appendix to [24]).

6. Quadratic twists

Up until now, we have been considering ranks of arbitrary elliptic curves over
Q. To understand ranks, it is useful to consider special families of elliptic curves.
Quadratic twists give perhaps the simplest such families, since even though their
complex analysis is “constant” (i.e., they are isomorphic over C), their arithmetic
varies.
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Table 2. Ranks rd in the family Ed : dy2 = x3 − x

d rd discovery x-coordinates of independent points
1 0 Fermat (∼1640)
5 1 Billing [2] (1937) 9

34 2 Wiman [78] (1945) 17, 17
8

1254 3 Wiman [78] (1945) 11
8 , 22

3 , 19
8

29274 4 Wiman [78] (1945) 41
34 , 24

17 , 34
7 , 121

2

205015206 5 Rogers [61] (2000) 649
323 , 1650

1121 , 326
323 , 19234

8993 , 5783298
2468041

61471349610 6 Rogers [61] (2000) 779
134 , 52441

31691 , 228001
931 , 21033

10658 , 56416
32761 , 4427538

2255

Definition 6.1. If E is given by y2 = x3 +ax+ b with a, b ∈ Q, then the quadratic
twist of E by a nonzero rational number d is the elliptic curve y2 = x3 +ad2x+bd3.
It will be convenient to make the change of variables (x, y) 7→ (dx, d2y), so that we
can rewrite this curve in the equivalent (isomorphic) form

Ed : dy2 = x3 + ax+ b.

In this section we will study the behavior of rank(Ed) as d varies. Clearly Edt2 is
isomorphic to Ed for every t ∈ Q×, so we need only consider squarefree integers d.

6.1. The curve y2 = x3− x. For the remainder of this section, let E be the curve
y2 = x3 − x. The family Ed : dy2 = x3 − x of quadratic twists of E has been
studied extensively. This family is closely connected with the classical congruent
number problem, which asks what integers are the areas of right triangles with
three rational sides. The relationship between this problem and the above family
of quadratic twists is the fact that there is a right triangle with rational sides and
area d if and only if rank(Ed) > 0 (see for example [30], [63], [73]).

Note that Ed is isomorphic to E−d by the change of variables (x, y) 7→ (−x, y),
so we may restrict to d > 0.

The curve E157 has rank one, but the simplest point of infinite order (see p. 5 of
[30]) is(
−277487787329244632169121

609760250665615167250729
,

22826630568289716631287654159126420
476144382506163554005382044222449067

)
.

For r ≤ 4, Table 2 gives the smallest |d| for which Ed has rank r. For r = 5, 6
there are probably smaller examples of d than the one listed in the table.

In [78], Wiman doubted whether any other d’s with rank(Ed) = 4 could be found.
Using the method of proof of Theorem 8.2(vii) below and modern computers, it is
no longer difficult to find such examples. In [79], Wiman pointed out that he knew
of no d for which rank(Ed) > 4 and said that if such exist, they would be almost
insurmountably difficult to find.

If d is squarefree, an upper bound on the rank of Ed is given by twice the number
of odd prime divisors of d (see [78]), and there is an absolute constant C such that

rank(Ed) ≤ C
log |d|

log log |d|
for all squarefree d with |d| > 2 (see Exercise 3.4.11 of [66]). This is known as
the “trivial bound” for the rank of Ed. It follows that for Ed to have large rank,
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d must have many prime divisors. For example, the last d in Table 2 has prime
factorization

61471349610 = 2 · 3 · 5 · 11 · 19 · 41 · 43 · 67 · 83.

Theorem 6.2 (Tunnell [73]). If E is y2 = x3 − x and d is a squarefree positive
integer, then

L(Ed, 1) =
(n− 2m)2aΩ

16
√
d

where
a = 1 if d is odd, a = 2 if d is even,
n = #{(x, y, z) ∈ Z3 : x2 + 2ay2 + 8z2 = d/a},
m = #{(x, y, z) ∈ Z3 : x2 + 2ay2 + 32z2 = d/a},
Ω =

∫ ∞
1

dx√
x3 − x

≈ 2.6220575542921198 . . . .

In particular,

L(Ed, 1) = 0 ⇐⇒ n = 2m.

For example, if d = 1, then m = n = 2 and L(E, 1) = Ω/4 as in Example 5.9.

7. Variation of the rank in families of quadratic twists

Fix for this section an elliptic curve E over Q. We will study how the ranks of
quadratic twists are distributed.

Definition 7.1. Let

S(X) = {squarefree d ∈ Z : |d| ≤ X}.

Define the average rank A(E) to be

A(E) = lim
X→∞

∑
d∈S(X) rank(Ed)

#S(X)
(10)

if this limit exists, and in general define the upper and lower average ranks, A(E)
and A(E), to be, respectively, the corresponding lim sup and lim inf.

Define

N∗(X) = #{d ∈ S(X) : rank(Ed) is ∗}
where ∗ can be any property that makes sense, such as “1”, “≥ 2”, “even”, etc. We
write simply N(X) = N≥0(X) = #S(X).

Let

D∗(E) = lim
X→∞

N∗(X)
N(X)

if this limit exists, and in general let D∗(E) and D∗(E) be the corresponding lim sup
and lim inf.

The next theorem, which is well-known (see for example the corollary to Propo-
sition 10 of [62]), describes how the sign in the functional equation of the L-function
changes under quadratic twist. If t is a squarefree integer, let χt be the quadratic
Dirichlet character attached to the extension Q(

√
t)/Q. Concretely, χt is the unique



466 KARL RUBIN AND ALICE SILVERBERG

Dirichlet character modulo t (if t ≡ 1 (mod 4)) or 4t (if t ≡ 2, 3 (mod 4)) with the
property that for all odd primes p not dividing t,

χt(p) =

{
+1 if t is a square modulo p,
−1 if t is not a square modulo p.

Recall that the conductor of an elliptic curve is defined on p. 196 of [70].

Theorem 7.2. Suppose that d is a squarefree integer, and let Nd be the conductor
of Ed. If t ≡ 1 (mod 4) is a squarefree integer relatively prime to dN1, then

wEtd/wEd = χt(−Nd).
Example 7.3. Let E be the curve y2 = x3 − x. It follows from Theorem 6.2 that
L(E, 1) 6= 0 and L(E2, 1) 6= 0, so wE = wE2 = 1. Combining this with Theorem 7.2
and the fact that the conductors of E and E2 are 32 and 64, respectively, one can
show that the sign in the functional equation of L(Ed, 1) for d > 0 is given by

wEd =

{
+1 if d ≡ 1, 2, or 3 (mod 8),
−1 if d ≡ 5, 6, or 7 (mod 8).

(Since d is squarefree, it is not 0 or 4 (mod 8).) In particular, if d > 0 and d ≡ 5, 6,
or 7 (mod 8), then the Parity Conjecture predicts that rank(Ed) is odd. Elkies [11],
[12] has verified that rank(Ed) ≥ 1 for all positive squarefree d ≡ 5, 6, or 7 (mod 8)
less than 106. Note that for d ≡ 5, 6, or 7 (mod 8) one can also use Theorem 6.2
to show that L(Ed, 1) = 0, since n = m = 0 in those cases.

Corollary 7.4. Suppose that the Parity Conjecture holds. Then

Deven(E) = Dodd(E) = 1/2 and A(E) ≥ 1/2.

Proof. This follows from Theorem 7.2 applied to the curves Ed for (positive or
negative) d dividing twice the conductor of E.

Conjecture 7.5 (Goldfeld [15]). A(E) = 1/2.

In other words, Goldfeld’s conjecture predicts that the average rank is as small
as the Parity Conjecture allows. The following conjecture is an easy consequence
of Goldfeld’s conjecture combined with the Parity Conjecture and Corollary 7.4.

Conjecture 7.6 (Density Conjecture). D0(E) = D1(E) = 1/2 and D≥2(E) = 0.

Note that N(X) ∼ 2
ζ(2)X = 12

π2X . The Density Conjecture would imply that

N0(X) ∼ N1(X) ∼ 6
π2
X, N≥2(X) = o(X).

Given the Birch and Swinnerton-Dyer Conjecture, the Density Conjecture can
be interpreted as saying that the set where the L-function has “extra vanishing”,
that is, the set of d for which the value of rankan(Ed) is larger than the functional
equation forces it to be, has density zero. For some recent motivation for the
Density Conjecture from this point of view, see §5 of [26].

When r ≥ 2 the Density Conjecture predicts that Nr(X) = o(X), and one
can ask for a more precise description of the rate of growth of Nr(X). Numer-
ical evidence suggests that N≥2,even(X) and N≥3,odd(X) grow roughly like X3/4

(see Figure 2 of [9] and see [12], respectively). The following conjecture, based
on connections between L-functions and random matrix theory, makes this more
precise.
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Conjecture 7.7 (Conjecture 1 and (7) of [9]). There are constants bE and eE,
with bE 6= 0, such that

lim
X→∞

N≥2,even(X)
X3/4 log(X)eE

= bE.

See §8 for some lower bounds for N≥r(X).
Heath-Brown showed that if E is y2 = x3 − x and one restricts to twists by

odd integers d, then the density of twists with rank at least r goes to zero at
least exponentially with r. From this one can deduce an upper bound for the
average rank and lower bounds for the densities Dr(E) for small values of r. Let
Sodd(X) = {odd squarefree d ∈ Z+ : d ≤ X}, define Aodd(E) as in (10) but with
Sodd(X) in place of S(X), and similarly write Dodd

∗ (E) for the corresponding density
restricted to odd d.

Theorem 7.8 (Heath-Brown [24]). Let E be the curve y2 = x3 − x. Then:

(i) A
odd

(E) ≤ 1.2645;
(ii) for every r ≥ 0, D

odd

≥r (E) ≤ 1.7313 · 2−(r2−r)/2;
(iii) D0(E) > .044;
(iv) if the Parity Conjecture holds, then D1(E) > .26.

Proof. Assertions (i) and (ii) are Corollaries 4 and 3 of [24], respectively. In fact,
Heath-Brown proves more. As before, we may restrict to d > 0. Let s2(d) =
dimF2 S2(Ed) (recall the 2-Selmer group S2 from §5). Since Ed(Q)tors contains
(Z/2Z)2, (9) shows that

s2(d) ≥ rank(Ed) + 2.(11)

Monsky proved in an appendix to [24] that

s2(d) ≡
{

0 (mod 2) if d ≡ 1 or 3 (mod 8),
1 (mod 2) if d ≡ 5 or 7 (mod 8).

(12)

Let SD∗(h) (resp., SD∗(h)) denote the upper (resp., lower) density of d ≡ h
(mod 8) such that s2(d) − 2 is ∗. Corollary 3 of [24] proves that

SD≥r(h) ≤ 1.7313 · 2−(r2−r)/2

for every r and every odd h. Taking r = 2 and h = 1 or 3, one finds that SD≤1(1) ≥
.134 and SD≤1(3) ≥ .134. But (11) and (12) show that if d ≡ 1 or 3 (mod 8) and
s2(d) ≤ 3, then s2(d) = 2 and rank(Ed) = 0. Thus D0(E) ≥ .044, which proves (iii).
The proof of (iv) is similar, taking r = 3 and h = 5 or 7. In this case (11) and (12)
show that if d ≡ 5 or 7 (mod 8) and s2(d) ≤ 4, then s2(d) = 3 and rank(Ed) ≤ 1.
If the Parity Conjecture holds, then rank(Ed) is odd, so rank(Ed) = 1, and (iv)
follows.

In 1960, Honda stated a controversial conjecture that would imply:

Conjecture 7.9 (Honda [25]). Suppose E is an elliptic curve over Q. Then there
is a constant CE depending only on E such that for all d,

rank(Ed(Q)) ≤ CE .

In other words, for all sufficiently large r, Nr(X) = 0 for all X.
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Instead of looking at elliptic curves over Q and twisting by elements of Q, one
could consider an elliptic curve over a field K and twist by elements of K. In [71],
Shafarevich and Tate constructed a family of quadratic twists with unbounded
rank for an elliptic curve over the function field Fq(t), where Fq is the field with q
elements. Their result led many to believe that a similar phenomenon should hold
for elliptic curves over Q, i.e., that Honda’s conjecture should be false.

8. Lower bounds for N≥r(X)

In this section we show how to obtain lower bounds for the number of quadratic
twists with rank at least r, for small values of r.

Definition 8.1. For every t ∈ Q×, there is a unique squarefree integer sf(t) such
that t = sf(t)y2 with y ∈ Q×. (If t = ±

∏
pnp is the prime factorization of t, then

sf(t) = ±
∏
np odd p.)

The following theorem is a combination of results of Gouvêa and Mazur [19],
Stewart and Top [69], and the authors [65] (see also [46] for related results). (In
this theorem, E is always an elliptic curve over Q, and A(X)� B(X) means that
there exists a constant C depending only on E such that A(X) ≥ CB(X) for all
sufficiently large X .)

Theorem 8.2. (i) N≥1(X)� X1/2.
(ii) If E is y2 = x3 + ax+ b and ab 6= 0, then N≥2(X)� X1/7/ log2(X).
(iii) If E is y2 = x3 + ax + b, and x3 + ax + b has a nonzero rational root, then

N≥2(X)� X1/3.
(iv) If E is y2 = x(x − f)(x − c2f) or y2 = x(x − f)(x+ 2c2f) with c, f ∈ Q, or

E is y2 = x3 − x, then N≥3(X)� X1/6.
Suppose now that the Parity Conjecture holds for all the quadratic twists of E.

(v) N≥2(X)� X1/2.
(vi) If E is y2 = x3 + ax+ b where x3 + ax+ b has three real roots and either the

largest or smallest of these roots is rational, then N≥3(X)� X1/3.
(vii) If E is y2 = x(x − f)(x − c2f) with c, f ∈ Q, or E is y2 = x3 − x, then

N≥4(X)� X1/6.

Sketch of proof. Write E : y2 = f(x) with a cubic polynomial f(x) ∈ Q[x]. Suppose
that g(t) ∈ Q[t] is a squarefree polynomial, and consider

Eg(t) : g(t)y2 = f(x).

This is an elliptic curve defined over the rational function field Q(t). Let r =
rank(Eg(t)), the rank of the finitely generated abelian group Eg(t)(Q(t)), and let
P1(t), . . . , Pr(t) be r independent points in Eg(t)(Q(t)).

If t0 ∈ Q is not a root of g(t), nor of the denominators of the coordinates of the
Pi(t), then Eg(t0) is a quadratic twist of E defined over Q and P1(t0), . . . , Pr(t0) ∈
Eg(t0)(Q). Theorem C of [67] shows that these points are independent for all
t0 outside a finite exceptional set Σ. Since Eg(t0)

∼= Esf(g(t0)), we conclude that
rank(Esf(g(t0))) ≥ r for all t0 ∈ Q− Σ. In other words, N≥r(X) ≥ #M(X), where

M(X) := {d ∈ S(X) : d = sf(g(t0)) for some t0 ∈ Q− Σ}.
Results of Gouvêa and Mazur [19], improved by Stewart and Top [69], give a lower
bound for #M(X). (The smaller the degree of g(t), the larger the lower bound.)
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For example, when g(t) = f(t), rank(Eg(t)) = 1 (we can take P1(t) = (t, 1)).
The above argument, applied to this example, was used by Gouvêa and Mazur [19]
to prove a slightly weaker form of (i). (As stated here, (i) uses improved bounds of
Stewart and Top.) Assertion (ii) was proved by Stewart and Top using a polynomial
g(t) of degree 14 constructed by Mestre [45]. Assertions (iii) and (iv) are proved in
[65] by finding ways to construct suitable polynomials g(t).

For example, if E is y2 = x3 − x, and g(t) = 6(t3 − 33t2 − 33t+ 1), then

rank(Eg(t)) = 1, rank(Eg(t2)) = 2, rank(Eg(t4)) = 3.

Three independent points of infinite order on Eg(t4) are

P1(t) =
(
− t

4 − 6t2 + 1
3(t2 + 1)2

,
2

9(t2 + 1)3

)
, P2(t) =

(
− t

4 + 6t2 + 1
3(t2 − 1)2

,
2

9(t2 − 1)3

)
,

P3(t) =
(
t4 + 1

6t2
,

1
36t3

)
.

Let

M ′(X) = {d ∈M(X) : wEd = (−1)r+1}.
If d ∈M ′(X), then rank(Ed) ≥ r. But assuming the Parity Conjecture, rank(Ed) ≡
r + 1 (mod 2), so rank(Ed) ≥ r + 1 and N≥r+1(X) ≥ #M ′(X). Under additional
conditions on g(t), one can obtain a lower bound for #M ′(X). This idea was used
by Gouvêa and Mazur [19] to prove a slightly weaker version of (v). Applying this
idea to some of the polynomials used to prove (i), (iii), and (iv) gives (v), (vi), and
(vii).

See [65] for additional families of curves for which the conclusions of (iv) and
(vii) of Theorem 8.2 hold.

Remark 8.3. Conjectures 7.6 and 7.7 and the numerical evidence in [9] and [12]
suggest that N≥r(X) should grow roughly like X , X , X3/4, and X3/4 for r = 0, 1,
2, and 3, respectively. The lower bounds of Theorem 8.2 are consistent with, but
weaker than, these predictions.

9. Looking for large ranks

The standard method for finding elliptic curves of large rank is due to Mestre
[41], [44]. We describe it here briefly.

Suppose E(t) is an elliptic curve over Q(t) with r independent points. (See
Table 3 for examples with large rank.) As in the proof of Theorem 8.2, specializing
gives, for all but finitely many rational numbers t0, elliptic curves E(t0) over Q of
rank at least r. One would now like to search among these specializations for some
that have even larger rank.

Table 3. Rank records over Q(t)

Rank over Q(t) ≥ Year Discoverers
11 1991 Mestre [42]
12 1991 Mestre [43]
13 1994 Nagao [52]
14 2000–1 Mestre [47], Kihara [28]
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To do this, choose a pair of parameters n,m ∈ Z+. For positive integers t0 ≤ n,
compute the Birch and Swinnerton-Dyer product πE(t0)(m) defined by (4). The
Birch and Swinnerton-Dyer philosophy says that those t0 for which this value is
relatively large are good candidates for having “extra” rank, and one searches for
points on those curves. Hopefully one finds (several) new points, independent of the
r specialized points. Modifications of this program (and more and more computing
power) led to all the examples in Table 1 with rank at least 15.

We now describe a method for finding curves of large rank in a fixed family of
quadratic twists, in the spirit of Theorem 8.2.

Fix an elliptic curve E : y2 = f(x) over Q, and let Ed denote its quadratic twist
dy2 = f(x) for d ∈ Q×, as in §6. In [19] (see the proof of Theorem 8.2), Gouvêa
and Mazur count how many d’s occur as sf(f(t)) for some rational t. Instead, we
will count how often each d occurs.

Definition 9.1. If t ∈ Q, define the height of t

h(t) = max{log |u|, log |v|}

where t = u/v with relatively prime integers u, v.
For B > 0 let

M(d,B) = #{t ∈ Q : h(t) < B, sf(f(t)) = d}.

The next proposition follows easily from basic facts about heights on elliptic
curves (see for example the proposition in §2 of [80]).

Proposition 9.2. For every squarefree integer d,

lim
B→∞

M(d,B)
Brank(Ed)/2

exists and is positive.

In particular if rank(Ed) > rank(Ed′), then for all sufficiently large B we have
M(d,B) > M(d′, B).

This suggests a computational method for searching for curves Ed with large
rank:

• Let t run through all rational numbers with h(t) < B and make a table of the
values M(d,B).
• Pick out those d for which M(d,B) is large, and compute rank(Ed).

Rogers [61] implemented this method for the curve E : y2 = x3 − x and found the
large examples in Table 2: rank(E205015206) = 5, rank(E61471349610) = 6.

Proposition 9.2 also suggests a method for testing the entire family of curves
Ed at once for curves of large rank. Although the method works generally [64], to
illustrate it we restrict to the curve y2 = x3 − x.

Define

S(j, k) =
∑

x∈Q−{0,±1}
|sf(x3 − x)|−kh(x)−j .

If a, b, c, d ∈ Z+, let ωa,b,c,d ∈ Z2 be a shortest nonzero vector in the lattice

{(u, v) ∈ Z2 : a2 | u, b2 | v, c2 | (u + v), d2 | (u− v)}
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and define

Q(j, k) =
∞∑

a,b,c,d=1

′ (abcd)2k

‖ωa,b,c,d‖4kh(ωa,b,c,d)j

where the sum is over a, b, c, d such that, if ωa,b,c,d = (u, v), then u and v are
relatively prime and uv(u+ v)(u − v) 6= 0.

Theorem 9.3 ([64]). If j is a positive real number, then the following are equiva-
lent:

(i) rank(Ed) < 2j for every d ∈ Z+,
(ii) S(j, k) converges for some k ≥ 1,
(iii) S(j, k) converges for every k ≥ 1,
(iv) Q(j, k) converges for some k ≥ 1,
(v) Q(j, k) converges for every k ≥ 1.

Idea of proof. If x ∈ Q − {0,±1} and d = sf(x3 − x), then (x,±
√

(x3 − x)/d) ∈
Ed(Q). Using this we can rewrite

S(j, k) =
1
2

∑
d squarefree

|d|−k
∑

P∈Ed(Q)

h(x(P ))−j ,

where x(P ) denotes the x-coordinate of P . If rank(Ed) ≥ 2j for some d, then it
follows from Proposition 9.2 that the inner sum

∑
P∈Ed(Q) h(x(P ))−j diverges, so

S(j, k) diverges.
But if rank(Ed) < 2j for every d, then j > 1 (see Table 2), and one can show

that ∑
P∈Ed(Q)

h(x(P ))−j � log(|d|)−j ,

so S(j, k) converges. It follows that (i), (ii), and (iii) are equivalent.
Further, one can compare Q(j, k) and S(j, k) directly to show that

Q(j, k) converges ⇐⇒ S(j, k) converges

so (ii) is equivalent to (iv) and (iii) is equivalent to (v).

By Theorem 9.3, unboundedness of ranks in the family of quadratic twists of E
is equivalent to the divergence of S(j, k) (or Q(j, k)) for all j > 0 and k ≥ 1. Our
experimental evidence indicates that such divergence would be very slow.
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[21] F. J. Grunewald, R. Zimmert, Über einige rationale elliptische Kurven mit freiem Rang ≥ 8,
J. Reine Angew. Math. 296 (1977), 100–107. MR 57:6028

[22] H. Hasse, Beweis des Analogons der Riemannschen Vermutung für die Artinschen und F.
K. Schmidtschen Kongruenzzetafunktionen in gewissen eliptischen Fällen. Vorläufige Mit-
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