BULLETIN (New Series) OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 43, Number 2, Pages 207–226
S 0273-0979(06)01094-9
Article electronically published on February 15, 2006

LOCAL ALGEBRAS OF A DIFFERENTIAL QUASIGROUP
MAKS A. AKIVIS AND VLADISLAV V. GOLDBERG

Abstract. The authors provide a summary of results in the theory of differential quasigroups and their local algebras and indicate the relationship of
these results to recent work on this subject.

0. Introduction
A concept close to the notion of a quasigroup appeared ﬁrst in combinatorics,
when near the end of the eighteenth century (in 1779 and 1782) Euler published
two papers [20] and [21] on pairs of mutually orthogonal Latin squares. Euler’s
quasigroup operation was considered on a discrete set. The notion of quasigroup
was introduced by Suschkewitsch [55]. The term “quasigroup” was ﬁrst used by
Moufang [34], who considered certain quasigroups with a unit. (Later on such
quasigroups were named loops.) The ﬁrst publication on diﬀerentiable (and even
analytic) quasigroups is the Mal’cev paper [31].
Diﬀerentiable quasigroups are a subject of study in both algebra and diﬀerential
geometry. In geometry, the theory of diﬀerentiable quasigroups is connected with
the theory of multidimensional three-webs, and in algebra, it is connected with the
theory of Lie groups.
From the latter point of view, quasigroups were ﬁrst considered in a paper of
Mal’cev [31]. Sometime later, in [1], Akivis found a canonical decomposition for
analytic loops similar to the Campbell–Hausdorﬀ decomposition for Lie groups. In
[4], Akivis constructed local algebras of multidimensional three-webs which are also
local algebras of diﬀerentiable quasigroups associated with those webs. Hofmann
and Strambach (see, for example, [25], [26]) named these algebras Akivis algebras.
The diﬀerentiable quasigroups diﬀer from the Lie groups only by the fact that
multiplication in quasigroups is not associative. As a result, in addition to the
operation of commutation, local algebras of diﬀerentiable quasigroups have an additional ternary operation, namely the operation of association, which is connected
with commutation by the so-called generalized Jacobi identity. This new operation
is deﬁned in a third-order neighborhood of a diﬀerentiable quasigroup.
It is well-known that every Lie algebra is isomorphic to a subalgebra of commutators of a certain associative algebra. A similar theorem was recently proven by
Shestakov (see [50], [51] and [52]). He proved that an arbitrary Akivis algebra can
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be isomorphically embedded into the algebra of commutators and associators of a
certain nonassociative algebra. This solves a problem posed by Akivis [4].
The Lie groups compose a special class of diﬀerentiable quasigroups. Other
special classes of diﬀerentiable quasigroups are Moufang quasigroups, Bol quasigroups and monoassociative quasigroups. In these classes, weakened associativity
conditions are satisﬁed. In local algebras (they are called Mal’cev’s algebras, Bol’s
algebras and monoassociative algebras, respectively) of such quasigroups, some additional identities hold.
A quasigroup Q on a manifold M = Q × Q determines a three-web W whose
foliations are given by the equations x = a, y = b and x · y = c, where a, b, c are
ﬁxed points on Q and “·” denotes the operation of multiplication in the quasigroup
Q. If the quasigroup Q is an abelian Lie group, then the corresponding three-web
W is parallelizable, the Thomsen closure condition (T ) holds on W (see Figure 3),1
and all its local algebras are trivial Lie algebras. If the quasigroup Q is a Lie group,
then on the corresponding three-web W the Reidemeister closure condition (R)
(see Figure 4) holds, and all its local algebras are Lie algebras. If the quasigroup
Q is a Moufang quasigroup, then on the corresponding three-web W all three Bol
closure conditions hold (see Figures 5 and 6), and all its local algebras are Mal’cev’s
algebras. If the quasigroup Q is a Bol quasigroup, then on the corresponding threeweb W one of three Bol closure conditions holds, and all its local algebras are Bol’s
algebras. Finally, if the quasigroup Q is monoassociative, then on the corresponding
three-web W the hexagonality closure condition holds, and all its local algebras are
monoassociative (see Figure 7).
Three-webs were studied in detail in the work of the participants of the Hamburg mathematical seminar of Blaschke in the 1930s. In most of this work, twodimensional webs were the object of study (see [15]). Three-webs of multidimensional manifolds were studied only in two papers, [16] and [18].
After World War II the investigations initiated in [16] and [18] were developed
further by Akivis (see, for example, [12], [8] and [9], where one can ﬁnd further references). It should be noted that the algebraic theory of quasigroups was intensively
developed by Belousov’s school in Kishinev (on algebraic theory of quasigroups; see
[13] and [17]).
In [4], local algebras of multidimensional three-webs were deﬁned and investigated. These local algebras are also local algebras of diﬀerentiable quasigroups
connected with three-webs.
In the theory of Lie groups, the third converse Lie theorem is of great importance.
This theorem states that a Lie algebra determines a local Lie group in a unique way.
In general, for diﬀerentiable quasigroups, an Akivis algebra does not determine a
local quasigroup uniquely. But the uniqueness takes place for Moufang’s and Bol’s
quasigroups. For them, Mal’cev’s and Bol’s algebras (which are particular cases of
Akivis algebras) determine local Moufang’s and Bol’s quasigroups in a unique way.
As to monoassociative quasigroups, their local Akivis algebras do not determine
them uniquely. However, a prolonged Akivis algebra deﬁned in a fourth-order
diﬀerential neighborhood determines a monoassociative quasigroup uniquely. Note
that besides the operations of commutation and association, a prolonged Akivis
algebra has two quaternary operations called the quaternators.
1 Here

and below in this paragraph we refer to the ﬁgures in Section 6.
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In the current paper, we provide a summary of results in the theory of diﬀerential quasigroups and their local algebras and indicate the relation of these results
to some recent work on this subject (see [50], [51], [52], [53], [54]). In particular, we
consider commutators and associators of local loops, local algebras of diﬀerentiable
quasigroups, prolonged local algebras, the generalization of the third Lie theorem,
closed G-structures deﬁned by diﬀerentiable quasigroups, Shestakov’s theorem on
linear representations of Akivis’ algebras and diﬀerentiable quasigroups on Grassmannians.
In this paper we introduce the notions of quasicommutator and quasiassociator
of a local loop and consider the prolonged local algebras, which was not done in
previous publications on this subject. For the quasigroups related to the classical
closure conditions (Thomsen, Reidemeister, Moufang, Bol, hexagonal) for the corresponding three-webs, these algebras deﬁne closed G-structures. As examples, we
consider the quasigroups deﬁned on the Grassmannian G(1, n + 1). We also discuss
the generalized third converse Lie theorem for the Moufang, Bol and monoassociative loops.
The theory of diﬀerentiable quasigroups has numerous applications to diﬀerent
branches of mathematics and physics. In the current paper we consider only its
application to classical algebraic geometry (see Section 8). The application of differentiable quasigroups to the theory of symmetric spaces is considered in the book
[29] (see also the recently published book [36]) as well as in the series of papers of
Sabinin and Mikheev (see, for example, [42], [43], [44], [45], [46], [47]); see also [41],
Ch. 0 and 10). Kikkawa [27] introduced the notion of geodesic loops in a space
with an aﬃne connection. Such loops were studied in detail in [39] and [5]. The
geodesic loops are connected with the problem of addition of velocities in the theory
of relativity. This problem was ﬁrst posed and considered by Einstein [19]. Consequently this problem was considered in numerous works of mathematicians and
physicists, in particular, in recently published monographs [23] and [56]. Note also
that in Chapter 6 of the book [30], the authors discuss applications of Moufang’s
loops and Mal’cev’s algebras in physics.
On the connection of Bol’s and Moufang’s webs with non-Euclidean geometry, see
[6]. Note that the loop theory is also connected with the theory of homogeneous
spaces. This connection was investigated in a series of papers by Sabinin. The
results of these papers are presented in the paper [40].
1. Quasigroups and loops
Let Q be a connected and simply connected diﬀerentiable manifold of dimension
r. Suppose that a binary diﬀerentiable operation
z = q(x, y),
which is left invertible and right invertible, is deﬁned on Q. Such a manifold Q(q)
is said to be a diﬀerentiable quasigroup. The inverse operations in Q(q) are denoted
by −1 q and q −1 :
x = −1 q(z, y), y = q −1 (x, z).
They are also diﬀerentiable.2
2 All constructions in this paper are of local nature. A local quasigroup is a diﬀerentiable
manifold Q on which multiplication is deﬁned not for any two arbitrary points, but if it is deﬁned
for two points a and b, then it is also deﬁned for two points x and y from suﬃciently small
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A loop is a quasigroup possessing a unit e, i.e., an element e ∈ Q such that
q(e, y) = y, q(x, e) = x.
A loop diﬀers from a group by the fact that in it the associativity condition
(x · y) · z = x · (y · z),
where x · y = q(x, y), does not necessarily hold.
A quasigroup Q allows us to deﬁne a three-web W on the manifold M = Q × Q.
Three foliations on M are deﬁned by the equations
x = const., y = const., z = q(x, y) = const.
If dim Q = r, then dim M = 2r.
Conversely, a three-web W given on a diﬀerentiable manifold M of dimension
2r deﬁnes on M a binary operation z = q(x, y), which is invertible with respect to
the variables x and y; i.e., a three-web deﬁnes a diﬀerentiable quasigroup Q.
2. Local loops
Let Q be a diﬀerentiable quasigroup, let W be a three-web deﬁned by Q on the
manifold M = Q × Q, and let A(a, b) be a point on M . In a neighborhood of the
point A, we deﬁne the operation
(1)

z = u ◦ v = q[−1 q(u, b), q −1 (a, v)].

It follows from (1) that the point e = q(a, b) is the unit of the quasigroup Q(◦)
because u ◦ e = u and e ◦ v = v. Thus the operation “◦” generates a loop with the
unit e on the manifold Q. We denote this loop by lA and call it the local loop of the
quasigroup Q. The loop lA is also a local loop of the three-web W deﬁned on the
manifold M = Q × Q (see [4]). In (1) and in what follows, we denote by the “◦”
the new operation in the quasigroup Q deﬁned in a neighborhood of the point A by
formula (1). We shall continue to use the notation “·” for multiplication performed
not only in local loops lA but also in the entire quasigroup Q.
A three-web W on a manifold M = Q × Q allows us to give a geometric interpretation to the operation of multiplication in the loop lA . Namely, let A ∈ M , and let
Qu and Qv respectively be two leaves of the ﬁrst and second foliations of the web
W passing through A. The leaves of the third foliation of W establish the 1-to-1
correspondence between the leaves Qu and Qv in a neighborhood of the point A.
Next, let u ∈ Qu and v ∈ Qv be two points on the leaves Qu and Qv , and let
Fu and Fv be the leaves of the ﬁrst and second foliations of W passing through
the points u and v, respectively (see Figure 1). The leaf w = const. of the third
foliation of W passing through the common point Fu ∩ Fv of the leaves Fu and Fv
deﬁnes a point w on the leaf Qu , and this point w corresponds to the product u ◦ v
in the loop lA : w = u ◦ v.
neighborhoods Ua and Ub of the points a and b. Moreover, the point z = q(x, y) ∈ Uc , where
c = a · b. The inverse operations q −1 and −1 q possess the same properties. An example of a local
quasigroup is the quasigroup deﬁned by a triple of hypersurfaces in the projective space Pr+1 (see
Section 8).
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Figure 1.
In a neighborhood of a point A(a, b) ∈ M , we deﬁne diﬀerentiable coordinates
ui , v j , i, j = 1, . . . , r, such that at point A we have ui = 0, v j = 0. Then we have
(2)

z i = li (uj , v k ), i, j, k = 1, . . . , r,

(3)

li (0, v k ) = v k , li (uj , 0) = uj ,

where the li are functions deﬁning the operation “◦” in the loop lA .
We decompose the right-hand side of equations (2) by means of Taylor’s formula.
Then by (3) we ﬁnd that
1 i j k l
i
u u v + rjkl
uj v k v l ) + o(ρ3 ),
(4)
z i = ui + v i + pijk uj v k + (qjkl
2
i
i
i
i
= qkjl
, rjkl
= rjlk
.
where ρ = max(|ui |, |v j |) and qjkl
3. Commutators and associators of local loops
Next, we consider the expressions
a = u ◦ v − v ◦ u,
b = (u ◦ v) ◦ w − u ◦ (v ◦ w),
where u, v, w ∈ lA . These expressions themselves do not belong to the loop lA
because they are deﬁned by means of the operation of subtraction, which is not
deﬁned in a loop. We shall say that these expressions deﬁne the quasicommutator
and the quasiassociator of the loop lA , respectively.
The coordinates of the quantities a and b are expressed in terms of the coeﬃcients
of the decomposition (4) as follows:
ai = aijk uj v k ,
bi = bijkl uj v k wl ,
where
(5)

aijk = pijk − pikj ,
i
i
i
i
m
bijkl = qjkl
− rjkl
+ pm
jk pml − pjm pkl .

In a neighborhood of the point A ∈ M , the coordinates z i , uj , v k , wl admit transformations preserving relations (3). Under these transformations, the coeﬃcients
of decompositions (4) are not transformed according to the tensor law. However,
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the quantities aijk and bijkl , which are expressed in terms of the coeﬃcients of (4),
are tensors. It follows from (5) that these tensors satisfy the relations
i
ai(jk) = 0, bi[jkl] = 2am
[jk a|m|l] .

(6)

In order to establish the algebraic meaning of the tensors (5), on the loop lA we
consider the left and right commutators
al = −1 (v ◦ u) · (u ◦ v), ar = (u ◦ v) ◦ (v ◦ u)−1

(7)

and also the left and right associators
(8)

bl = −1 [u ◦ (v ◦ w)] ◦ [(u ◦ v) ◦ w], br = [(u ◦ v) · w] ◦ [u ◦ (v ◦ w)]−1 .

Using (4), one can prove the following theorem:
Theorem 1. The principal parts of the commutators and associators of the loop
lA coincide with the quasicommutator a and the quasiassociator b of this loop, i.e.,
with the expressions
aijk uj v k and bijkl uj v k wl .
4. Local algebras of differentiable quasigroups
We now consider the tangent space Te to the loop lA at its unit e. Let u(t), v(t)
and w(t) be three smooth curves on the loop lA passing through the point e. We
assume that u(0) = v(0) = w(0) = e. Denote the tangent vectors to these three
lines at the point e by ξ, η and ζ (see Figure 2):
(9)

ξ = lim

t→0

u(t)
v(t)
w(t)
, η = lim
, ζ = lim
.
t→0 t
t→0 t
t

Suppose that
αl (t2 ) = −1 (v(t) ◦ u(t)) ◦ (u(t) ◦ v(t)),
αr (t2 ) = (u(t) ◦ v(t)) ◦ (v(t) ◦ u(t))−1
are the left and right commutators of the curves u(t) and v(t), and
βl (t3 ) = −1 (u(t) ◦ (v(t) ◦ w(t))) ◦ ((u(t) ◦ v(t)) ◦ w(t)),
βr (t3 ) = ((u(t) ◦ v(t)) ◦ w(t)) ◦ (u(t) ◦ (v(t) ◦ w(t)))−1

Figure 2.
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are the left and right associators of the curves u(t), v(t) and w(t). These four curves
also pass through the point e.
Theorem 2. The tangent vectors to the curves αl (t2 ) and αr (t2 ) at the point e
coincide, and their coordinates αi are expressed in terms of the coordinates of the
vectors ξ and η as follows:
αi = aijk ξ j η k .
Similarly, the tangent vectors to the curves βl (t3 ) and βr (t3 ) at the point e coincide,
and their coordinates β i are expressed in terms of the coordinates of the vectors ξ, η
and ζ as follows:
β i = bijkl ξ j η k ζ l .
The proof of Theorem 2 is based on the application of Taylor’s formula (4) for
the decompositions of the product u ◦ v as well as of −1 u and u−1 in a neighborhood
of the point e.
The vectors α = {αi } and β = {β i } as well as the vectors ξ, η and ζ belong to
the subspace Te (lA ) tangent to the loop lA at its unit e and deﬁne in this subspace
the operations of commutation and association. These two operations are denoted
as follows:
α = [ξ, η], β = (ξ, η, ζ).
They satisfy the relations
(10)

[ξ, η] = −[η, ξ],

and
(11)

(ξ, η, ζ) + (η, ζ, ξ) + (ζ, ξ, η) − (η, ξ, ζ) − (ζ, η, ξ) − (ξ, ζ, η)
= [[ξ, η], ζ] + [[η, ζ], ξ] + [[ζ, ξ], η],

which follow from (6). The right-hand side of (11) is the Jacobian of the vectors
ξ, η and ζ. This is the reason that relation (11) is called the generalized Jacobi
identity (see [12], Section 2.4 or [8], Section 2.4). The term “generalized” is used
here since in the case when a loop Q is a Lie group (i.e., when associativity holds),
the identity (11) becomes the Jacobi identity.
Deﬁnition 3. The tangent space Te (lA ) in which the operations [ξ, η] of commutation and (ξ, η, ζ) of association related by (10) and (11) are deﬁned is called the
local algebra of the quasigroup Q.
Hofmann and Strambach in [26] considered abstract binary–ternary algebras
with operations of commutation and association satisfying relations (10) and (11).
Such algebras are called Akivis algebras. Note that the term “Akivis algebra” was
introduced by Hofmann and Strambach (see [25] and [26]). They also used the
name Akivis identity for the generalized Jacobi identity. Note that in [10] Akivis
and Shelekhov used the term “triple system” for the Akivis algebra. In [4], Akivis
used the term “local W -algebra” for the triple system connected with a three-web.
Note also that some particular cases of Akivis algebras were considered by Yamaguti
(see [57] and [58]) when he studied symmetric spaces.
Thus, the following theorem is valid.
Theorem 4. The local algebras of a diﬀerentiable quasigroup are Akivis algebras.
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This theorem is the generalized direct third Lie theorem for diﬀerentiable quasigroups.
However, in general, the third converse Lie theorem is not always true for local
diﬀerentiable quasigroups, because a local quasigroup is not always uniquely determined by its Akivis algebra (see, for example, [25] or [26], pp. 240–241). In what
follows, we shall consider some quasigroups for which the third converse Lie theorem
is valid as well as a construction generalizing the third converse Lie theorem.
5. Prolonged local algebras
In Taylor’s formula (4), considered earlier, we restricted ourselves to terms of at
most the third order. However, if a quasigroup is of class C p , p > 3, or of class C ∞
or C ω , then we can prolong formula (4) up to some deﬁnite order p or even up to
∞. The coeﬃcients of such a prolonged decomposition are the partial derivatives
of the function l(u, v) satisfying relations (3). Because now
u = (u1 , . . . , un ), v = (v 1 , . . . , v n ), z = (z 1 , . . . , z n ),
condition (3) takes the form
l(0, v) = v, l(u, 0) = u.
As a result, the ﬁrst three terms of this decomposition coincide with the corresponding terms of decomposition (4), and the remaining terms have the form
(12)

i

i

i

z =u +v +

pijk uj v k

∞

1 i j k l
i
j k l
+ (qjkl u u v + rjkl u v v ) +
Psi (uj , v k ),
2
s=4

where the polynomials Psi are homogeneous of degree s with respect to the variables
uj and v k . These polynomials can be represented in the form
Psi (uj , v k )

=

s−1


i
Ps,q
(uj , v k ),

q=1
i
where the polynomials Ps,q
(uj , v k ) are of degree q in the variables uj and of degree
k
i
s − q in the variables v . The above sum does not have the polynomials Ps,0
and
i
Ps,s , because by (3) they vanish.
i
(uj , v k ) are the partial derivatives of the
The coeﬃcients of the polynomials Ps,q
i
functions l (u, v) with respect to the variables uj and v k , and this is the reason that
these coeﬃcients are not tensors. But by means of the transformation of variables

u
i = ϕi (uj ), vi = ψ i (v j ), zi = κi (z j ),
i
the polynomials Ps,q
(uj , v k ) can be reduced to the form
s−1  
1  s i
i
uj1 . . . ujq v kq+1 . . . , v ks ,
(13)
Ps,q =
a
s! q=1 q j1 ...jq kq+1 ...ks

whose coeﬃcients satisfy the additional condition
(14)

ai(j1 ...jq kq+1 ...ks ) = 0

(see [1]). After this reduction, the coeﬃcients aij1 ...jq kq+1 ...ks become tensors. In the
tangent space Te (lA ) to the loop lA , each of these tensors deﬁnes an s-ary operation
(15)

θqi = aij1 ...jq kq+1 ...ks ξ j1 . . . ξ jq η kq+1 . . . η ks , q = 1, . . . , s − 1,
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where ξ j , η k and θqi are the coordinates of the vectors ξ, η, θq ∈ Te (lA ), respectively.
Deﬁnition 5. The space Te (lA ), in which besides the operations [ξ, η] of commutation and (ξ, η, ζ) of association, the s-ary operation (15) is also deﬁned, with s ≥ 4,
is called a prolonged local algebra of the quasigroup Q of order s.
We denote such a prolonged local algebra by L(s) (Q). In [47] algebraic structures
similar to L(s) (Q) were called hyperalgebras.
In addition to the relations implied by (14), the operations in the algebra L(s) (Q)
can satisfy a series of conditions implied by the properties of the quasigroup Q
with which this algebra is connected. Characterization of such conditions is rather
complex. To date, such a characterization has been carried out only for a few types
of quasigroup Q. In what follows, we consider some such quasigroups.
In [9] (see also [8]), the authors of the current paper posed the problem of generalizing the Campbell-Hausdorﬀ formula (which is valid for Lie groups and Moufang
loops) to Bol loops. G. P. Nagy [35] gave a partial solution to this problem. He
constructed the Campbell-Hausdorﬀ formula for local analytic Bruck loops which
diﬀer from Bol loops by the fact that for Bruck loops in addition to the Bol identity
(see Example 4 in Section 6) the automorphic invertibility property
(x · y)−1 = x−1 · y −1
holds.
6. Closed G-structures defined by differentiable quasigroups
Deﬁnition 6. A G-structure on a smooth manifold M is said to be closed if it is
completely deﬁned by a ﬁnite number of structure constants.
For example, a Lie group Gr is deﬁned by its structure constants cijk , cikj = −cijk ,
satisfying the Jacobi identities. The number of these constants is n < 12 r 2 (r − 1).
Another example is the G-structure deﬁned by a homogeneous space G/H, where
G is the group of motions of the space and H is its stationary subgroup. This Gstructure is also closed because it depends on a ﬁnite number n of constants which
can be expressed as the ratio of the number n1 of structure constants of G and the
number n2 of structure constants of H.
The notion of a closed G-structure was introduced in 1975 in [3].
It is well-known that a Lie algebra L(G) uniquely deﬁnes the local Lie group G
associated with L(G)—this is the third converse Lie theorem. However, in general,
the local algebras L(Q) of a diﬀerentiable quasigroup Q do not enjoy this property.
A local Akivis algebra or its prolonged algebra uniquely deﬁnes a diﬀerentiable
quasigroup Q only if the G-structure related to Q is closed. This may not happen
for a local algebra L(Q), but will be true for some prolonged algebra L(s) (Q). In the
latter case this prolonged algebra L(s) (Q) uniquely deﬁnes a local quasigroup Q.
We consider further some special quasigroups and the local algebras associated
with them.
1. Commutative Lie groups. For these, we have the conditions
u ◦ v = v ◦ u, (u ◦ v) ◦ w = u ◦ (v ◦ w),
which are satisﬁed in every local loop lA . In this case, formula (4) takes the form
z = u + v. Thus, the commutators and the associators of local algebras vanish, and
the local algebras become trivial.
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Figure 3.
Three-webs deﬁned by such quasigroups are parallelizable, and the Thomsen
closure condition (T ) (see Figure 3) holds on them (see [15], [12], [8], [24]).
2. Lie groups. For these, in each local loop lA , we have
(16)

(u ◦ v) ◦ w = u ◦ (v ◦ w).

Thus, the associators (ξ, η, ζ) of the local algebras vanish. As a result,
(17)

J(ξ, η, ζ) = 0,

and the local algebras become Lie algebras. Condition (17) shows that the Gstructure determined by a Lie group is a closed G-structure of second order, because
the structure constants of a Lie group are completely determined by a second-order
neighborhood of its unit. Note that after specialization (14) formula (12) becomes
the classical Campbell–Hausdorﬀ formula.
Three-webs deﬁned by Lie groups are called group three-webs, and the Reidemeister closure condition (R) (see Figure 4) holds on them (see [15], [12], [8], [24]).

Figure 4.
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3. Moufang quasigroups. A Moufang quasigroup is a quasigroup for each local
loop of which the condition
(u · v) · (w · u) = u · ((v · w) · u)
holds (see [37], p. 89). This relation is called the Moufang identity.
It follows that the associators (ξ, η, ζ) of the local algebras of Moufang quasigroups are skew-symmetric and expressed by means of the commutators as follows:
1
(ξ, η, ζ) = J(ξ, η, ζ).
6
Thus, the G-structure determined by a Moufang quasigroup is a closed G-structure
of second order.
Local algebras of Moufang quasigroups have only one independent operation,
commutation. Such algebras are called Mal’cev algebras.
As was proven in [48], this operation of commutation satisﬁes the identity
(18)

[ξ, [ζ, [η, θ]]] + [η, [θ, [ξ, ζ]]] + [ζ, [η, [θ, ξ]]] + [θ, [ξ, [ζ, η]]] = [[ξ, η], [ζ, θ]],

which is called the Sagle identity.
If we set θ = ξ in equation (18), then (18) becomes
[[ξ, η], [ξ, ζ]] = [[[ξ, η], ζ], ξ] + [[[η, ζ], ξ], ξ] + [[[ζ, ξ], ξ], η].
The last equation characterizes the Mal’cev algebra (see [31] and [28]).
4. Bol quasigroups. A Bol quasigroup is a quasigroup for each local loop of
which one of the two conditions
(u · (w · u)) · v = u · (w · (u · v))
or
u · ((v · w) · v) = ((u · v) · w) · v
holds (see [37], p. 112). The above conditions are called the left Bol identity
and the right Bol identity, respectively, and are denoted by (Bl ) and (Br ). The
corresponding quasigroups are called the left and right Bol quasigroups. For them,
the same notations, (Bl ) and (Br ), are used.
For w = e, the left Bol identity takes the form
(19)

(u ◦ u) ◦ v = u ◦ (u ◦ v),

and the right Bol identity takes the form
(20)

u ◦ (v ◦ v) = (u ◦ v) ◦ v.

Note that up to notation, condition (19) is obtained from associativity condition
(16) by taking v = u in (16); similarly, condition (20) is obtained from (16) by
taking w = v in (16).
Conditions (19) and (20) are the weakened associativity conditions, called the
left and right alternativity conditions, respectively.
Besides the left and right Bol quasigroups, middle Bol quasigroups (Bm ) are
also considered. They are characterized by the fact that in their local loops the
condition
(21)

u ◦ (v\u) = (u/v) ◦ u

−1
holds, where “\” and “/” are the operations in the right inverse loop lA
and the
−1
left inverse loop lA , respectively (see [12]).
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Figure 5.

Figure 6.
For local loops of Moufang quasigroups, all three conditions (19), (20) and (21)
hold simultaneously. Moreover, any two of them imply the third.
The Bol ﬁgure (Bl ) (see Figure 5) is obtained from the Reidemeister ﬁgure (R)
if one identiﬁes the leaves u and v of the ﬁrst foliation (see Figure 4). Similarly,
the Bol ﬁgure (Br ) (see Figure 5) is obtained from the ﬁgure (R) if one identiﬁes
the leaves v and w of the second foliation. The Bol ﬁgure (Bm ) (see Figure 6) is
obtained from the ﬁgure (R) if one identiﬁes the leaves of the third foliation, i.e.,
for z ◦ v = v ◦ w, where z = u/v. As a result, conditions (19), (20) and (21) are
weakened versions of associativity condition (16).
Conditions (19), (20) and (21) show that in local algebras of Bol quasigroups
one of the following three conditions:
(22)

(ξ, ξ, η) = 0, (ξ, η, ξ) = 0, (ξ, η, η) = 0

holds, and the tensors bijkl satisfy one of the following three relations:
(23)

bi(jk)l = 0, bi(j|k|l) = 0, bij(kl) = 0.

The local algebras of the Bol quasigroups are called Bol algebras. Bol algebras
were studied in detail in [45] (see also [46] and [42]) and [22].
Bol algebras have two independent operations, commutation and association,
which are related by a series of algebraic conditions. For Bol quasigroups, the
operations in the prolonged algebra L (Q) = L(4) (Q) are expressed in terms of the
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operations of commutation and association. Hence the G-structures determined by
Bol quasigroups are closed G-structures of third order.
On three-webs deﬁned by Bol quasigroups, the closure conditions called the Bol
closure conditions (Bl ), (Br ) and (Bm ) (see Figures 5 and 6) hold (see [15], [12],
[8], [24]). The latter conditions were obtained by Bol as far back as 1936.
On the manifold M = Q × Q, Bol quasigroups deﬁne a structure of a symmetric
space. The relation between Bol loops and symmetric spaces was investigated in
[45], [22] and in the book [29] (see also the book [36]).
5. Monoassociative quasigroups. A quasigroup, all of whose local loops are
monoassociative, i.e., the identity
(24)

(u ◦ u) ◦ u = u ◦ (u ◦ u)

holds on them, is said to be monoassociative.
It follows that the associators of local algebras of monoassociative quasigroups
satisfy the condition
(ξ, ξ, ξ) = 0,
which is equivalent to the condition
bi(jkl) = 0.
The local algebra L(Q) of such a quasigroup does not deﬁne a closed G-structure
on Q. A closed G-structure on Q is deﬁned by the prolonged algebra L (Q) =
L(4) (Q) (see Section 5) deﬁned in a fourth-order neighborhood of the local loop
lA . Besides the operation of commutation and association, by means of (15) taken
for s = 4, the algebra L (Q) deﬁnes two more independent quaternary operations
called the left and right quaternators (see [11]). These operations are deﬁned by
the fourth-order terms of the Taylor decomposition (12) of the operation of multiplication in Q. All other operations deﬁned by the terms of (12) of order higher
than four are algebraically expressed by means of the commutators, associators and
quaternators of the algebra L (Q). Hence the G-structures determined by monoassociative quasigroups are closed G-structures of fourth order.
The two operations of quaternation are connected with the operations of commutation and association by a series of relations. These relations were investigated
by Shelekhov [49], Mikheev [32] and in [12] (Ch. 7) (see also [9], Section 8).
Three-webs deﬁned by monoassociative quasigroups are called hexagonal, and
the hexagonal closure condition (see Figure 7) holds on them (see [15], [12], [8],
[24]). Hexagonal three-webs on two-dimensional manifolds were studied by Blaschke
and his coworkers as far back as 1927 (see [14]). The history of web geometry
started from the study of hexagonal three-webs. It was proven in [14] that on twodimensional three-webs (i.e., in the case r = 1) the hexagonality condition implies
web parallelizability. This is not true on multidimensional three-webs, i.e., in the
case r > 1 (see [12]).
The quasigroups and their local algebras which we considered in this section
allow us to formulate the following generalized third converse Lie theorem.
Theorem 7. The local Akivis algebras L(Q) associated with Moufang and Bol
quasigroups determine these quasigroups in a unique way. The monoassociative
quasigroups are determined uniquely only by the prolonged Akivis algebras L (Q).
In fact, multiplication in a Moufang quasigroup is determined by decomposition
(12), all terms of which are expressed in terms of the commutators of the algebra
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Figure 7.

L(Q), connected by Sagle’s identity (18). Multiplication in a Bol quasigroup is
determined by the decomposition (12), all terms of which are expressed in terms of
the commutators and associators of the algebra L(Q) connected by the identities
obtained in [22] and [46]. The derivatives in a monoassociative quasigroup are
expressed in terms of the commutators, associators and quaternators of its local
algebra L (Q) connected by the certain identities (see above for references).
For Moufang quasigroups the generalized third converse Lie theorem was proven
by Kuz’min (see [28]), and for Bol loops this theorem was proven by Sabinin and
Mikheev [45] (see also [46], pp. 75–77, and [33], section XII.8).
As we noted in Section 4, in general, an Akivis algebra does not completely
determine the associated quasigroup.

7. Shestakov’s Theorem
Let B be an algebra with a binary multiplication which is not associative. In
B, we consider the commutators [x, y] = x · y − y · x and the associators (x, y, z) =
(x · y) · z − x · (y · z). One can easily check that these operations satisfy relations (10)
and (11). Hence the algebra Ak(B) deﬁned by these two operations is an Akivis
algebra. Akivis in [4] posed the following problem:
Problem. Is it true that an arbitrary Akivis algebra can be isomorphically embedded into the algebra Ak(B) of some noncommutative algebra B?
If an Akivis algebra admits such a representation, it is called linear. Hofmann
and Strambach in [26] formulated a weakened version of Akivis’ problem: is a free
Akivis algebra linear ?
In [50] and [51] (see also [52]), Shestakov gave a positive solution to these two
problems. In addition, in the joint papers [53] and [54], the authors considered primitive elements of nonassociative algebras and hyperalgebras introduced by Sabinin
and Mikheev in [47] (see also [33], section XII.7 and [41], Ch. 4) and formulated a
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problem similar to Akivis’ problem for hyperalgebras. However, there is no complete solution of this problem in [53] and [54]: the authors only outline a way to
solve the problem.
In [54], the authors noted that Lie algebras, Mal’cev algebras and Bol algebras
are hyperalgebras in the sense of [47] (see also [33], section XII.7).
The prolonged local algebras L(s) (Q) of diﬀerentiable quasigroups Q considered
in the current paper are also hyperalgebras in the sense of [47].
8. Differentiable quasigroups on Grassmannians
We now consider the real projective space Pr+1 of dimension r + 1 and the set of
all straight lines in this space. The latter set is the Grassmannian G(1, r + 1). Its
dimension is 2r: dim G(1, r+1) = 2r. The bundles S(x) of straight lines with centers
x ∈ Pr+1 are linear submanifolds in G(1, r + 1) of dimension r : dim S(x) = r.
A smooth hypersurface X ⊂ Pr+1 determines a foliation on the Grassmannian
G(1, r + 1). The leaves of this foliation are the bundles S(x) of straight lines with
centers at points x ∈ X.
We consider three smooth hypersurfaces Xα , α = 1, 2, 3, in the space Pr+1 which
are in general position. The set of straight lines in Pr+1 intersecting each of the
hypersurfaces Xα at a point form a domain M on the Grassmannian G(1, r + 1).
The hypersurfaces Xα deﬁne on M three foliations, each of which is formed by the
intersections of bundles of straight lines p with centers at points xα ∈ Xα with the
manifold M (see Figure 8).
Let α, β, γ be a permutation of the numbers 1, 2, 3. Then for each choice of points
xα ∈ Xα and xβ ∈ Xβ , the straight lines from M determine a point xγ ∈ Xγ . Thus
the straight lines from M deﬁne a mapping
fγ : Xα × Xβ → Xγ ,
which is a local diﬀerentiable quasigroup Q(G).
Using the moving frame method (see [2] and also [12], Section 3.3), one can prove
that the commutator and the associator of the quasigroup Q(G) have the following

Figure 8.
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forms:
[ξ, η] = a(ξ)η − a(η)ξ

(25)
and
(26)

(ξ, η, ζ) = h1 (η, ζ)ξ + h2 (ζ, ξ)η + h3 (ξ, η)ζ,

where the linear form a(ξ) is deﬁned by the mutual location of the tangent spaces
to the hypersurfaces Xα at the points xα belonging to the same straight line from
M , and the symmetric bilinear forms hα (ξ, η) are the second fundamental forms of
the hypersurfaces Xα at points xα ∈ Xα .
Deﬁnition 8. A quasigroup Q is called Grassmannizable if it is isomorphic to a
quasigroup Q(G) deﬁned by a triple of hypersurfaces Xα in the space Pr+1 .
Theorem 9. A quasigroup Q is Grassmannizable if and only if in all its local
algebras the operations of commutation and association are expressed by formulas
(25) and (26).
Every two-dimensional general position plane π of the space Pr+1 intersects the
hypersurfaces Xα along three curves Cα . The curves Cα deﬁne in the plane π a
three-web W (π) formed by three two-dimensional bundles of straight lines. The web
W (π) is dual to a rectilinear three-web W (π ∗ ) on the dual plane π ∗ (see Figures 9
and 10).
A three-web W carrying the maximal number of two-dimensional subwebs is
called transversally geodesic (see [12]). A Grassmannizable three-web possesses the
maximal number of two-dimensional subwebs. Hence a Grassmannizable three-web
is transversally geodesic.
Consider a few particular cases of Grassmannizable three-webs.
(i) Suppose that a Grassmannizable three-web is hexagonal. As we proved in
Section 6, on hexagonal webs the condition (ξ, ξ, ξ) = 0 holds. By (26), this
condition reduces to the form
h1 (ξ, ξ) + h2 (ξ, ξ) + h3 (ξ, ξ) = 0.
Because a symmetric bilinear form is completely determined by the corresponding quadratic form, the last condition is equivalent to the equation
(27)

h1 (ξ, η) + h2 (ξ, η) + h3 (ξ, η) = 0.

Figure 9.

Figure 10.
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Moreover, in this case all two-dimensional three-webs W (π) are hexagonal,
as well as their dual rectilinear three-webs W (π ∗ ). But by the Graf–Sauer
theorem (see [15]), such a web is formed by the tangents to a third class
curve. Therefore, the triple of curves Cα , on which the centers of the
bundles S(xα ) generating the three-web W (π) lie, belongs to one and the
same cubic curve. Hence the hypersurfaces Xα themselves belong to one
and the same cubic hypersurface U (3) of the space Pr+1 .
Because the converse statement is also true, we proved the following
theorem.
Theorem 10. A Grassmannizable quasigroup Q(G) is monoassociative,
and the three-web W (G) deﬁned by Q(G) is hexagonal, if and only if the
hypersurfaces Xα ⊂ Pr+1 , generating the quasigroup Q(G) and the threeweb W (Q), belong to one and the same cubic hypersurface U (3).
By Theorem 9, condition (27) is the condition of algebraizability of a
triple of hypersurfaces Xα ⊂ Pr+1 , α = 1, 2, 3. This result is a multidimensional generalization of the Reiss theorem proven in 1837 for a system of
curves in the plane (see [38]; see also [7], Sections 8.1 and 8.2, where one
can ﬁnd further references and the history of this theorem).
(ii) Suppose that the three-web W (G) is a Bol web and the corresponding
quasigroup Q(G) is a Bol quasigroup. Then on this web, one of conditions
(22) holds.
Consider, for example, the ﬁrst of conditions (22) corresponding to the
left Bol quasigroup (Bl ). The associator of such a quasigroup satisﬁes the
condition (ξ, ξ, η) = 0. Then relation (26) takes the form
(h1 (ξ, η) + h2 (ξ, η))ξ + h3 (ξ, η)η = 0.
Since the vectors ξ and η are linearly independent, it follows that
h1 (ξ, η) + h2 (ξ, η) = 0, h3 (ξ, η) = 0.
Thus, the cubic hypersurface U (3) ⊂ Pr+1 generating the three-web W (G)
in question decomposes into the hyperquadric U (2) and the hyperplane X3 .
(iii) Suppose that a Grassmannizable quasigroup Q(G) is a Lie group. Then all
three hypersurfaces Xα ⊂ Pr+1 generating Q(G) become hyperplanes. The
same is true when Q(G) is a Moufang quasigroup.
(iv) Finally, if a Grassmannizable quasigroup Q(G) is an abelian Lie group,
then the cubic hypersurface U (3) ⊂ Pr+1 generating Q(G) (and W (G))
decomposes into three hyperplanes of the same pencil.
The converses of (i)–(iv) are also true. In particular, it follows from this that
if the second fundamental forms hα (ξ, η) of the hypersurfaces Xα ⊂ Pr+1 at their
common points with the straight lines of Pr+1 satisfy condition (27), then the hypersurfaces Xα are parts of one and the same cubic hypersurface U (3) ⊂ Pr+1 .
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