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GEOMETRIC CYCLES, ARITHMETIC GROUPS

AND THEIR COHOMOLOGY

JOACHIM SCHWERMER

Abstract. It is the aim of this article to give a reasonably detailed account
of a specific bundle of geometric investigations and results pertaining to arith-
metic groups, the geometry of the corresponding locally symmetric space X/Γ
attached to a given arithmetic subgroup Γ ⊂ G of a reductive algebraic group
G and its cohomology groups H∗(X/Γ,C). We focus on constructing totally
geodesic cycles in X/Γ which originate with reductive subgroups H ⊂ G. In
many cases, it can be shown that these cycles, to be called geometric cy-
cles, yield non-vanishing (co)homology classes. Since the cohomology of an
arithmetic group Γ is strongly related to the automorphic spectrum of Γ, this
geometric construction of non-vanishing classes leads to results concerning, for
example, the existence of specific automorphic forms.
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Introduction

Prelude: a historical remark. An arithmetic group, roughly speaking, is a group
of matrices with integral entries defined by polynomial equations. For example, a
subgroup of finite index in the general linear group of n× n matrices with entries
in the ring of integers Ok of an algebraic number field k or, more generally, in
an order of a finite-dimensional division algebra over k, is an arithmetic group.
This notion includes the “familiar cases” of the special linear group SLn(Z) or the
group Spn(Z) of all symplectic transformations on the symplectic space Z2n with
its standard alternating form, and their subgroups of finite index. Among them
are the principal congruence subgroups Γ(q) = {γ ∈ SLn(Z) | γ ≡ 1 mod q}, q a
positive integer. The theory of arithmetic groups has its origins in number theory,
in particular, in the arithmetic of quadratic forms. The concept of reduction, as
developed by Gauss, Dirichlet, and Minkowski, among others, provided a powerful
way to select, from the infinitely many forms which are integrally equivalent to a
given form, one which is characterized in an intrinsic way by suitable conditions for
the entries. The suggestion made by Gauss in 1831 to interpret an integral quadratic
form as a lattice in space ultimately proved decisive in Minkowski’s approach to
the theory of quadratic forms. Minkowski unfolded a new form of reduction theory
by working with lattices as geometric objects.1 His investigations, in particular
his geometric point of view, served as substantial stimuli for Siegel’s studies of
quadratic forms and discontinuous groups in the context of classical groups.

Suite. The theory of arithmetic groups, as subsequently developed within the
realm of the theory of algebraic groups by Borel, Harder, Serre, and Raghunathan,
among others, still has a very distinctive geometric flavor. Each arithmetic group
acts on a homogeneous space which is defined by the ambient Lie group. Number
theory, group theory and geometry are interwoven in a most fruitful way. Moreover,
there are close connections with the theory of automorphic forms. It is the aim of
this article to give a reasonably detailed account of a specific bundle of geometric
investigations and results pertaining to arithmetic groups, the geometry of the cor-
responding locally symmetric space X/Γ attached to a given arithmetic subgroup

1The historically inclined reader might find some more details shedding light on this develop-
ment in [130] or [132].
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Γ ⊂ G of a reductive algebraic group G and its cohomology groups H∗(X/Γ,C).2

We focus on constructing totally geodesic cycles in X/Γ which originate with re-
ductive subgroups H ⊂ G. In many cases, it can be shown that these cycles, to be
called geometric cycles, yield non-vanishing (co)homology classes. Since the coho-
mology of an arithmetic group Γ is strongly related to the theory of automorphic
forms with respect to Γ this geometric construction of non-vanishing classes leads
to results concerning, for example, the existence of specific automorphic forms.

More precisely, let G be a connected semi-simple algebraic Q-group,3 and X =
XG the corresponding symmetric space of maximal compact subgroups of the group
G(R) of real points ofG. A torsion-free arithmetic subgroup Γ ⊂ G(Q) acts properly
and freely on X, and the quotient space X/Γ is a complete Riemannian manifold
of finite volume. Let H be a reductive Q-subgroup of G, let KH be a maximal
compact subgroup of the real Lie group H(R), and let XH = KH\H(R). If x0 ∈ X
is fixed under the natural action of KH ⊂ G(R) on X, then the assignment h �→ x0h
defines a closed embedding

XH = KH\H(R) −→ X;

that is, the orbit map identifies XH with a totally geodesic submanifold of X. We
will focus on the following points:

• First, by replacing Γ with a subgroup of finite index, it is possible to guar-
antee that the embedding XH −→ X passes to an embedding (see Section
6.5)

jH|Γ : XH/ΓH −→ X/Γ

[with ΓH = Γ ∩ H(Q)] whose image jH|Γ(XH/ΓH) is a totally geodesic
submanifold, to be called a geometric cycle in X/Γ.

• Second, up to a subgroup of finite index in Γ, we may suppose that the
manifolds X/Γ and (every connected component of) XH/ΓH are orientable.

• Third, we are interested in cases where
- a geometric cycle Y is orientable and
- its fundamental class is not homologous to zero in X/Γ, in singular
homology or homology with closed supports, as necessary.

The usual way to go about the second question is to construct an ori-
entable submanifold Y ′ of complementary dimension such that the intersec-
tion product (so defined) of its fundamental class with that of Y is non-zero.
In doing so, if X/Γ is non-compact, we have to assume that at least one of
the cycles Y, Y ′ is compact, while the other one need not be. In order to
find a non-zero intersection product, if at all possible, it is often necessary
to replace the arithmetic group Γ by a suitable subgroup of finite index.

2These arithmetic quotients arise in many different areas of mathematics (topology, algebraic
geometry, differential geometry, arithmetic). Some arithmetic quotients are algebraic varieties;
some are not. Many of them are moduli spaces for familiar structures such as quadratic forms
or abelian varieties. Understanding the cohomology of these spaces is an essential first step in
understanding the spaces themselves. But the cohomology of arithmetic quotients is very subtle
and it is notoriously difficult to compute. In many cases the cohomology vanishes; in other
cases the rank of the cohomology may be very large. In this paper a wide range of techniques
for understanding the cohomology of arithmetic quotients is provided, along with many specific
successful computations.

3This terminology refers to an algebraic group, such as SLn, that can be defined, as a subset
of the groups of all n×n matrices, as the zeroes of a collection of polynomials with coefficients in
the algebraic number field Q. For SLn it is the single degree n polynomial, det(A)− 1.
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The exposition: overview and principal results. The current exposition
breaks fairly naturally into several parts which increase in their level of sophis-
tication and technical understanding.

A menagerie of examples. The first three sections comprise Part I and introduce
this circle of questions and ideas. Groups of units of algebraic number fields serve
as our first example. We view these groups as discrete subgroups Γ in an ambient
Lie group GR and we will explain how Dirichlet’s unit theorem implies that the
quotient GR/Γ is compact. Then we proceed with a detailed study of various fam-
ilies of arithmetically defined hyperbolic n-manifolds, that is, arithmetic quotients
attached to hyperbolic n-space. We start off with a treatment of arithmetically
defined Kleinian groups, that is, the case n = 3. In Theorem A [Section 2.4] we
indicate how the theory of geometric cycles has been used to prove a fundamental
conjecture of Waldhausen for arithmetically defined hyperbolic three-manifolds in
a specific case. In Theorem B [Section 3.3] and Theorem C [Section 3.4] we describe
results regarding the far-reaching generalization of Waldhausen’s conjecture to the
case of n dimensions: every arithmetically defined hyperbolic n-manifold M has a
finite covering N such that every Betti number of N is non-zero.

Mathematical prerequisites in the theory of algebraic and arithmetic groups have
been kept to a minimum in these sections, but the examples involve a certain
amount of algebraic number theory. These sections are not a prerequisite for later
parts of the paper, and they may be skipped by the reader who wishes to proceed
directly to the general case. However the examples in the menagerie involve the
fundamental construction of the group of units of a quadratic form, which may help
in gaining familiarity with the concepts pertaining to arithmetic groups and their
ambient algebraic groups.

Arithmetic groups and their cohomology. Part II gives a brief account of the under-
lying general notion of an arithmetic subgroup of an algebraic group G defined over
some algebraic number field k, discusses congruence groups and the concept of neat-
ness, and describes the arithmetic quotient X/Γ associated to an arithmetic group.
We present the fundamental result of Borel and Harish Chandra, to the effect that
X/Γ has finite volume if and only if G has no non-trivial rational character, and
it is compact if and only if , in addition, every rational unipotent element belongs
to the radical of G. In Section 5.2, we review this compactness criterion. If X/Γ
is of finite volume but not compact, the adjunction of corners provides a compact
manifold X/Γ so that the inclusion X/Γ −→ X/Γ is a homotopy equivalence. Next
we turn to various realizations of the cohomology of these arithmetic quotients.

Section 5.5 provides the link between topology and representation theory. It cul-
minates in the assertion that the deRham cohomology groups of X/Γ are related in
a natural way to relative Lie algebra cohomology groups. It is because of this result
that representation-theoretic methods can be used to describe the cohomology of
X/Γ. Later on this line of thought is extended in Section 13 where, following a
fundamental result of Franke, we interpret these cohomology groups in terms of the
theory of automorphic forms.

Geometric cycles. In Part III, Sections 6 and 9 are fundamental to the eventual
construction of non-bounding geometric cycles. We work through the three steps
in the general scheme outlined above. More precisely, let G denote a connected
semi-simple algebraic group defined over an algebraic number field k, Γ ⊂ G(k) an
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arithmetic subgroup. A given reductive k-subgroup H of G gives rise to a natural
map jH|Γ : XH/ΓH −→ X/Γ, where ΓH = Γ ∩H(k). The basic results, Theorems
D, E and F in Section 6, guarantee that this map (by passing to a finite covering
if necessary) is a proper, injective, closed embedding, and so that each connected
component of the image is an orientable, totally geodesic submanifold of X/Γ, to
be called a geometric cycle in X/Γ.

Several techniques may be used to prove that such a geometric cycle represents
a non-trivial homology class. One method is by showing that the cycle intersects
a second geometric cycle, of complementary dimension, in a single point with mul-
tiplicity ±1. Unfortunately, geometric cycles of complementary dimension usually
intersect in a more complicated set, possibly of dimension greater than zero. To
handle this situation, the theory of “excess intersections” is developed in Section 9;
in particular, we discuss a useful formula for the intersection number of a pair of
suitable geometric cycles. Under suitable conditions the intersection number of two
such cycles can be expressed as the sum of the Euler numbers of the excess bundles
corresponding to the connected components of the intersection, Theorem I [Section
9.2]. The resulting criterion for non-triviality appears as Theorem J [Section 9.3].

However, prior to that, we study the space I∗G of differential forms on X which
are invariant under the corresponding real Lie group. In Section 7, Theorem G, we
give the interpretation of the space I∗G as the cohomology of the compact dual Xu

of the symmetric space X. The space I∗G consists of closed (even harmonic) forms;
thus we get a homomorphism β∗

Γ : H∗(Xu,R) −→ H∗(X/Γ,R). In the case of a
compact arithmetic quotient, β∗

Γ is injective. The compact dual symmetric space
is a relatively simple object, so this gives a completely understandable subspace
of H∗(X/Γ,R). As an example, we describe the case of real rank one symmetric
spaces.

In specific cases, the approach via the cohomology of the compact dual symmetric
space can be used to detect non-vanishing (co)homology classes carried by geometric
cycles. Indeed, as explained in Section 8, given a geometric cycle XH/ΓH in a
compact quotient X/Γ, where X and XH are both of non-compact type, one can
use the homomorphism induced in cohomology by the embedding XH,u −→ Xu

of the compact dual symmetric spaces to derive a criterion which ensures that
the fundamental class oXH/ΓH

of the geometric cycle XH/ΓH is a non-trivial class
in H∗(X/Γ,R). As an application, in Theorem H [Section 8.3], we discuss the
case of arithmetic quotients attached to quaternionic hyperbolic n-space. However,
this approach does not lead to a construction of non-trivial classes for arithmetic
quotients of hyperbolic n-space.

Following the first approach, the general analysis of intersection numbers of
geometric cycles in Section 9 allows us to construct non-vanishing (co)homology
classes for the arithmetic quotients in question. In Section 10, we exhibit some
results regarding various families of compact arithmetic quotients attached to clas-
sical groups, whereas Section 11 is devoted to results concerning certain families
of arithmetically defined groups in exceptional groups over number fields. In the
former case, arithmetic quotients attached to arithmetically defined subgroups of
special orthogonal groups serve as examples, Theorem L [Section 10.2]. In the latter
case, we describe the construction of groups of type G2 and F4 as automorphism
groups of Cayley (or octonian) algebras and of Albert algebras, respectively. Then
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we discuss the geometric construction of non-vanishing homology classes for arith-
metic quotients associated to these groups. The main result is Theorem M [Section
11.1]. In all cases, by passing to a finite covering of the arithmetic quotient if nec-
essary, the geometric cycles represent “new” classes; that is, they do not come from
the compact dual symmetric space via the map β∗

Γ. This is a consequence of the
general result, given in Theorem K [Section 10.1], due to Millson and Raghunathan.

In Section 12, concluding Part III, our focus is on non-compact arithmetic quo-
tients (but of finite volume) attached to a reductive algebraic Q-group G which is
isotropic over Q. We discuss geometric cycles which originate with a Levi subgroup
L of a proper parabolic Q-subgroup P of G. By passing over to a suitable sub-
group of finite index the fundamental class of such a non-compact cycle detects a
non-trivial class in homology with closed supports, and, by duality, a non-trivial
cohomology class in H∗(X/Γ,R). The method of proof for this result, Theorem
N [Section 12.3], relies on analyzing the intersection of this cycle with a compact
cycle of complementary dimension attached to the unipotent radical N of P . These
non-compact cycles, usually called modular symbols, are natural generalizations of
the “classical” modular symbols. In general, the adjunction of corners X/Γ of the
non-compact locally symmetric space X/Γ provides a suitable framework to un-
derstand the geometric significance of both the modular symbols and the related
compact cycles. Thus, our treatment includes a review of the construction of the
compactification X/Γ of X/Γ.

Which portion of the cohomology H∗(X/Γ,R) is generated by modular symbols
or what their arithmetic meaning is, in particular, with regard to special values of
L-functions [54], are still open questions.

Towards automorphic forms. The main objective of Part IV is to demonstrate in
which way the geometric construction of (co)homology classes for arithmetically
defined subgroups Γ of a reductive k-group, k an algebraic number field, has some
important consequences for the existence of automorphic forms with specific prop-
erties. These will come up in the guise of the related automorphic representation
generated by all translates of a given automorphic form by elements of the group
G(R) of real points of G. In Section 15, we substantiate this close relation be-
tween geometry and automorphic theory by discussing some families of examples,
in particular, arithmetic quotients attached to symmetric spaces of real rank one
and Hermitian symmetric domains of type IV, respectively. The interpretation of
the cohomology groups of Γ in terms of relative Lie algebra cohomology, discussed
in Section 13, serves as the technical launching pad which makes this close connec-
tion possible. Moreover, as a prerequisite, we need the classification of irreducible
unitary representations of real reductive Lie groups with non-zero cohomology. In
Section 14, we briefly review this classification result [154] and derive some general
vanishing results for certain analytically defined subspaces in the cohomology of
arithmetic groups. We make this classification explicit in cases where the Lie group
is the exceptional split group of type G2 or a special orthogonal group of real rank
one.

Interlude: a historical comment. There are various origins for the general
scheme just outlined which differ in nature and methodological approach.

In 1970, Harder [52] studied the cohomology of arithmetic subgroups of the
special linear group SL2/k defined over some number field k and its relation with
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the theory of automorphic forms, in particular, the theory of Eisenstein series.
One of the methodological tools he introduced in his analysis [52, Section 3] was
the action of the Galois group Gal(k/Q) on the arithmetic quotients of interest.
Rohlfs [118] took up this idea in the general case and studied the corresponding
set of fixed points. Its connected components are geometric cycles in the sense
above. Results on the associated Lefschetz number of this action captured the
cohomological contribution of these geometric cycles. This approach also worked
in other cases of rational automorphisms of finite order on the underlying k-group
G ([120], [121], [84], [123]).

Another origin lies in the work of Millson [99] and Millson-Raghunathan [102].
Millson’s result on the non-vanishing of the first Betti number of certain arithmeti-
cally defined compact hyperbolic n-manifolds hinges upon an explicit construction
of an oriented, totally geodesic submanifold of codimension one. In the second
paper, the authors construct non-bounding special cycles for the case of groups of
units of certain quadratic or Hermitian forms which do not represent zero over their
field of definition. This amounts to a geometric construction of cohomology classes
for certain compact arithmetic quotients. Their approach differs from the scheme in
so far as their object of concern is a classical real Lie group, say SO(p, q), SU(p, q)
or Sp(p, q), without specifying an underlying rational structure. Then, in order to
match the various conditions as, for example, orientability, they do a case-by-case
construction of suitable discrete subgroups with compact quotients. This work is
now superseded by the general results in [122] where, as one aspect in the study
of geometric cycles and corresponding intersection numbers, the systematic use of
non-abelian Galois cohomology serves as a suitable general framework to analyze
the connected components of the intersection of special cycles and the questions of
orientability involved.

Beyond this exposition. In view of the richness of the interplay between geom-
etry and automorphic theory and the various results which are beyond the scope
of this survey, the account we give can only be very selective in its choices and
can only touch upon the most salient features of this interaction. In particular,
the global approach in the theory of automorphic forms via representations of the
group G over the adèles of k, the related interpretation of the arithmetic quotients
and the arithmetic involved will not be discussed. This manuscript will focus on
the geometric rather than the representation-theoretical aspects of the construc-
tion of non-vanishing cohomology classes for arithmetic groups. However, we refer
to [37], [90], [91], [131] for some recent results regarding the cohomology of arith-
metic groups and their interpretation in terms of automorphic forms. These involve
Eisenstein series, residues of such as well as cuspidal automorphic representations.

Appendices. As additional aids for various classes of readers we include a series of
appendices, filling in background material. Among them one finds short expository
accounts of central simple algebras over algebraic number fields, Weil’s restriction
of scalars, groups of units of quadratic forms, Lie algebra cohomology, and cohomol-
ogy. The latter one includes products in cohomology and cohomology of manifolds,
in particular, fundamental classes.

I thank James Cogdell, Fritz Grunewald and the referee for their careful reading
of this manuscript. They made numerous insightful criticisms which, as I believe,
enabled me to improve the exposition.
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Notation

(1) Let F be an arbitrary finite extension of the field Q, and denote by OF

its ring of integers. The set of places will be denoted by V , while V∞ (resp. Vf )
will refer to the set of Archimedean (resp. non-Archimedean) places of F . The
completion of F at a place v ∈ V is denoted by Fv, and its ring of integers by
Ov(v ∈ Vf ). For a given place v ∈ V the normalized absolute value | · |v on Fv is
defined as usual: if v ∈ V∞ is a real place, we let | · |v be the absolute value; if
v ∈ V∞ is a complex place we put |xv|v = xv · x̄v; and if v ∈ Vf is a finite place

we put |xv|v = N
−ordv(xv)
v , where Nv denotes the cardinality of the residue field at

the place v.
Suppose the extension F/Q has degree d = [F : Q]. Let S be the set of distinct

embeddings σi : F → C, 1 ≤ i ≤ d. Among these embeddings some factor through
F → R. Let σ1, ..., σs denote these real embeddings F → R. Given one of the
remaining embeddings σ : F → C, σ(k) �⊂ R, to be called imaginary, there is the

conjugate one σ̄ : F → C, defined by x �→ σ(x), where z̄ denotes the usual complex
conjugation of the complex number z. Then the number of imaginary embeddings
is an even number, which we denote by 2t. We number the d = s+ 2t embeddings
σi : F → C , i = 1, ..., d in such a way that, as above, σi is real for 1 ≤ i ≤ s, and
σs+i = σs+i+t for 1 ≤ i ≤ t.

The set V∞ of Archimedean places of F is naturally identified with the set of
embeddings {σi}1≤i≤s+t; that is, we take all real embeddings and one representative
for each pair of conjugate imaginary embeddings.

(2) The algebraic groups we consider will be linear groups; i.e., such a group
G defined over a field k is affine viewed as an algebraic variety. It comes with an
embedding ρ : G −→ GLn (defined over k) of G into some general linear group.
The additive group (k,+) and the multiplicative group (k∗, ·) of k, considered as
algebraic groups, will be denoted by Ga and Gm, respectively; they are both linear
groups. If G is any algebraic group, the connected component G0 of the identity
element of G in the Zariski topology is a normal subgroup of finite index.

As usual, the radical (resp. unipotent radical) of a connected k-group is de-
noted by RG (resp. RuG). We recall that RG (resp. RuG) is the unique maximal
connected solvable (resp. unipotent) normal subgroup in G. These subgroups are
k-closed. In particular, if k is a perfect field, the radical and the unipotent radical
of every k-group are defined over k. By definition, if G is not connected, its radical
(resp. unipotent radical) is that of G0, also to be denoted by RG (resp. RuG).

IfH is an algebraic group defined over a field k, and k′ is a commutative k-algebra
containing k, we denote by H(k′) the group of k′-valued points of H. When k′ is a
field containing k we denote by H/k′ the k′ algebraic group H ×k k

′ obtained from
H by extending the ground field from k to k′.

Let k be a perfect field, e.g., a field of characteristic zero. An algebraic k-group
is said to be reductive (resp. semi-simple) if its unipotent radical RuG (resp. its
radical RG) is the trivial group {e}.

A k-torus T is an algebraic group defined over k which over the algebraic closure
k of k becomes a torus, i.e., is isomorphic to a product of copies of the multiplicative

group Gm(k) = k
∗
of k. A k-torus T is said to be k-split if it is isomorphic to such

a product over k. The number of copies in such a product is the dimension of T , to
be denoted dimT . We say that a semi-simple algebraic group defined over k splits
over k if it has a maximal k-split torus.
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Let G be an algebraic group defined over a field k. If G is reductive or if the field
k is perfect, then the maximal k-split tori of G are conjugate under G(k). Thus
they all have the same dimension. We denote by rankkG = rkkG this common
dimension and call it the k-rank of G. If rankkG > 0, then G is said to be isotropic
over k; if rankkG = 0, G is said to be anisotropic over k.

(3) Let k be an algebraic number field. If G is an algebraic group defined
over k, then a subgroup Γ of G(k) is arithmetic or arithmetically defined if, given
an embedding ρ : G −→ GLn over k, the group ρ(Γ) is commensurable with
ρ(G)∩GLn(Ok) =: GOk

; that is, the intersection ρ(Γ)∩GOk
has finite index both in

ρ(Γ) and GOk
. This notion is independent of the choice of a faithful representation

ρ : G −→ GLn.

(4) Let Γ be a group, and let R = Z[Γ] be its group algebra. Given an R-
module M , the Eilenberg-MacLane cohomology H∗(Γ,M) of Γ with coefficients
in M is defined. The cohomological dimension of Γ, to be denoted cd(Γ), is the
upper bound (finite or infinite) of integers m such that an R-module M exists with
Hm(Γ,M) �= 0. Let Γ′ be a subgroup of finite index of Γ. Then, by [137], cd(Γ) is
equal to cd(Γ′) or ∞ (resp. cd(Γ′) if Γ is without torsion).

Suppose Γ has torsion-free subgroups of finite index. Choosing one of these, say
Γ′, we define the virtual cohomological dimension vcd(Γ) of Γ to be cd(Γ′).

Part I

A menagerie of examples

1. Groups of units

Even though we start the theory with semi-simple groups, in its development
we need many other types of algebraic groups including reductive and unipotent
groups. The simplest reductive but not semi-simple group is the multiplicative
group Gm, and the simplest unipotent group is the additive group Ga. Therefore it
is natural, despite the fact that these groups are abelian, to illustrate key notions
with at least one of them, namely groups of units in algebraic number fields. We
focus on Dirichlet’s unit theorem and place it in a geometric frame. Finally we
briefly discuss the highly non-trivial (and non-abelian) case of the multiplicative
group SL1(D) of a division algebra, a natural generalization of the former example.

1.1. Groups of units in number fields. Let k be an algebraic number field
of degree d = [k : Q]. An element a ∈ k is said to be integral (or an algebraic
integer) if there is a monic polynomial f ∈ Z[X] such that f(a) = 0. The set Ok of
algebraic integers in k forms an integral domain; in fact, it is a Dedekind domain.
By definition, the group O∗

k of units of k is the multiplicative group of invertible
elements in Ok. As an abstract group, due to Dirichlet’s unit theorem, O∗

k is a
finitely generated Z-module, and

O∗
k
∼= µk × Zs+t−1

is a direct product of a finite cyclic group µk, consisting entirely of the roots of
unity in k, and a free module of rank r := s + t − 1, where s, and 2t, denote the
number of real, and imaginary, embeddings σ : k −→ C.
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The most familiar approach to this fact relies on some geometric techniques, in-
troduced into number theory by Minkowski at the end of the 19th century, notably,
his lattice point theorem. This method has proved to be of fundamental importance
not only in arithmetic but also in other branches of mathematics such as the theory
of quadratic forms.

In the rest of this section we explain how the group of units O∗
k may be naturally

viewed as a discrete arithmetic subgroup Γ of a real Lie group GR whose quotient
GR/Γ is a compact space.

We number the d = s + 2t embeddings σi : k → C , i = 1, ..., d, in such a way
that σi is real for 1 ≤ i ≤ s, and σs+i = σs+i+t for 1 ≤ i ≤ t. The d-dimensional
R-algebra kR = k ⊗Q R decomposes as a product of R-algebras with an embedding

φ : k −→ kR = k ⊗Q R = Rs × Ct,

x �→ x⊗ 1 = (x1, ..., xs, xs+1, ..., xs+t),

where xi := σi(x), i = 1, ..., s+t. The coordinate maps kR → C, y = x⊗ν �→ σi(x)ν,
i = 1, ..., s+ t, are R-linear forms on kR, also denoted by xi. By defining xi = xi for
i = 1, ..., s and xi = xi + xi+t

√
−1 for i = s+1, ..., s+ t, that is, by separating real

and imaginary parts for i > s, we obtain d real coordinates xi, i = 1, ..., s+ 2t, on
kR. These coordinates define a Euclidean metric on kR. The norm nk/Q : k −→ Q,
defined by

nk/Q(x) =
∏
1,..,d

xi =
∏

i=1,..,s

xi

∏
i=s+1,..,s+t

(x2
i + x2

i+t),

can be extended to a norm on kR, given by the right-hand side, to be denoted
n : kR −→ R. For a given x ∈ kR the absolute value |n(x)| is the product over the
normalized absolute values of its coefficients. Then the image φ(Ok) in kR under
the embedding φ is a (full) lattice in k ⊗Q R. The volume of the fundamental
parallelepiped of φ(Ok) with respect to the coordinate system established above is

given by vol(kR/φ(Ok)) = 2−t
√
|dk|, where dk denotes the discriminant of k.

Within this geometric framework, the set {x ∈ k∗R| |n(x)| = 1} carries the
structure of a locally compact topological group, in fact, a Lie group, to be denoted
GR, and φ(O∗

k) =: Γ is a discrete subgroup. The assignment

x �→ (log|x1|, ..., log|xs|, 2 log|xs+1|, ..., 2 log|xs+t|)
defines a continuous homomorphism

ψ : GR −→ Rs+t.

The kernel of the restriction of ψ to φ(O∗
k) is the finite group φ(µk), and its image

ψ(φ(O∗
k)) is a full lattice L in the hyperplane H ⊂ Rs+t defined by the equation∑

i=1,..,s xi + 2
∑

i=s+1,..,s+t xi = 0. Then ψ passes to a surjective mapping ψ :

GR/Γ −→ H/L ∼= (S1)s+t−1 with finite fibers. In this way, Dirichlet’s unit theorem
implies that the quotient GR/Γ is compact. Thus, in this new framework, properties
of the quotient space encode the structural description of the Z-module O∗

k (as given
by Dirichlet’s unit theorem) and vice versa.

1.2. Division algebras over number fields. Passing from a number field k to
a finite-dimensional division algebra D over Q, or even over k, we encounter new
arithmetic groups. By definition, an order Λ in D is a subring of D containing the
unit element 1D which is a finitely generated Ok-module with kΛ = D. The latter
condition characterizes a full Ok-lattice in D. If G = SL1(D) denotes the algebraic
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k-group determined by the elements in D of reduced norm one (see Appendix A),
then any order Λ in D gives rise to an arithmetic subgroup ΓΛ of G.

Which form a suitable unit theorem in this case might take is an open problem
[69]. However, the following is true: Let D be a division algebra defined over Q, and
suppose that D ⊗Q R is isomorphic to a matrix algebra over R. Then ΓΛ presents
itself acting on a homogeneous space X which is defined by the ambient Lie group
GR, and the quotient space X/ΓΛ is compact [163].

2. Arithmetically defined Kleinian groups

In this section, we review the basic definitions and aspects of arithmetically
defined hyperbolic 3-manifolds and Kleinian groups. Firstly, there is the class of
Bianchi groups, that is, subgroups of finite index in some PGL2(Od), where Od

denotes the ring of integers in an imaginary quadratic number field Q(
√
d), d < 0.

These groups give rise to non-compact hyperbolic 3-manifolds but of finite volume.
Secondly, compact arithmetically defined hyperbolic 3-manifolds are determined by
groups which originate with an order in a division quaternion algebra D over an
algebraic number field k subject to certain conditions. This is explained in Section
2.3.4

We then discuss the existence of totally geodesic surfaces in arithmetically de-
fined hyperbolic 3-manifolds. In the case of Bianchi groups, one finds an abundance
of families of these. They are instrumental in constructing non-bounding cycles.
In the case of compact arithmetically defined hyperbolic 3-manifolds the very exis-
tence of non-vanishing (co)homology classes and their nature is still a challenging
issue.5

2.1. Hyperbolic 3-manifolds. Every orientable hyperbolic 3-manifold is isomet-
ric to the quotient H3/Γ of hyperbolic 3-space H3 by a discrete torsion-free sub-
group Γ of the group Iso(H3)0 of orientation-preserving isometries of H3. The
latter group is isomorphic to the (connected) group PGL2(C), the real Lie group
SL2(C) modulo its center {± Id}. The space H3 is diffeomorphic to R3 and hence
is contractible.

Hyperbolic 3-space can be realized in various models. It is characterized as
the unique 3-dimensional connected, simply connected Riemannian manifold with
constant sectional curvature −1. In the framework of this article, H3 is best de-
scribed as the symmetric space attached to the real Lie group G = SL2(C), that
is, H3 = K\G, where K denotes the maximal compact subgroup SU(2) of unitary
matrices in SL2(C). Since two maximal compact subgroups of G are conjugate by
an inner automorphism, the space H3 may also be viewed as the space of maximal
compact subgroups of G. In general, we refer to Section 3.1 in which hyperbolic
n-space is described.

By definition, a Kleinian group Γ is a discrete subgroup of the group Iso(H3)0

= PGL2(C) of orientation-preserving isometries of H3. The group Γ is said to have
finite covolume if H3/Γ has finite volume, and is said to be cocompact if H3/Γ is
compact. If the Kleinian group Γ has torsion, then H3/Γ is an orbifold (that is, it

4For the convenience of the reader, we include in Appendix A the necessary background ma-
terial on central simple algebras, in particular, quaternion algebras over an algebraic number
field.

5The exposition given here relies on the author’s article [129] where more details can be found.
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locally looks like the quotient of a Euclidean space by a finite group); otherwise it
is a manifold.

Among hyperbolic 3-manifolds, the ones originating with arithmetically defined
Kleinian groups form a class of special interest. These arithmetic Kleinian groups
fall naturally into two classes, according to whether H3/Γ is compact or not. How-
ever, this quotient always has finite volume with respect to the hyperbolic metric.
In the following we discuss these two classes in more detail.

2.2. Bianchi groups.

The groups. Let k be an imaginary quadratic number field; that is, k is of the form
Q(

√
d), d < 0, d a square-free integer. The ring of algebraic integers in k is denoted

by Od; it is a Dedekind domain. This ring forms a Z-lattice in C with basis 1,
ωd, where ωd =

√
d when d ≡ 2, 3 mod 4 and ωd = (1/2)(1 +

√
d) when d ≡ 1

mod 4. In the former case, the discriminant dk of k is 4 d whereas dk = d in the
other case. We consider the projective general linear group G = PGL2/k viewed
as an algebraic group defined over k. The group G(k) = PGL2(k) of k-points of
G is the quotient of GL2(k) modulo its center. A subgroup Γ of the group G(k)
is arithmetically defined (or an arithmetic group) if it is commensurable with the
group Γd := PGL2(Od), that is, if Γ∩ Γd has finite index both in Γ and Γd. These
groups may be viewed as discrete subgroups of the group PGL2(C) = PGL2(k⊗R)
of real points of G.

As early as 1892, L. Bianchi studied this class of groups, today named after
him. These groups and all their subgroups of finite index have finite covolume. Let
µ(Γ) denote the volume of H3/Γ with respect to the hyperbolic metric. Following
G. Humbert, the value µ(Γd) can be expressed in terms of invariants only depending
on the underlying field k (see, e.g., [46] or [18, Thm. 7.3.]). More precisely, one has

µ(Γd) = (|dk|3/2/π2)ζk(2),

where dk denotes the discriminant of k and ζk is the ζ-function attached to k.
Following the work of Bianchi and Humbert [13], Swan [146] exhibited fundamental
domains for the action of Γd on H3 for small values of d. A range of geometric or
group-theoretical results such as, for example, presentations for Γd is based on this
approach.

Totally geodesic surfaces in H3/Γ. Let σ ∈ Gal(k/Q) ∼= Z/(2) be the non-trivial
Galois automorphism of the field extension k/Q. It acts on H3/Γ provided Γ ⊂ Γd

has finite index and is preserved under the involution σ. The set Fix(〈σ〉, H3/Γ)
of fixed points consists of finitely many connected components, each of which is
a totally geodesic submanifold of H3/Γ, of some dimension (0, 1, or 2). The
connected components are parametrized in a beautiful way, by the non-abelian
Galois cohomology set H1(〈σ〉,Γ). We explain this construction as well as its
algebraic description in a general framework in Section 6. In many cases it is
possible to count the number of components of each dimension, and even the number
of 2-dimensional components with non-vanishing Euler characteristic [119].

2.3. Kleinian groups originating with orders in quaternion algebras. Ap-
pendix A contains a brief account of some facts and results on quaternion algebras
(and central simple algebras) needed in this subsection.
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Arithmetically defined Kleinian groups. Let Γ be a discrete subgroup of PGL2(C).
Then Γ is said to be arithmetically defined if there exist an algebraic number field
k/Q with exactly one complex place w (that is, t = 1 in the usual enumeration of
the places of an algebraic number field as in 1.1), an arbitrary (but possibly empty)
set T of real places, a k-form G of PGL2/k such that G(kv) is compact for v ∈ T
and an isomorphism

PGL2(C) →̃ G(kw), w the complex place,

which maps Γ onto an arithmetic subgroup of G(k) naturally embedded into G(kw).
Naturally, the case of Bianchi groups dealt with in Section 2.2 can be subsumed
under this construction in terms of quaternion algebras as well. Here the quaternion
algebra is Q = M2(k), k an imaginary quadratic extension of Q, and G is the split
form PGL2/k itself; that is, T is the empty set and the choice of Q is equivalent to
the specification that the ramification set Ram(Q) = ∅ (see Appendix A.4 for this
notion).

Groups originating with orders in division algebras. Given an algebraic number field
k with exactly one complex place and an arbitrary non-empty set T of real places
we consider a k-form G of PGL2/k which is of the form SL1(D), where D is a
division quaternion algebra over k which ramifies (at least) at all real places v ∈ T .
Then an arithmetically defined subgroup Γ originates with an order Λ in D. By
definition, an order Λ in D is a subring of D containing the unit element 1D which
is a finitely generated Ok-module with kΛ = D. The latter condition characterizes
a full Ok-lattice in D. Then any subgroup Γ of G(k) which is commensurable with
GΛ gives rise to a compact hyperbolic 3-manifold H3/Γ.

This construction exhausts all possible types of arithmetically defined subgroups
of PGL2(C) that give rise to a compact hyperbolic 3-manifold H3/Γ.

Examples. We discuss some families of examples. Suppose that the defining field k
(which has exactly one complex place) contains a subfield k′ such that the degree
[k : k′] of the extension k/k′ is 2. Due to the assumption on k, k′ is a totally real
extension field of Q. Let Gal(k/k′) = {Idk, c} denote its Galois group.

Let D be a quaternion division algebra over k underlying a given inner form
G′/k of G/k = PGL2/k so that the finite set S of places v ∈ V where G′(kv)
is not isomorphic to G(kv) contains T . As a quaternion division algebra, D is
isomorphic to its opposite algebra, and the class of D is of order 2 in the Brauer
group Br(k) of k. In our situation at hand, as explained in Appendix A.4, given a
central simple k-algebra A of degree deg(A) there is the associated central simple
k′-algebra Nk/k′(A) of degree deg(A)2, to be called the norm of the k-algebra A.
This construction induces a group homomorphism

Nk/k′ : Br(k) −→ Br(k′), [A] �→ [Nk/k′(A)],

of the respective Brauer groups [71, 3.13].
In our context we have to distinguish the two cases:

(I) The class [Nk/k′(D)] has order 1 in Br(k′),
(II) The class [Nk/k′(D)] has order 2 in Br(k′).

In case (I), the class of the k′-algebra Nk/k′(D) of degree 4 is the unit element
in Br(k′). As a consequence, Nk/k′(D) is isomorphic to the matrix algebra M4(k

′);
that is, the algebra splits over k′. In such a case, by using results of Albert, the
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quaternion algebra D posseses an involution τ of the second kind6 of a particular
type. There exists a unique quaternion k′-subalgebra B ⊂ D such that D = B⊗k′ k
and τ is of the form τ = γ0 ⊗ c, where γ0 is the quaternionic conjugation.

In case (II), the k′-algebra Nk/k′(D) of degree 4 is (up to isomorphism) of the
form M2(Q), where Q is a quaternion division algebra over k′.

Now suppose that Γ ⊂ SL1(D) is a torsion-free arithmetic subgroup given by
an order Λ in D, D a quaternion division algebra over k. In case (I), via the
group SL1(B) and a suitable order ΛB in B, the k′-subalgebra B ⊂ D gives rise
to a totally geodesic hypersurface of the form H2/ΓB in the compact hyperbolic
3-manifold H3/Γ. In case (II), there is evidence that the corresponding hyperbolic
3-manifoldsH3/Γ do not admit totally geodesic hypersurfaces. However,H3/Γ may
very well admit submanifolds of codimension one which are not totally geodesic.

2.4. Construction of (co)homology classes. In this subsection we discuss vari-
ous approaches to construct non-trivial classes in (co)homology of an arithmetically
defined hyperbolic 3-manifold.

Bianchi groups. Suppose that the arithmetically defined hyperbolic manifold H3/Γ
is non-compact; that is, the arithmetic group Γ is a torsion-free subgroup of finite
index in some Γd = PGL2(Od), Od the ring of integers in the imaginary quadratic

number field Q(
√
d). By use of reduction theory, one may view MΓ = H3/Γ as

the interior of a compact manifold MΓ with boundary ∂(MΓ) so that the inclusion
MΓ −→ MΓ is a homotopy equivalence [109]. The boundary is a disjoint union of
finitely many tori corresponding to the Γ-conjugacy classes of Borel subgroups of
PGL2(k). The long exact cohomology sequence of the pair (MΓ, ∂(MΓ)) contains
the segment

H1(MΓ,Q)
r1−→ H1(∂(MΓ),Q) −→ H2

c (MΓ,Q).

The image of the restriction map r1 has dimension equal to (1/2) dim H1(∂(MΓ)),
that is, equal to the number of components in ∂(MΓ). This leads to a non-vanishing
result for the first cohomology group of H3/Γ in this case.

The existence of cohomology classes in H1(H3/Γ,Q) = H1(MΓ,Q) which re-
strict trivially under r1 to the cohomology of the boundary components is a more
challenging issue. It is related to the very existence of cuspidal automorphic forms
for the arithmetic groups Γ ⊂ Γd that we deal with ([49]). Quite deep results in
the theory of automorphic forms have been used to obtain non-vanishing results for
the cohomology of H3/Γ. In reverse, a non-vanishing class in ker r1 gives rise to a
cuspidal automorphic form.

However, from the geometric point of view, the arithmetically defined non-
compact hyperbolic 3-manifolds of Bianchi type admit totally geodesic subman-
ifolds. In particular, totally geodesic hypersurfaces arise as 2-dimensional compo-
nents F (γ) of the set of fixed points under the involution induced by the non-trivial
Galois automorphism of the underlying imaginary quadratic extension k/Q. Their
existence made possible the construction of non-bounding cycles and eventually
lead to non-vanishing results for the cohomology of Bianchi groups. In more group-
theoretical terms, a Bianchi group Γd has a subgroup of finite index which admits a
homomorphism onto a non-abelian free group. This was first proved in [48] by use
of an explicit geometric construction of certain strips within a fundamental domain

6i.e., τ fixes k′ elementwise and is of order 2 on the center of D.
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for Γd, together with some arithmetic results. Nowadays the analogous result of
Lubotzky [92] (see Section 3.3 below) pertaining to oriented hyperbolic n-manifolds
of finite volume which contain a totally geodesic submanifold of codimension one
sheds new light on this assertion. His approach relies on methods of geometric
group theory.

Betti numbers in the compact case. We now consider a compact arithmetically
defined hyperbolic 3-manifold as constructed in Section 2.3. Within Thurston’s
geometrization program for 3-manifolds, the class of hyperbolic 3-manifolds plays a
fundamental role. However, due to its underlying connections with number theory,
the arithmetically defined hyperbolic 3-manifolds seem to be in many ways more
tractable.

A fundamental conjecture in 3-manifold theory, stated by Waldhausen in 1968,
says: Given an irreducible 3-manifold M with infinite fundamental group there
exists a finite coverM ′ ofM which is Haken; that is, it is irreducible and contains an
embedded incompressible surface. One knows that 3-manifolds which are virtually
Haken are geometrizable. This so-called virtual Haken conjecture is the source for
the (even stronger) virtual positive Betti number conjecture which states within
the class of hyperbolic 3-manifolds M = H3/Γ that there exists a finite cover M ′

with non-vanishing first Betti number b1(M
′). The following result confirms this

conjecture in a specific case.

Theorem A. Let H3/Γ = M be a compact arithmetically defined hyperbolic
3-manifold. Suppose that the defining field k contains a subfield k′ so that the
field extension k/k′ has degree two. Then there exists a finite covering N of M
with non-vanishing first Betti number b1(N).

Various approaches which are substantially different in nature lead to a proof of
this result.

Firstly, suppose that Γ ⊂ SL1(D) is an arithmetic subgroup originating with
an order in a quaternion division algebra D over k which belongs to case (I) in
Section 2.3. Then, as seen, H3/Γ admits a totally geodesic hypersurface. Origi-
nally initiated by Millson [99], later on strengthened by Lubotzky [92], one can use
this totally geodesic submanifold of codimension one to construct non-bounding
cycles. This geometric approach applies to this case but can easily be extended
to higher-dimensional orientable n-hyperbolic manifolds which contain a totally
geodesic submanifold of codimension one.

Secondly, in case (II), due to the lack of totally geodesic hypersurfaces in H3/Γ
one has to pursue a different idea. This class of cocompact arithmetically de-
fined Kleinian groups can be interpreted within the theory of unit groups of skew-
Hermitian forms in quaternionic vector spaces. By a thorough analysis of a quater-
nionic theta series and an associated period integral, Li and Millson [87] obtained
a non-vanishing result in this case as well.

However, within the realm of the theory of automorphic forms, there is a uni-
fied approach to the non-vanishing result in cases (I) and (II). By use of the
Jacquet–Langlands correspondence, the construction of cuspidal automorphic forms
for Bianchi groups and corresponding non-vanishing cohomology classes in these
cases leads to the existence of cohomological automorphic forms for the quater-
nionic division algebra D and the order therein [80, Section 6]. It is worth noting
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that the approach works as well in other cases of interest, for example, in case the
defining field k is a cubic non-normal extension of Q [129, Theorem 4.9].

3. Arithmetically defined hyperbolic n-manifolds

Within the classification of Riemannian globally symmetric spaces, hyperbolic
n-space is one of the four classes of rank one symmetric spaces of negative cur-
vature. It can be described by the corresponding Riemannian symmetric pair
(SO0(n, 1), SO(n)) of non-compact type. In this section we exhibit various fami-
lies of arithmetically defined locally symmetric spaces which arise as quotients of
hyperbolic n-space. Of particular interest is the family of hyperbolic manifolds
Hn/Γ(f), where Hn denotes hyperbolic n-space and Γ(f) is the “unit group asso-
ciated to a quadratic form f”, that is, the group of integral matrices in SO0(n, 1)
that preserve f (Section 3.2). For n odd, there are other types of arithmetically
defined hyperbolic n-manifolds.

In the case of a unit group of a quadratic form, geometric ideas can be used
to prove a non-vanishing result for the first Betti number of the corresponding
manifold up to a finite covering, thereby confirming a fundamental conjecture in
real hyperbolic geometry (see Section 3.3). In the sequel we discuss similar results
for other arithmetically defined hyperbolic n-manifolds as well as generalizations
pertaining to arbitrary Betti numbers for cocompact arithmetic groups, a result
due to Millson-Raghunathan.

3.1. Hyperbolic n-space Hn.

The hyperboloid model. The real vector space Rn+1 of dimension n + 1, endowed
with the non-degenerate indefinite bilinear form b(x, y) =

∑
1≤i≤n xi yi − xn+1 yn+1

is a pseudo-Euclidean space. Let q(x) =
∑

1≤i≤n x
2
i − x2

n+1 be the corresponding

quadratic form on Rn+1 determined by b. Since b is indefinite, the number q(x) can
be positive, negative, or zero. The orthogonal complement of a vector x ∈ Rn+1

with respect to q is, by definition, the subspace 〈x〉⊥ = {y ∈ Rn+1 | b(y, x) =
0} in Rn+1. If x ∈ Rn+1 is, what is usually called a time-like vector, that is,
q(x) < 0, then the restriction of q to the complement 〈x〉⊥ is positive definite.
The hyperboloid model of real hyperbolic n-space Hn is the upper sheet of the
hyperboloid H = {u ∈ Rn+1 | q(u) = −1},

Hn = {x ∈ Rn+1 | q(x) = −1, xn+1 > 0}.
Note that b(x, y) ≤ −1 for all x, y ∈ Hn, with equality if and only if x = y. The
hyperbolic distance between two points x, y ∈ Hn is defined to be the real number

dH(x, y) = η(x, y),

where η(x, y) denotes the Lorentzian time-like angle between x and y. It is uniquely
determined by the fact that cosh dH(x, y) = −b(x, y). This distance function dH is
a metric on Hn.

The Riemannian manifold Hn and its isometry group. We consider the group
O(n, 1) = {g ∈ GL(Rn+1) | b(g(u), g(v)) = b(u, v), u, v ∈ Rn+1} of Lorentz trans-
formations of (Rn+1, b). This group consists of those matrices A ∈ Mn+1(R) such
that AtJA = J , where J is the diagonal matrix diag(1, ..., 1,−1). We denote by
O(n, 1)+ the subgroup of index two in O(n, 1) that preserves Hn. This group
O(n, 1)+ acts by isometries on Hn. This action is transitive, and the group of
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isometries Iso(Hn, dH) coincides with O(n, 1)+. The stabilizer K of the point
(0, ..., 0, 1) is naturally isomorphic to the group O(n)× O(1). The group O(n, 1)+
has two connected components corresponding to matrices of determinant +1 and
−1. We denote by SO0(n, 1) the connected component of the identity.

The pseudo-Euclidean metric ds2 =
∑

1≤i≤n dx
2
i − dx2

n+1 on Rn+1 induces a
Riemannian metric on the smooth submanifold Hn by restricting the given bilinear
form on the tangent space Tx(R

n+1) to Tx(H
n) for each x ∈ Hn. Recall that the

latter tangent space is naturally isomorphic to 〈x〉⊥, the orthogonal complement of
〈x〉, and the restriction of b to 〈x〉⊥ is positive definite for all x ∈ Hn. The group
Iso(Hn, dH) = O(n, 1)+ preserves the Riemannian metric on Hn. We may identify
Hn with the quotient of O(n, 1)+ by the stabilizer K of (0, ..., 0, 1) ∈ Hn, that is,
with K\O(n, 1)+. The stabilizer K is a maximal compact subgroup in O(n, 1)+.
As well, we also may identify hyperbolic n-space with the quotient of SO0(n, 1) by
SO(n).

3.2. Groups of units acting on Hn.

Standard arithmetic unit groups. Let k be a totally real algebraic number field of
degree d = [k : Q], O its ring of integers, and let σ1, ..., σd : k → R be the distinct
embeddings of k into R. We suppose that σ1 = Id. Let

f(x) =
∑

1≤j≤n+1

αjx
2
j

be a non-degenerate quadratic form on kn+1 of signature (n, 1), all of whose non-
trivial conjugates are positive definite; that is, the form

fσi = σi(
∑

1≤j≤n+1

αjx
2
j) =

∑
1≤j≤n+1

σi(αj)x
2
j

is positive definite for i = 2, ..., d. Let O(f) be the group of isometries of f ; that is,

O(f) = {φ ∈ GL(kn+1) | f(φ(x)) = f(x) for all x ∈ kn+1}.
The group of units of f consists of those isometries with integral entries; that is,

Γ(f) = {γ ∈ GL(On+1) | f(γ(x)) = f(x) for all x ∈ kn+1}.
A standard arithmetic unit group of the quadratic form f is a subgroup of finite
index,

Γ ⊂ Γ(f) ∩ SO(f),

where SO(f) denotes the kernel of the determinant map det : O(f) −→ k∗ into
the multiplicative group k∗ over k. As an algebraic k-group, the group SO(f) is
connected; it is called the special orthogonal group of f .

We refer to Appendix B where we discuss the general case of orthogonal groups,
that is, groups of isometries of non-degenerate quadratic k-vector spaces (E, f) of fi-
nite dimension. In particular we describe the explicit construction of arithmetically
defined groups that arise from unit groups of quadratic forms.

A torsion-free standard arithmetic unit group Γ may be viewed as a discrete
subgroup of the group SO0(n, 1). It acts freely on hyperbolic n-space via isometries.

We consider two cases. If k �= Q, then Hn/Γ is compact. If k = Q, and if
n + 1 ≥ 5, then Hn/Γ has finite volume but it is not compact. In the first case,
f(x) = 0 has no non-zero solutions x ∈ kn+1. Consequently, the group SO(f)
consists of semi-simple elements and it has no non-trivial characters defined over k,
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so the compactness criterion (of [19], described in Section 5.2 of this paper) applies.
In the second case, every non-degenerate quadratic form on Qn+1 which is indefinite
over R has a rational zero, by a theorem of A. Meyer [98]. Hence, the manifold
Hn/Γ is not compact but it has finite volume. For n = 2, 3, this construction gives
rise to compact as well as to non-compact hyperbolic n-manifolds Hn/Γ.

Here is a more explicit family of examples whose corresponding quotients Hn/Γ
are compact. Let k �= Q be a totally real number field of degree d, let ε1 =
1, resp. εi = −1, for i = 2, ..., d. Then there exists α ∈ k with sign(σi(α)) =
εi , i = 1, ..., d. Then the quadratic form f on kn+1, defined by

f(x) =
∑

1≤j≤n

x2
j − αx2

n+1,

has signature (n, 1) and all of its conjugates are positive definite. A subgroup Γ of
Γ(f) ∩ SO(f) of finite index serves our purpose.

In general, for n odd, SO(n, 1) has another type of cocompact arithmetically
defined subgroups, commensurable to groups of units of skew Hermitian forms in
quaternionic vector spaces. If n = 7, one should add arithmetic subgroups of the
triality form of SO8 to those [147].

Remark. Hyperbolic 3-space can be realized in various models. One of these, the
Lobachevski model discussed above, provides an interpretation of its group of isome-
tries as an orthogonal group of a real quadratic space of dimension 4. More precisely,
the group Iso(H3)0 of orientation-preserving isometries of H3 can be viewed as the
identity component of the real Lie group SO(3, 1). This identification provides the
exceptional isomorphism of real Lie groups

PGL2(C)−̃→Iso(H3)0←̃−SO0(3, 1).

In the case of hyperbolic 3-manifolds, all possible types of cocompact arithmetically
defined subgroups in PGL2(C) are described in Section 2.3. The construction
of standard arithmetic unit groups of quadratic forms as exhibited fits into this
description as follows: Let k be a totally real number field, k �= Q, f a non-
degenerate quadratic form on k4 such that for all v not equal to a given v0 in V∞
the form fv over kv ∼= R is positive definite while fv0 over kv0

has signature (3, 1),
and let Γ be an arithmetic subgroup in SO(f). This class of cocompact Kleinian
groups corresponds to the class of arithmetically defined subgroups in SL1(D), D
a quaternion division algebra of the form B⊗k k

′, where B is a quaternion algebra
over the totally real field k which ramifies at all places v �= v0 and k′ is a quadratic
externsion of k with exactly one complex place (that is, k′ = k(

√
a), a < 0, a ∈ k,

a square free) (see, e.g., [93, Thm. 10.2.1]). This is case (I) in the discussion in
Section 2.3.

3.3. The virtual positive Betti number conjecture.

Totally geodesic hypersurfaces. A fundamental conjecture in the theory of real hy-
perbolic geometry is:

Conjecture. Let M be a compact hyperbolic manifold. Then there exists a finite
covering N of M with non-vanishing first Betti number b1(N).

This conjecture is a natural outgrowth of the same assertion in the case of hyper-
bolic 3-manifolds, namely the virtual positive Betti number conjecture (see Section
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2.4). In this general form, the conjecture has been verified (in many cases) by us-
ing the geometric techniques described in this paper. The very existence of totally
geodesic hypersurfaces proved to be decisive in these results.

Theorem B. Let M be an oriented n-dimensional hyperbolic manifold of finite
volume. Suppose that M contains a totally geodesic submanifold F of codimension
one. Then Γ := π1(M) has a subgroup of finite index which admits a homomorphism
onto a virtually non-abelian free group. In particular, there exists a finite covering
N of M with non-vanishing first Betti number b1(N).

This was first proven by Millson in the case of standard arithmetic unit groups
[99]. His method is the following: First, by passing to a suitable arithmetic subgroup
Γ of finite index in π1(M), he constructed an oriented totally geodesic submanifold
F of codimension one in Hn/Γ which does not separate Hn/Γ, that is, such that
(Hn/Γ) \ F is connected. Second, given such a submanifold F , it separates Hn/Γ
locally; thus, if p ∈ F , we may choose points x, y in a small neighborhood U of p so
that x is contained in one of the connected components of U \ (U ∩ F ) and y in the
other. We may join x to y by an arc α intersecting F in exactly one point. Since F
does not separate Hn/Γ we may join y to x by an arc β neither meeting F nor α
outside x and y. Then, by combining α and β, we obtain a simple closed curve in
Hn/Γ intersecting F in exactly one point. Thus, there is a compact 1-cycle which
has a non-vanishing intersection number with the class of F . As a consequence, the
first Betti number b1(N) with N = Hn/Γ does not vanish.

The general case is due to Lubotzky [92] who strengthens this geometric approach
by taking in a result in geometric group theory. This method applies first to the case
just considered and second to the non-arithmetic lattices in SO(n, 1) constructed
in [45].

We sketch the idea of his proof. Consider the case where F separates M ; i.e.,
M \ F consists of two parts Mi, i = 1, 2, with common boundary F . Let Ai be
the fundamental group of Mi, i = 1, 2, and let C be π1(F ). Then the fundamental
group Γ of M is the free product of A1 and A2 with amalgamated subgroup C. The
latter group C is of infinite index in A1 and A2. Using Borel’s density theorem,
one constructs a homomorphism π : Γ −→ S onto a finite group S such that
π(C) �= π(Ai), i = 1, 2. Thus, Γ is mapped under π onto the free product of π(A1)
and π(A2) with amalgamated subgroup π(C). As an amalgam of finite groups it
is virtually free. A further group-theoretical analysis of the situation implies the
result.

The case where F does not separate M is analogous, with the free product
replaced by an HNN construction.

Arithmetic groups which are not standard unit groups of quadratic forms. The re-
sult of Millson alluded to above settled the conjecture for arithmetically defined
groups Γ ⊂ Iso(Hn)0 which are commensurable to standard arithmetic unit groups.
In particular, by the classification of rational structures on the real Lie group
SO0(n, 1) = Iso(Hn)0, the problem is solved for the class of non-cocompact arith-
metically defined subgroups of SO0(n, 1). Thus we may restrict our attention to
the case of cocompact arithmetically defined subgroups of SO0(n, 1). If n �= 3, 7,
there is exactly one other family of arithmetically defined subgroups, the one given
(up to commensurability) by the group of units of suitable skew-Hermitian forms
over a quaternion algebra. This family only exists if n is odd. In the case n > 5,
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non-vanishing results for the first Betti number of such arithmetic groups were ob-
tained by J.-S. Li [86] by an automorphic approach. In [87], Millson and Li gave
a new proof for this class of arithmetic groups, including the case n = 5 as well.
It is based on a study of the period of a suitable theta series (a closed 1-form on
the arithmetic quotient M in question) over a carefully chosen closed geodesic in
M . For the case n = 3 we refer to the previous section. If n = 7, in the case of
arithmetically defined subgroups of the triality form of SO0(7, 1), the conjecture is
still open. For the case of arithmetically defined hyperbolic 3-manifolds we refer to
the discussion in Section 2.4, where it is indicated that the conjecture is still open
in many cases.

3.4. A geometric construction of (co)homology classes. In [102], Millson,
jointly with Raghunathan, suggested a new geometric construction of non-vanishing
(co)homology classes for some specific families of cocompact arithmetically defined
subgroups of classical real Lie groups. They deduced the existence of these co-
homology classes by constructing non-bounding cycles in the arithmetic quotient
under consideration. In the case at hand, namely the class of standard arith-
metic unit groups Γ ⊂ SO(f), these cycles are projections under the natural map
Hn −→ Hn/Γ of subsymmetric spaces of Hn which are sets of fixed points of suit-
able rational involutions on Hn. These cycles come in pairs so that one obtains two
complementary dimensional closed cycles. By passing over to a subgroup of finite
index in Γ one can arrange that the two cycles so obtained intersect transversally
with all multiplicities giving a positive contribution to the intersection number.
Thus these geometric cycles cannot be bounded. We will discuss this approach in a
more general context in part III. However, here is the result of Millson-Raghunathan
in the case of standard arithmetic unit groups acting on hyperbolic n-space. [We
refer to Section 10 for a more thorough treatment.]

Theorem C. Let k �= Q be a totally real algebraic number field, f a non-degenerate
quadratic form on kn+1 and G = SO(f) the special orthogonal group of f . Sup-
pose that f has signature (n, 1) over k and all its conjugates fσi , i = 2, ..., d are
positive definite. Let Γ be an arithmetic subgroup of SO(f). Then there exists a
torsion-free arithmetic subgroup Γ′ of finite index in Γ such that all Betti numbers
bj(H

n/Γ′), j = 1, ..., n−1 of the oriented compact hyperbolic n-manifold Hn/Γ′ are
non-zero.

Part II

Arithmetic groups and their cohomology

4. Arithmetic groups

Let G be an algebraic subgroup of some GLn defined over Q. Thus there exists
a finite set of polynomial equations over Q whose set of solutions in Q (or any
extension field F of Q) is a subgroup G(F ) of GLn(F ). Roughly speaking, a
subgroup Γ of the group G(Q) of Q-rational points in G is arithmetically defined if
it is commensurable with G(Q)∩GLn(Z) =: GZn , that is, if Γ∩GZn has finite index
in both Γ and GZn . In this section we review the definition of an arithmetically
defined group in the context of algebraic groups defined over an algebraic number
field and introduce the concept of congruence subgroups. The reader may wish to
consult Appendix B on groups of units of quadratic forms, for a specific example.
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The result of Minkowski, proved in 1887, that the principal congruence subgroups
Γ(q) in GLn(Z), n ≥ 2, with q ≥ 3 are torsion-free is fundamental for the theory.
Finally, we discuss the notion of neatness for arithmetic groups. The defining
condition is stronger than torsion free and preserved under morphisms of algebraic
groups, a property torsion-free arithmetic groups lack. The principal congruence
subgroups Γ(q) with q ≥ 3 are neat.

4.1. Arithmetically defined subgroups of G. Let V be a finite-dimensional
vector space over C endowed with a Q-structure; that is, there is a Q-subspace VQ

of V with dimQ VQ = dimC V such that VQ generates V as a vector space over C.
Let G be an algebraic subgroup of GL(V ) defined over Q. If Λ is a lattice of VQ,
that is, a free Z-submodule of VQ of maximal rank, we define the group of Λ-units
of G to be

GΛ = {g ∈ G(Q) | g(Λ) = Λ}.
By definition, a subgroup Γ of the group G(Q) of Q-rational points in G is an
arithmetic (or arithmetically defined) subgroup of G if there exists a lattice Λ of VQ

such that Γ is commensurable with GΛ, that is, if the intersection Γ∩GΛ has finite
index both in Γ and GΛ. The notion of an arithmetic subgroup of G only depends
on the structure of G as an algebraic Q-group; that is, it is independent of the
choice of a faithful representation ρ : G −→ GL(V ) of G and a lattice. Moreover,
given such a representation ρ : G −→ GL(V ) and an arithmetic subgroup of G,
every lattice Λ of VQ is contained in a lattice that is stable under Γ [15, Chap. 7].

One can replace Q in the definition by an arbitrary algebraic number field k of
degree d = [k : Q], and Z by the ring Ok of integers in k. Given an algebraic
subgroup G of GLn(C) defined over k, we define a subgroup Γ to be arithmetic
if it is commensurable with GOk

. Here we use the following notation: Given an
algebraic group H, defined over some algebraic number field l, and given a subring
A of l, we denote by HA the subgroup of elements of H whose coefficients are in A
and whose determinant is a unit in A.

However, one does not obtain any new groups. Indeed, the latter case can be
reduced to the case where k = Q by use of the so-called (Weil) restriction of scalars;
see Appendix C.

4.2. Congruence subgroups. Let G be a connected algebraic k-group, and let
GOk

be the group of integral points of G relative to some given embedding ρ :
G → GLn. A subgroup Γ of GOk

is called a congruence subgroup if there exists a
non-trivial ideal q in Ok such that Γ contains the subgroup

Γ(q) := {γ ∈ GOk
| γ ≡ 1 mod q}.

The latter group is usually known as the principal congruence subgroup of level q.
A congruence subgroup is of finite index in GOk

.
As early as 1887, Minkowski [104], [105] proved that the principal congruence

subgroups Γ(q) in GLn(Z), n ≥ 2, with q ≥ 3 are torsion free. Indeed, suppose
that g ∈ Γ(q), g �= Id, is an element of order m. Then g has the form I + qH ′ with
H ′ ∈ Mn(Z). We may suppose that H ′ �= 0. If d denotes the greatest common
divisor of the entries of H ′, we may write I + q d H where the entries of H have
gcd = 1. Since I and H commute, by use of the binomial theorem, we obtain

(4.1) gm = I +mqdH +
(
m
2

)
q2d2H2 + · · ·+

(
m
m

)
qmdmHm.
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This implies the congruence mqdhij ≡ 0 mod q2d2 and hence qd divides mhij for
all i and j. Since the matrix entries hij have greatest common divisor equal to
1, qd divides m. In the case that m is a prime p, it follows that q = m = p and
d = 1. If p > 2, we obtain that q divides the binomial coefficient

(
m
2

)
and, by the

equation for gm, q2H ≡ 0 mod q3. Then q divides all entries of H, and so we have
a contradiction. As a consequence, if q ≥ 3, there is no element in Γ(q) whose order

is a prime p �= 1. If m > 1 there is a prime factor p of m so that g
m
p is an element

of order p in Γ(q). Again we have a contradiction.
As a consequence of this result we obtain that every arithmetic subgroup Γ of G

contains a torsion-free subgroup of finite index.

4.3. Neatness. Let F be a field of characteristic zero, and let F be an algebraic
closure of F . Given an element g ∈ GLn(F ), we denote by E(g) the multiplicative

group in F
∗
generated by the eigenvalues of g. We say that g ∈ GLn(F ) is neat

if the group E(g) is torsion free. A subgroup Γ of GLn(F ) is neat by definition
if each element in Γ is neat. Notice that a neat subgroup is also torsion free but,
in general, a torsion-free subgroup is not necessarily neat. The crucial aspect of
this notion is its hereditary nature. More precisely, if f : G ⊂ GLn → GLm is
a morphism of algebraic groups, g ∈ G neat, then also f(g) is neat. Torsion-free
arithmetic groups lack this property. There is the following result.

Proposition. Let G be a connected algebraic group defined over Q and let Γ be an
arithmetic subgroup of G. Then Γ contains a subgroup of finite index which is neat.

The principal congruence subgroups Γ(q) in GLn(Z), n ≥ 2, are neat if q ≥ 3.

Relative to some given embedding ρ : G → GLn the group Γ is commensurable
to GZ ⊂ GLn(Z). Thus, the first assertion follows from the fact that the principal
congruence subgroups Γ(q) in GLn(Z) are neat if q ≥ 3.

For the sake of completeness we indicate the argument. As above, we write
g ∈ Γ(q) in the form g = I + qH, H ∈ Mn(Z), H �= 0. The eigenvalues of g
may be written as 1 + qηi, i = 1, ..., n, where ηi denotes the eigenvalues of H. In
fact, as roots of a monic polynomial with integral coefficients, the ηi are algebraic
integers. Now we suppose that there are integers ei, i = 1, ..., n, not all zero, so that∏

i(1 + qηi)
ei = ζ with ζ �= 1 a root of unity. By renumbering the eigenvalues, we

may suppose that there exists an index i0, 1 ≤ i0 ≤ n, so that ei ≥ 0 if i ≤ i0 and
ei ≤ 0 if i > i0. Then we have the equation

(4.2)
∏
i≤i0

(1 + qηi)
ei = ζ

∏
i>i0

(1 + qηi)
−ei ,

where all exponents are non-negative integers. This give rise to an identity of the
form

(4.3) 1 + qα = ζ(1 + qβ)

with algebraic integers α, β. Thus, 1− ζ = q(βζ − α); that is, 1− ζ is a non-trivial
multiple of an algebraic integer. If ζ = −1, then 2 = q(−β − α). For q > 2, this is
impossible. If ζ �= −1, this can only be the case if ζ = 1. Otherwise it contradicts
the fact that the ring of algebraic integers of the cyclotomic field Q(ζ) is the ring
Z[ζ].
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5. Arithmetic quotients

Let Γ be an arithmetically defined subgroup of a connected reductive algebraic
Q-group G. Then it is a discrete subgroup of the real Lie group G(R). Let K be
a maximal compact subgroup of G(R). In this section we define the “generalized
symmetric space” X = K\G(R) on which G(R), and thus Γ, acts properly.

We then describe the arithmetically defined quotient space X/Γ and state the
result of Borel and Harish Chandra, to the effect that X/Γ has finite volume if
and only if G has no non-trivial rational character, and it is compact if and only
if, in addition, every rational unipotent element belongs to the radical of G. If
X/Γ is non-compact, it may be interpreted as the interior of a compact manifold
with corners. We briefly review its construction due to Borel and Serre and its role
within cohomological investigations. We will take up this topic again in Section 12
when we discuss modular symbols. We conclude this section by interpreting the
deRham cohomology of X/Γ in terms of relative Lie algebra cohomology groups.

5.1. Generalities. Let G be an algebraic group defined over an algebraic number
field k. We choose an embedding ρ : G → GLN and write as before GOk

=
G(k) ∩GLN (Ok) for the group of integral points with respect to ρ. For simplicity,
we suppose that G is reductive and connected.

For every Archimedean place v ∈ V∞ corresponding to the embedding σv : k → k
there are given a local field kv = R or C and a real Lie group Gv = Gσv(kv). The
group

G∞ =
∏

v∈V∞

Gv,

viewed as the topological product of the groups Gv, v ∈ V∞, is isomorphic to the
group of real points G′(R) of the algebraic Q-group G′ = Resk/QG obtained from G
by restriction of scalars; see Appendix C. In G∞, we identify G(k), resp. GOk

, with
the set of elements (gσv)v∈V∞ with g ∈ G(k), resp. g ∈ GOk

. If Γ is an arithmetic
subgroup of G, then Γ is a discrete subgroup in G∞.

Each of the groups Gv has finitely many connected components. The factor Gv

has maximal compact subgroups, and any two of these are conjugate by an inner
automorphism. Thus, if Kv is one of them, the homogeneous space Kv\Gv = Xv

may be viewed as the space of maximal compact subgroups of Gv. Since Xv is
diffeomorphic to Rd(Gv), where d(Gv) = dimGv − dimKv, the space Xv is con-
tractible. Notice that, if G is semi-simple, the space Xv is the symmetric space
associated to Gv. We let

X =
∏

v∈V∞

Xv

(or we write XG emphasizing the underlying reductive k-group G), resp.

d(G) =
∑

v∈V∞

d(Gv).

An arithmetic subgroup Γ of G acts properly discontinuously on X; that is,
given a compact subset C in X, there are only finitely many translates Cγ, γ ∈ Γ,
that meet C. In particular, the stabilizers of points are finite subgroups. If Γ is a
torsion-free arithmetic subgroup, the action of Γ on X is free, and the quotient X/Γ
is a smooth manifold of dimension d(G). Since X is a contractible space, X/Γ is
an Eilenberg-MacLane space K(Γ, 1). Its cohomology (or homology) is isomorphic
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to the Eilenberg-MacLane cohomology of Γ. More precisely, if E is a Γ-module,
we denote the corresponding local system on X/Γ by Ẽ. Then there are canonical
isomorphisms

Hq(Γ, E) = Hq(X/Γ, Ẽ)

and

Hq(Γ, E) = Hq(X/Γ, Ẽ)

for any degree q. As a consequence, the cohomological dimension cd(Γ) is at most
d(G). If X/Γ is compact, we have cd(Γ) = d(G); otherwise, cd(Γ) < d(G).

5.2. A compactness criterion. Due to a result of Borel and Harish Chandra [19,
Th. 12.3], one has criteria for the quotient X/Γ to have finite volume, or to be
compact. These only depend on the k-structure of the algebraic k-group G. More
precisely, the quotient G∞/GOk

has finite Haar measure (and thus X/Γ for any
arithmetic subgroup Γ of G ) if and only if G has no non-trivial rational character
defined over k. It is compact if and only if Xk(G) = {1}, and every unipotent
element in G(k) belongs to the radical of G.

This result supersedes previously known cases as, for example, the case of unit
groups of non-degenerate quadratic spaces over k [140]. This criterion had been
conjectured by R. Godement. An important consequence of this criterion is the
following assertion: Suppose that there is at least one place v ∈ V∞ such that Gv

is compact. Then the quotient G∞/GOk
is compact if and only if Xk(G) = {1}.

The general criterion remains true without the assumption that G is connected
if one replaces the condition Xk(G) = {1} by the analogous one for the connected
component G0 of the identity in G.

5.3. Adjunction of corners. The arithmetic quotient X/Γ is non-compact if and

only if rkkG > 0. In this case it has a natural compactification X/Γ, the so-called
“adjunction of corners”, in its generality due to Borel and Serre [22]. Assume Γ is

torsion free. Then X/Γ is a compact manifold with finitely many corners, having
one “corner” for each Γ-conjugacy class of proper parabolic k-subgroups of G.7 This
compactification is obtained as the quotient under Γ of a G(k)-equivariant partial

compactification X, that is, X/Γ = X/Γ. Since X is contractible, the cohomology
of X/Γ may be identified with that of Γ, that is,

Hq(Γ, E) = Hq(X/Γ, Ẽ) = Hq(X/Γ, Ẽ),

where Hq(Γ, E) denotes the (Eilenberg-MacLane) algebraic cohomology of Γ with
coefficients in the module E. It follows, for example, that this cohomology is
finitely generated; see also [22, Section 11] for further cohomological consequences.
Of particular interest in our discussion is the fact that the virtual cohomological
dimension of an arithmetic subgroup Γ in an algebraic k-group G is actually

vcd(Γ) = d(G)− rkk(G
0/RG),

where rkk(G
0/RG) denotes the k-rank of the semi-simple group G0/RG.

Since the inclusion X/Γ −→ X/Γ is a homotopy equivalence, the long exact
cohomology sequence attached to the pair (X/Γ, ∂(X/Γ))

→ H∗(X/Γ, ∂(X/Γ), E) −→ H∗(X/Γ, E) = H∗(X/Γ, E) −→ H∗(∂(X/Γ), E) →

7Hence topologically, it is a compact manifold with boundary, homotopically equivalent to its

interior X/Γ. If Γ is not torsion free, then X/Γ is a compact orbifold with orbifold corners.
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is a helpful tool in the analysis of the cohomology of X/Γ. In particular, this
sequence splits the investigation into two parts: the interior cohomology, defined
as the kernel of the restriction map r∗ : H∗(X/Γ, E) −→ H∗(∂(X/Γ), E) and to
be denoted by H∗

! (X/Γ, E), and the so-called “cohomology at infinity”, a possible
complement to the interior cohomology . The cohomology at infinity is charged to
encode all those phenomena in the cohomology that are due to the non-compactness
of the quotient X/Γ.

5.4. DeRham cohomology. Let (ν, E) be a finite-dimensional irreducible rep-
resentation of the real Lie group G∞ on a real or complex vector space E. Let
Ωq(X,E) denote the space of smooth E-valued differential forms on the space X
of degree q ≥ 0. Endowed with the exterior differentiation d : Ωq(X,E) −→
Ωq+1(X,E), defined by

(dω)(Y0, ..., Yq) : =
∑

0≤i≤q

(−1)iYi · ω(Y0, ..., Ŷi, ..., Yq)

+
∑
i<j

(−1)i+jω([Yi, Yj ], Y0, ..., Ŷi, ..., Ŷj , ..., Yq),

where [ , ] refers to the Lie bracket of vector fields, and Ŷ means omitting the
argument Y beneath. The direct sum Ω∗(X,E) of the Ωq(X,E), q ≥ 0, forms a
complex. The group G∞ operates on X and on the space Ω∗(X,E) of smooth E-
valued forms on X. Given a torsion-free discrete subgroup Γ of G∞, for example,
an arithmetic subgroup of G, the cohomology H∗(X/Γ, Ẽ) of the manifold X/Γ
with coefficients in the local system defined by (ν, E) is canonically isomorphic to
the cohomology H∗(Ω(X,E)Γ), the deRham cohomology as it is called. Using a

suitable sheaf Ẽ this equality is still true even if Γ has torsion elements, that is,
(cf. [23, VII, 2.2])

H∗(X/Γ, Ẽ) = H∗(Ω(X,E)Γ).

5.5. An interpretation in Lie algebra cohomology. The deRham cohomology
groups H∗(Ω(X,E)Γ) are related in a natural way to relative Lie algebra cohomol-
ogy groups. Foundational material on this latter cohomology theory is summarized
in Appendix E to this article. It is this transition by which some questions on the
cohomology of arithmetic groups are turned into questions about cohomological
properties of unitary representations of the underlying Lie group G∞ and questions
of the spectrum of Γ. However, since this reinterpretation in terms of relative Lie
algebra cohomology only relies on Lie-theoretic data, we work in this context.

Let G be a real Lie group with finitely many connected components, g its Lie
algebra, and let K be a compact subgroup of G, k its Lie algebra. We denote the
natural projection map G → K\G by π. Then the triple (G, π,K\G) is a principal
bundle with structure group K. As above, let (ν, E) be a finite-dimensional irre-
ducible representation of the real Lie group G on a real or complex vector space E.
We want to study the complex Ω∗(K\G,E) of smooth E-valued differential forms
in terms of representation theory. Since G is a Lie group there is a natural identifi-
cation of the tangent space at the point e ∈ G with g. This leads to a trivialization
of q-forms. More precisely, there is an identification of complexes

(5.1) Ω∗(G,E)−̃→Hom(Λ∗
g, C∞(G)⊗ E).



212 JOACHIM SCHWERMER

The pullback map π∗ : Ω∗(K\G,E) −→ Ω∗(G,E) of the C∞-map π is compatible
with differentials, thus an inclusion of complexes. It is not difficult to identify the
image of Ω∗(K\G,E) under π∗. We endow C∞(G)⊗E with theG-module structure
given as the tensor product of the left regular representation l of G on C∞(G) and
of (ν, E). Then a q-form ω in Hom(Λ∗g, C∞(G)⊗ E) is in the image of π∗ if ω is
annihilated by the interior products iY , Y ∈k, and ω lies in HomK(Λ∗g, C∞(G)⊗E),
where K acts on Λ∗g by the adjoint action.

Then the space C∞(G)K of all C∞-vectors f for which l(K)f spans a finite-
dimensional subspace of C∞(G) is preserved by the action of g (obtained by dif-
ferentiation of l) and compatible with the action of K. Moreover C∞(G)K is
locally finite as a K-module. Thus, C∞(G)K is a (g,K)-module. This concept
(see Appendix F) provides the formal framework for a representational-theoretic
approach to the cohomology. Indeed, there is an isomorphism of graded complexes
of Ω∗(K\G,E) onto C∗(g,K,C∞(G)K ⊗ E).

Given any discrete torsion-free subgroup Γ of G the space of functions invariant
by Γ acting on the right is a (g,K)-submodule of C∞(G)K . One obtains an isomor-
phism of Ω∗(K\G,E)Γ onto C∗(g,K,C∞(G/Γ)K ⊗ E). Thus, there is a canonical
isomorphism

(5.2) H∗(K\G/Γ, Ẽ) = H∗(Ω(K\G,E)Γ)−̃→H∗(g,K,C∞(G/Γ)K ⊗ E).

We refer, for example, to [23, Chapter VII] or [153] for a more thorough treat-
ment. Moreover, we draw attention to Sections 13.1, 13.2 for further development
of this material.

Part III

Geometric cycles

6. Geometric constructions: generalities

In this section G denotes a connected semi-simple algebraic group defined over
an algebraic number field k, Γ ⊂ G(k) an arithmetic subgroup. In general, we
retain the notation of Sections 4 and 5.

A given reductive k-subgroup H of G gives rise to a natural map

jH|Γ : XH/ΓH −→ X/Γ,

where ΓH = Γ ∩H(k). In this section we outline a proof of the following.

Theorem D. Let G be a connected semi-simple algebraic k-group, let H ⊂ G be a
connected reductive k-subgroup, and let Γ be an arithmetic subgroup of G(k). Then
there exists a subgroup Γ′ of finite index in Γ such that if Γ is replaced by Γ′, the
map

jH|Γ′ : XH/Γ′
H −→ X/Γ′

is a proper, injective, closed embedding, and so that each connected component of
the image is an orientable, totally geodesic submanifold of X/Γ′.

This result is proven in various steps throughout this section. Groups H which
originate with the set of fixed points of a rational automorphism of finite order
on G are examples of special interest. In this case the injectivity is not an issue.
This is discussed in Section 6.4. Non-abelian Galois cohomology turns out to be a
decisive tool in analyzing these fixed point sets.
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6.1. Geometric cycles. Let H be a reductive k-subgroup of G, let KH be a
maximal compact subgroup of the real Lie group H∞, and let XH = KH\H∞
be the space associated to H∞, as in Section 5.1. If x0 ∈ X is fixed under the
natural action of KH ⊂ G∞ on X, then the assignment h �→ x0 h defines a closed
embedding

XH = KH\H∞ −→ X;

that is, the orbit map identifies XH with a totally geodesic submanifold ofX. Thus,
we also have a natural map

jH|Γ : XH/ΓH −→ X/Γ,

where ΓH = Γ ∩H(k). We consider the composite of the inclusion i : H∞/ΓH →
G∞/Γ and the projection π : G∞/Γ → X/Γ. The latter map is proper since it is
the projection of a locally trivial fibration with compact fibers. The same is true
for the surjective map πH : H∞/ΓH → XH/ΓH . The composite jH|Γ ◦πH coincides
with the map π ◦ i. We have

Lemma. The map jH|Γ is proper.

Proof. We may assume that k = Q; otherwise, we replace G by the algebraic Q-
group Resk/QG obtained from G by restriction of scalars (see Appendix C). In
view of the identity jH ◦ πH = π ◦ i it suffices to show that i is proper because
this would imply that also jH ◦ πH has this property, hence also jH . Since the
map i is injective, it is proper if and only if it has closed image. In turn, this is
equivalent to H∞,Γ being closed in G∞, hence also to Γ having closed image in
H∞\G∞. However, by [15, 7.7], there exist a finite-dimensional Q-vector space W ,
a representation G −→ GL(W ) defined over Q and a point w ∈ WQ so that the
orbit of w is closed and its isotropy group is H. By Section 4.1. we may suppose
that w belongs to a Γ-stable lattice in WQ. The Γ-orbit of w is therefore discrete in
WR. Since the Γ-orbit of w identifies with the image p(Γ) of Γ under the projection
p : G∞ → H∞\G∞, p(Γ) is closed in H∞\G∞. �

Now we are interested in situations in which for a given subgroup H and a
torsion-free arithmetic subgroup Γ of G, the corresponding map jH|Γ is an injec-
tive immersion. Thus, by being proper, jH|Γ is an embedding, and the image
jH(XH/ΓH) of XH/ΓH is a submanifold in X/Γ. This submanifold is totally geo-
desic, to be called a geometric cycle in X/Γ.

6.2. Actions of Galois groups. In his study of the cohomology of arithmetic
subgroups of the special linear group SL2 over an algebraic number field, Harder
[52] laid out the nucleus for an important class of examples by taking into account
the action of the Galois group Gal(k/Q) on the corresponding locally symmetric
space X/Γ and its cohomology. We find this approach brought to fruition in the
work of Rohlfs [118] on arithmetic groups with Galois actions. More precisely, let G
be a connected semi-simple algebraic group defined over an algebraic number field
l and let k/l be a Galois extension with Galois group G = Gal(k/l). Let v ∈ V∞
be an Archimedean place of k with corresponding embedding σv : k → k. A given
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element τ ∈ G defines, via the assignment σv �→ σv ◦ τ = σv′ , an isomorphism
kv → kv′ . Thus, there are natural actions by G on

G∞ =
∏

v∈V∞

Gv,

and on X =
∏

v∈V∞
Xv, respectively.

Suppose that Γ ⊂ G is a G-stable torsion-free arithmetic subgroup. Then G acts
on the quotient X/Γ. As proved in [118, 1.4], the connected components of the
fixed point set Fix(G, X/Γ) of this action can be parametrized by the non-abelian
Galois cohomology set H1(G,Γ). Each of these components F (γ), [γ] ∈ H1(G,Γ),
is a locally symmetric space of the form X(γ)/Γ(γ) whose structure is completely
determined by the group G(γ) ⊂ G of points that are fixed under the action of G
twisted by the cocycle representing the class [γ]. Indeed, it is a totally geodesic
submanifold in X/Γ. The fundamental group of such a component is isomorphic
to the group Γ(γ) of elements in Γ fixed by the γ-twisted action of G on Γ. It is
inherent in this description that the map

jG(γ) : XG(γ)/Γ(γ) = X(γ)/Γ(γ) −→ X/Γ

is injective in that case.
Next we explain and prove these results in a more general context.
This construction of totally geodesic submanifolds can be partly subsumed under

the general approach in which one studies fixed points of (finite abelian groups Θ of)
automorphisms of finite order on G/l and of the induced morphisms on X/Γ. The
technical tool of non-abelian Galois cohomology sets attached to Θ is of considerable
help in analyzing the corresponding fixed point sets. In particular, it provides an
algebraic frame for the passage from one group Γ to a subgroup Γ′ of finite index
in Γ.

For the convenience of the reader we recall some basis facts regarding non-abelian
Galois cohomology to make our exposition coherent. We refer to [136, Chap. I, 5]
or [71, Chap. VII] for a more thorough treatment.

6.3. Non-abelian Galois cohomology. Let Θ be a group acting on a set A. The
action of s ∈ Θ is written as a �→ sa = sa, and we define AΘ = Fix(Θ, A) = {a ∈
A | sa = a for all s ∈ Θ}. If Θ = 〈τ 〉 is generated by one element τ , we write
AΘ = Aτ .

If the group Θ acts on a group A as a group of automorphisms, then H1(Θ, A)
denotes the first non-abelian cohomology set of Θ in A. It is defined as follows
(cf. [136, Chap. I,5]): A cocycle of Θ in A is a map γ : Θ → A, s �→ γs, so that
γst = γs

sγt for all s, t ∈ Θ. One writes γ = (γs). The set of all cocycles of Θ in A
will be denoted by Z1(Θ, A). There is the trivial cocycle, defined by the constant
map Θ → A, s �→ 1A. Two cocycles γ and ζ are said to be equivalent if there
is an element a ∈ A so that ζs = a−1γs

sa for all s ∈ Θ. This notion defines an
equivalence relation on Z1(Θ, A). Then H1(Θ, A) is the set of equivalence classes.
It is a pointed set, and its distinguished element is the class of the trivial cocycle
to be denoted by 1Θ.
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Suppose the groups Θ and A act on a set M in a compatible way; that is, we
have s(am) = sasm for all s ∈ Θ, a ∈ A, m ∈ M . Then, given a cocycle γ = (γs),
s ∈ Θ, for H1(Θ, A) there is a γ-twisted Θ-action on M given by m �→ γs

sm,
s ∈ Θ. We denote the fixed points of this action by M(γ), γ a given cocycle for
H1(Θ, A).

6.4. Fixed points of Q-rational automorphisms of finite order. Let Θ be
a finite abelian group of Q-rational automorphisms of G/Q. Choose a maximal
compact subgroup K of G(R), stable under the group Θ [60, 13.5]. Then the
group Θ acts on the symmetric space X = K\G(R). Given a Θ-stable torsion-
free arithmetic subgroup Γ of G(Q) there is a natural action of Θ on the locally
symmetric space X/Γ. If γ = (γs), s ∈ Θ, is a cocycle of Θ in Γ, then there are
γ-twisted actions of Θ on G and on Γ, defined by g �→ γs

sgγ−1
s , g ∈ G, s ∈ Θ. The

induced action of Θ on X is given by x �→ sxγ−1
s , x ∈ X, s ∈ Θ. The new action of

Θ induced on X/Γ coincides with the previous one. Let Γ(γ) be the set of elements
in Γ fixed by the γ-twisted action of Θ and let X(γ) be the set of fixed points of
the γ-twisted Θ-action on X. Then the natural map πγ : X(γ)/Γ(γ) → X/Γ is
injective. This can be seen as follows.

Let x, y ∈ X(γ) and suppose there exists δ ∈ Γ so that x = y · δ. Since x and y
are fixed under the γ-twisted Θ-action we have

sx · γ−1
s = x resp. sy · γ−1

s = y for all s ∈ Θ.

This implies, by applying s ∈ Θ to the equation x = y · δ,
sx = s(y · δ) = sy sδ = y · γs sδ

and hence
xγs = y · γs sδ;

that is,
x = y · γs sδγ−1

s .

But the group Γ acts freely on X so that δ = γs
sδγ−1

s for all s ∈ Θ. Thus,
δ ∈ Γ(γ). The image of πγ ,

F (γ) := Imπγ
∼= X(γ)/Γ(γ),

lies in the fixed point set Fix(Θ, X/Γ). Notice that F (γ) depends only on the class
in H1(Θ,Γ) represented by the cocycle γ. The spaces F (γ) are non-empty since the
action of Θ on X is via isometries ([60, Thm. 13.5]). Any two points of X(γ) are
joined by a unique geodesic of X ([60, Lemma 14.3]). Thus, F (γ) is a connected
totally geodesic closed submanifold of X/Γ. Its fundamental group is isomorphic
to Γ(γ).

All fixed points of Θ acting on X/Γ arise by this construction. Consider a point
x ∈ Fix(Θ, X/Γ) represented by x ∈ X. Then there exist uniquely determined
elements γs ∈ Γ such that sx = xγs, s ∈ Θ. Then we have

s(tx) = xγst,

respectively,
s(tx) = s(xγt) =

sx sγt = xγs
sγt

so that γst = γs
sγt for all s, t ∈ Θ. Hence γ = (γs), s ∈ Θ, is a cocycle of Θ

in Γ. Given another representative x′ = x · c, c ∈ Γ, of x, the attached cocycle
is determined by γ′

s = c−1γs
sc, s ∈ Θ. Thus every point in the fixed point set

Fix(Θ, X/Γ) determines a unique class in H1(Θ,Γ). As a consequence, the fixed
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point set is a disjoint union of the connected non-empty sets F (γ), γ ∈ H1(Θ,Γ),
that is,

Fix(Θ, X/Γ) =
∐

γ∈H1(Θ,Γ)

F (γ).

All of its connected components F (γ) are of the form X(γ)/Γ(γ), determined by
the subgroup G(γ) ⊂ G, and, by construction, the map jG(γ) is injective. Such a
geometric cycle X(γ)/Γ(γ) = XG(γ)/Γ(γ) (arising from a Q-rational automorphism
of finite order) is called a special geometric cycle.

6.5. A result of Raghunathan. In this section we outline an argument due to
Raghunathan by which, given a reductive k-subgroup H in G, we see that the
question of injectivity regarding the map jH|Γ is, up to subgroups of finite index in
the arithmetic group, not an issue. More precisely,

Theorem E. Let G be a connected semi-simple algebraic k-group, let H ⊂ G be a
connected reductive k-subgroup, and let Γ be an arithmetic subgroup of G(k). Then
there exists a subgroup Γ′ of finite index in Γ such that if Γ is replaced by Γ′, the
map

jH|Γ′ : XH/Γ′
H −→ X/Γ′

is injective.

Since this result is somewhat hidden in a technically involved part of [35, Section
2], we sketch the argument.

We note that it suffices to prove the assertion for one specific arithmetic group
Γ and that, by replacing G by Resk/QG, we may assume that k = Q. Such a group
Γ will be chosen in the course of the proof.

With suitably chosen maximal compact subgroups KH ⊂ H(R), resp. K ⊂ G(R)
as in Section 6.1, we may write XH = KH\H(R), resp. X = K\G(R), so that
XH −→ X is a closed embedding. We consider the sequence of natural maps

H(R) −→ H(R)/Γ −→ XH/ΓH −→ X/Γ.

Let x, y ∈ H(R), and let x, y be their images in XH/ΓH ; that is, they are of the
form of double cosets

x = KHxΓH , y = KHyΓH .

The condition that jH|Γ(x) = jH|Γ(y) is equivalent to the identity of double cosets

KxΓ = KyΓ.

This implies that there are elements γ ∈ Γ, k−1 ∈ K so that

x = k−1yγ

and therefore
γ ∈ H(R)kH(R).

In turn, equivalently,
H(R)γ ∩KH(R) �= ∅.

Thus we are reduced to showing that, for a suitably chosen group Γ, this implies
that γ ∈ H and hence also k ∈ KH .

As a first step, we show that the double coset H(C)kH(C), k ∈ K, is a closed
subvariety in G(C). Let Gu be a maximal compact subgroup of G(C) that contains
a maximal compact subgroup Hu of H(C). The groups Gu and Hu are compact



GEOMETRIC CYCLES, ARITHMETIC GROUPS AND THEIR COHOMOLOGY 217

real forms of G(C) and H(C), respectively; that is, the group G(C) can be endowed
with the structure of an R-group G′ that induces an R-group structure H ′ on H(C)
such that G′(R) = Gu and H ′(R) = Hu. There is a natural isomorphism φ defined
over C of G(C) on G′(C) which carries H(C) on H ′(C) and induces the identity on
K. We fix an imbedding G′ −→ GLN over R for some N . We then have a natural
action of H ′ ×H ′ on V := Mn(C) by left and right translations. By construction,
a given element k ∈ K lies in VR = Mn(R), and the orbit HukHu is closed in VR

in the ordinary topology since it is compact. Now results of Birkes [14, 5.3] show,
since Hu is anisotropic over R, that H ′kH ′ is Zariski closed in G′. This implies
that H(C)kH(C) is a closed subvariety in G(C) for any k ∈ K because φ is the
identity on K.

In the second step, we fix a realization of G as a Q-subgroup of some GLN . For
any subring R ⊂ C, let R[G] denote the R-algebra of polynomials in the matrix
entries aij(g), i, j = 1, ..., N , of G by means of this embedding. The group H(Q)
acts on Q[G] via left and right translations. Let Q[G]0 denote the subalgebra of
elements in Q[G] that are bi-invariant under this action of H(Q). Since H(Q) is
Zariski dense in H, C[G]0 = Q[G]0⊗QC is the C-algebra of H-bi-invariant elements
of C[G]. We define Z[G]0 = Z[G]∩Q[G]0. Then Q[G]0 = Z[G]0⊗ZQ, and we obtain

(6.1) C[G]0 = Z[G]0 ⊗Z C.

The C-algebra C[G]0 is finitely generated, [15, 7.6]. Thus, we can find a set S =
{f1, ..., fs} of finitely many elements fi, i = 1, ..., s, in Z[G]0 which generate C[G]0
as a C-algebra. We may assume that fi(1) = 0 for all i = 1, ..., s. As a consequence
the elements in the generating set S are polynomials in the variables aij(g)−δij , 1 ≤
i, j ≤ N , but without constant term.

By the very definition, the group GZ = GLN (Z)∩G(Q) is an arithmetic subgroup
as well as the principal congruence subgroups Γ(q) ⊂ GZ, q ∈ N, q ≥ 1. The s-tuple
(f1, ..., fs) defines a Q-morphism F : G −→ Cs. The map F is constant on the
double cosets HxH. Moreover, if γ ∈ Γ(q), then a(g) ≡ 1 mod q; that is, F
maps the principal congruence subgroup Γ(q) into (qZ)s ⊂ Cs. Since the group
K is compact, the subset F (K) ⊂ Cs is bounded. Due to the discreteness of
F (Γ(q)), this permits us to choose a large number q0 ∈ N so that the intersection
F (K) ∩ F (Γ(q0)) only consists of the origin (0, ..., 0) in Cs.

In our analysis of the map jH , we now consider this specific group Γ(q0) =: Γ.
For given elements x, y ∈ Γ with jH(x) = jH(y) we have seen above that there are
elements γ ∈ Γ, k−1 ∈ K so that γ ∈ HkH. By our first step in the proof, the
double cosets HkH and H1H are both Zariski closed in G, and, by [15, 7.6 (ii)],
the elements of C[G]0 separate the closed orbits of H×H, that is, the closed double
cosets with respect to H. In particular, if HkH �= H1H, one can find f ∈ C[G]0
with f(1) = 0 but f(k) �= 0. However, by construction, F (k) is the origin in Cs.
This implies, because S = {f1, ..., fs} generates C[G]0 as an algebra over C, that
every element of C[G]0 is zero on k. Therefore we may conclude that HkH = H1H;
in turn,

k ∈ KH = K ∩H(R)

and

γ ∈ ΓH = Γ ∩H(Q).

This proves x = y and thus our claim.
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6.6. Orientability. Given a connected reductive Q-subgroup H of a connected
semi-simple algebraic Q-group G as above, the real Lie group H(R) of real points of
H may fail to be connected. Thus, with regard to the action of H(R) on the totally
geodesic submanifold XH in X, the group H(R) may contain elements which do not
act in an orientation-preserving manner onXH . Thus, in general, even if Γ is torsion
free, it is not the case that the manifold XH/ΓH carries a natural orientation.
However, in order to analyze the contribution of XH/ΓH to the (co)homology of
X/Γ, for example, via its fundamental class, one has to deal with this problem.
The question of orientability arises in an even stronger form if one actually wants
to determine the intersection number (if it is defined) of the cycle XH/ΓH with
a suitable submanifold of complementary dimension in X/Γ. One needs that all
connected components of this intersection are orientable. The following result, to be
found in [122], shows that this situation can always be achieved, up to a subgroup
of finite index.

Theorem F. Let G be a connected semi-simple algebraic Q-group, and let GZ be
the group of integral points relative to some given embedding ρ : G −→ GLn over
Q. Let {Hj}, j = 1, ..., h, be a finite family of reductive algebraic Q-subgroups of G
which will be viewed via ρ as subgroups of GLn. Then there exists a non-zero ideal
q ⊂ Z such that

Γ(q) ∩Hj
Z ⊂ Hj(R)0, j = 1, ..., h.

If the groups Hj , j = 1, ..., h, are semi-simple, we can choose the ideal q to be
coprime to any given fixed non-zero ideal r ⊂ Z.

7. Invariant differential forms

Let Γ be a torsion-free arithmetic subgroup of a semi-simple algebraic Q-group
G. Let I∗G(R) be the algebra of G(R)-invariant forms on X. Such a differential form

ω is both closed and coclosed (with respect to any G(R)-invariant Riemannian
metric), hence harmonic, so it passes to a harmonic differential form, and hence a
cohomology class on X/Γ. In this section we will explain the following results.

Theorem G. The algebra I∗G(R) can be naturally identified with the real cohomology

H∗(Xu,R) of the compact dual symmetric space Xu of X and there is a homomor-
phism

β∗
Γ : H∗(Xu,R)−̃→I∗G(R) −→ H∗(Ω(X,R)Γ)−̃→H∗(X/Γ,R).

Moreover, if X/Γ is compact, then β∗
Γ is injective.

Note that in the case of a compact quotient X/Γ, the part Imageβ∗
Γ of the coho-

mology is easily understood since the compact dual symmetric spaces are familiar
objects as Grassmannians and flag manifolds.

Besides giving a detailed outline of this construction we study this map in the
cases where X is a Riemannian symmetric space of real rank one (and negative
curvature). Our eventual aim is to show in the following section how this map can
be used to detect non-vanishing (co)homology classes carried by geometric cycles.

7.1. The compact dual symmetric space. Let G be a connected semi-simple
real Lie group, g its Lie algebra, and let K ⊂ G be a maximal compact subgroup
with Lie algebra k. Let

g = k⊕ p
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be the corresponding Cartan decomposition. There is an associated involutive
automorphism θ : g → g, called the Cartan involution, which acts as the identity
Id on the subalgebra k and as −(Id) on p. In other words, (G,K) is a Riemannian
symmetric pair of non-compact type associated with the orthogonal symmetric Lie
algebra (g, θ) in the sense of [60, Chap. VI]. Let Gu be a maximal compact subgroup
of the complexification GC of G which contains K. We may suppose that the Lie
algebra gu of Gu admits the Cartan decomposition

gu = k⊕ pu with pu = ip.

Note that gu is a compact real form of the complexification gC of g. If B denotes the
Killing form of gC, its restrictions to g×g and gu×gu are the Killing forms of g and
gu, respectively. The homogeneous space Xu := K\Gu endowed with the unique
Riemannian structure induced by the restriction of −B to ip × ip is a compact
symmetric Riemannian space, the compact dual symmetric space of X = K\G.
Note that there is a natural identification of the tangent space TKe(Xu) at the
origin with the Lie algebra pu = ip, where ip is viewed as a real subspace of pC.

Let IG := ΩI(K\G) be the space of G-invariant R-valued C∞-forms on X. By
evaluating a form at the origin we obtain an isomorphism

(7.1) IG−̃→HomK(Λ(p),R) = (Λ(g/k)∗)K

of IG on the complex C(g, k,R) = HomK(Λ(p),R) underlying the relative Lie al-
gebra cohomology H(g, k,R) (see Appendix E). Similiarly, there is an analogous
isomorphism

(7.2) IGu
−̃→HomK(Λ(pu),R) = (Λ(gu/k)

∗)K

of the space IGu
of Gu-invariant R-valued C∞-forms on Xu onto the complex

C(gu, k,R) = HomK(Λ(pu),R) = (Λ(gu/k)
∗)K . Let KC denote the complexifica-

tion of K in GC, kC its Lie algebra. Then we have

KC ∩Gu = KC ∩G = K.

Therefore X and Xu are embedded in the space XC := KC\GC as orbits of the
coset KC.

The inclusions p −→ pC and pu = ip −→ pC induce natural R-linear maps

α : (Λp∗)K −→ (Λp∗C)
KC

and

αu : (Λp∗u)
K −→ (Λp∗C)

KC ,

respectively. These maps are injective. By restriction we also obtain R-linear maps
in the reverse direction, to be denoted

ρ : (Λp∗C)
KC −→ (Λp∗)K and ρu : (Λp∗C)

KC −→ (Λp∗u)
K .

The composition ρu ◦ α provides R-linear isomorphisms

(Λp∗)K −→ (Λp∗u)
K .

Now we take into account the identifications IG−̃→(Λp∗)K and IGu
−̃→(Λp∗u)

K ,
respectively. Let ω be a multilinear form of degree q on pC whose restriction to pu

is real-valued. Then the form iqω (with i =
√
−1) has a real-valued restriction on
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p. Thus, in terms of invariant R-valued q-forms, the assignment ω �→ iqω provides
isomorphisms

(7.3) IqGu
−̃→IqG,

for each q ∈ N.
In other words, it is the fact that a GC-invariant form on XC restricts to a

G-invariant form on the embedded space X and to a Gu-invariant form on Xu,
respectively, which lies behind this isomorphism.

7.2. Invariant forms and cohomology. Given a connected semi-simple real Lie
group G, K ⊂ G a maximal compact subgroup, as before, let Γ ⊂ G be a torsion-
free discrete subgroup. It acts properly discontinuously on the space X = K\G
of maximal compact subgroups of G. The space X/Γ is a complete Riemannian
manifold. Let Xu = K\Gu denote the compact dual symmetric space of X. Since
Xu is the quotient of a compact connected group modulo a closed connected sub-
group, the cohomology H∗(Xu,R) admits a natural interpretation as the space of
Gu-invariant R-valued C∞-forms on Xu, that is, H∗(Xu,R)−̃→I∗Gu

as explained
in appendix E.2. In view of the isomorphism of the latter space with the space of
G-invariant R-valued smooth forms on X, we obtain an isomorphism

(7.4) H∗(Xu,R)−̃→I∗Gu
−̃→I∗G.

A G-invariant R-valued form ω on X naturally descends to a form on X/Γ; thus
there is a map

(7.5) H∗(Xu,R)−̃→I∗G −→ Ω∗(X,R)Γ.

The space I∗G consists of closed (even harmonic) forms; thus we get a homomorphism

(7.6) β∗
Γ : H∗(Xu,R) −→ H∗(Ω(X,R)Γ)−̃→H∗(X/Γ,R).

We may rewrite this homomorphism in terms of relative Lie algebra cohomol-
ogy. First, recall the isomorphisms H∗(Xu,R)=̃I∗Gu

=̃C∗(gu, k,R). This latter com-
plex is naturally isomorphic to the complex C∗(g, k,R). Since (g, θ) is an orthog-
onal symmetric Lie algebra, the differential of the latter complex vanishes iden-
tically; hence C∗(g, k,R) = H∗(g, k,R). Now recall that the deRham cohomol-
ogy group H∗(Ω(X,R)Γ) may be viewed as the relative Lie algebra cohomology
H∗(g, k, C∞(G/Γ)). Then the inclusion R → C∞(G/Γ) of R on the space of con-
stant functions induces a homomorphism in cohomology so that we obtain the
reinterpretation of βΓ by

(7.7) C∗(gu, k,R)→̃C∗(g, k,R)→̃H∗(g, k,R) → H∗(g, k, C∞(G/Γ)).

Now we suppose that the discrete group Γ ⊂ G gives rise to a compact quotient
X/Γ, or, equivalently, that G/Γ is compact. A G-invariant R-valued form ω ∈ I∗G
is closed and coclosed, therefore harmonic. As a harmonic form, ω �= 0 cannot
be a coboundary; the homomorphism βΓ is injective. Thus, the injectivity of the
homomorphism βΓ is a consequence of Hodge theory. Results of Matsushima [95]
show the existence of a constant m(G), only depending on g, so that βΓ is surjective
in degrees up to m(G).

In [16], an analogue of this latter result is given in the case of an arithmetic
subgroup Γ of a semi-simple algebraic group defined over Q. In this case the group
G(R) of real points of G plays the role of our real Lie group above. Note that in
such a case the quotient G(R)/Γ has finite invariant volume but is not necessarily
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compact. Furthermore, the homomorphism βΓ is injective only in degrees up to a
constant c(G/Q). This constant c(G/Q) is slightly smaller than half of the Q-rank
of G; see also [162].

7.3. Real rank one symmetric spaces: an example. Let G be a connected
semi-simple real Lie group with finite center, and let (G,K) be a Riemannian
symmetric pair of non-compact type associated with the orthogonal symmetric
Lie algebra (g, θ). By definition, the rank of the corresponding symmetric space
X = K\G is the maximal dimension of a flat totally geodesic submanifold of X.

By the classification of Riemannian globally symmetric spaces, rank one sym-
metric spaces of negative curvature are real, complex and quaternionic hyper-
bolic spaces and the Cayley hyperbolic plane. One can construct the complex
and quaternionic hyperbolic n-spaces, to be denoted Hn

C and Hn
H respectively in

the sequel, in a way that resembles to a large extent the definition of real hy-
perbolic n-space Hn := Hn

R as given in Section 3 (see [106, Section 19], or [26,
chapter II. 10]). Recall that real hyperbolic n-space Hn

R is described by the pair
(G,K) = (SO0(n, 1), SO(n)).

In the following, let F denote either R, C or the division algebra H of Hamilton
quaternions. Viewed as a vector space over R, the central simple algebra H has
a basis 1, i, j, k subject to the relations i2 = −1, j2 = −1, ij = k = −ji. If x =
x01 + x1i+ x2j + x3k ∈ H, then we write x = x01− x1i− x2j − x3k to denote its
quaternionic conjugate. The R-linear map τc : H → H, defined by x �→ x, satisfies
τ2c = Id and τc(xy) = τc(y)τc(x) for all x, y ∈ H; that is, τc is an involution. The
norm N : H → R, given by x �→ xτc(x), is multiplicative. If F = C, we write
z �→ z, z ∈ C, to denote the usual complex conjugation.

Let p and q be non-negative integers with p+ q > 0, and let F p,q be the vector
space F p+q endowed with the non-degenerate form bp,q defined by

(7.8) bp,q(x, y) =
∑

1≤i≤p

xi yi −
∑

p+1≤i≤p+q

xi yi.

Let OF (bp,q) = {g ∈ GLp+q(F ) | bp,q(gv, gv′) = bp,q(v, v
′) for all v, v′ ∈ F p+q}

denote the subgroup of elements in GLp+q(F ) which leave the form bp,q invariant.
Traditionally, if F = R, OR(bp,q) is denoted by O(p, q). Clearly, O(p) := O(p, 0)

is compact. We put SO(p, q) = O(p, q) ∩ SLp+q(R), SO(p) := SO(p, 0). If
F = C, OC(bp,q) is denoted by U(p, q). The group U(p) := U(p, 0) is com-
pact. We put SU(p, q) = U(p, q) ∩ SLp+q(C), SU(p) = SU(p, 0). We have that
SU(p, q) ∩ U(p + q) coincides with the group S(U(p) × U(q)) of diagonal block
matrices diag(up, uq), up ∈ U(p), uq ∈ U(q) with det(up)det(uq) = 1 . The group
OH(bp,q) is usually denoted by Sp(p, q). Write Sp(p) := Sp(p, 0).

In the case of interest for us, i.e., p = n, q = 1, the group OF (bn,1) acts by
isometries on hyperbolic n-space Hn

F . The stabilizer of a point in Hn
F is conjugate

to O(n)×O(1) if F = R, to U(n)×U(1) if F = C and to Sp(n)× Sp(1) if F = H.
The subgroup Z in OF (bn,1) of elements which act trivially on Hn

F consists of +1
and −1 if F = R or H, and is isomorphic to U(1) if F = C. Usually, the quotient
group OF (bn,1)/Z is denoted by POF (bn,1).

As a final result, complex hyperbolic n-space Hn
C is described by the pair G =

SU(n, 1),K = S(U(n)× U(1)). It can be shown that the isometry group of Hn
C is

generated by POC(bn,1) and an involution induced by complex conjugation.
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Quaternionic hyperbolic n-spaceHn
H is given by the symmetric pairG = Sp(n, 1),

K = Sp(n)× Sp(1). If n > 1, the isometry group of Hn
H is POH(bn,1).

For the sake of completeness, we mention in passing that the Cayley hyperbolic
plane is described by a rank one real form of exceptional type F4, to be denoted
F4(−20), with maximal compact subgroup K = Spin(9).

We now explicitly describe the compact dual symmetric space Hn
F,u that corre-

sponds to the n-dimensional hyperbolic space Hn
F . By definition, these are given

as the quotient space Gu/K; that is,

Hn
R,u = SO(n+ 1)/(SO(n)× SO(1)),

Hn
C,u = SU(n+ 1)/S(U(n)× U(1)),

Hn
H,u = Sp(n+ 1)/(Sp(n)× Sp(1)).

If F = R, clearly Hn
R,u is the n-sphere Sn. In the other cases, it turns out that

Hn
C,u = PnC, resp. Hn

H,u = PnH;

that is, if F �= R, Hn
F,u is the n-dimensional projective space PnF over F . We

think of PnF , n ≥ 0, as the orbit space of Fn+1 − (0) under the natural action of
F ∗ = F − (0) given by y �→ yµ, µ ∈ F ∗. Let π : Fn+1− (0) → PnF be the canonical
projection that maps y = (y0, ..., yn) on its class [y] modulo F ∗. One may also view
[y] as a one-dimensional subspace in Fn+1. We call (y0, ..., yn) the homogeneous
coordinates for [y].

Now suppose that F = H. The group GLn+1(H) acts naturally on Fn,1 = Hn,1

and induces a transitive action of the subgroup OH(bn+1) = Sp(n + 1) on PnH.
The stabilizer in Sp(n+ 1) of the point with homogeneous coordinates (0, ..., 0, 1)
is isomorphic to Sp(n)× Sp(1). Thus, we obtain Hn

H,u = PnH.
A similar consideration applies to the complex projective space PnC.
There exists a finite cellular decomposition of PnF into disjoint cells of dimension

0, d, 2d, ..., nd where d = dimRF . More precisely, for each 0 ≤ k ≤ n, there exists
a single k-cell ek := {[y] ∈ PnF | yi = 0 for i > k} so that PnF =

⋃
0≤k≤n ek.

For a given m ≤ n, the m-skeleton of this cellular decomposition is the union of the
cells ek, k = 0, ...,m. It may be identified with the image of PmF under the natural
inclusion PmF −→ PnF , defined by [y0, ..., ym] �→ [y0, ..., ym, 0, ..., 0]. Obviously,
this is a cellular map. If F = C or H, there are no cells of odd dimension in this
cellular decomposition. Thus, in determining the cohomology groups of PnF with
integral coefficients in these two cases, we obtain the final result

Hi(PnF,Z) = Z if i = 0, d, 2d, ..., nd

and Hi(PnF,Z) = 0 otherwise. This assertion is also true in the case F = R if one
replaces the coefficients Z by Z/2Z. Furthermore, the inclusions PmF −→ PnF ,
m ≤ n, induce isomorphisms

Hi(PmF,R)←̃−Hi(PnF,R) for i ≤ md,

with coefficients R = Z or Z/2Z accordingly.

8. Non-vanishing cycles

Let X = K\G be a Riemannian symmetric space given by a Riemannian sym-
metric pair (G,K) of non-compact type. A semi-simple Lie subgroup H ⊂ G gives
rise to a totally geodesic submanifold XH ⊂ X. In fact, it is the symmetric space
attached to the Riemannian symmetric pair (H,KH), KH = H∩K, of non-compact
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type. Let Γ be a torsion-free discrete subgroup Γ in G so that XH/ΓH and X/Γ
are compact manifolds and the map

jH|Γ : XH/ΓH −→ X/Γ

is a smooth embedding. Thus, we may view jH|Γ(XH/ΓH) as a totally geodesic
submanifold inX/Γ. Due to Venkataramana [149] or later on independently Lafont-
Schmidt [81], there is a criterion in terms of the homomorphism induced in coho-
mology by the natural map invH : XH,u −→ Xu of the compact dual symmetric
spaces which ensures that the fundamental class oXH/ΓH

of the geometric cycle
XH/ΓH is a non-trivial class in H∗(X/Γ,R). As an application, we discuss the case
of arithmetic quotients attached to quaternionic hyperbolic n-space.

8.1. Construction. Let G be a connected semi-simple real Lie group with finite
center, and let (G,K) be a Riemannian symmetric pair of non-compact type associ-
ated with the orthogonal symmetric Lie algebra (g, θ). We denote the corresponding
Riemannian symmetric space by X. The choice of a maximal compact subgroup
K ⊂ G corresponds to the choice of a distinguished point x0 ∈ X. Suppose that H
is a connected semi-simple Lie subgroup of G such that H ∩K =: KH is a maximal
compact subgroup of H. Via the assignment h �→ x0h the space XH = KH\H
may be viewed as a totally geodesic Riemannian submanifold in X. Thus, given a
torsion-free discrete subgroup Γ of G, we also have a natural map

(8.1) jH|Γ : XH/ΓH −→ X/Γ

with ΓH := Γ ∩ H. We suppose that the manifolds X/Γ and XH/ΓH are both
oriented in a coherent way. Furthermore, in view of our application in the situation
of arithmetically defined groups, we may suppose that the map jH|Γ : XH/ΓH →
X/Γ is a smooth embedding. Consequently, we may view XH/ΓH as a totally
geodesic submanifold in X/Γ, to be denoted by XH/ΓH as well.

8.2. A simple criterion. Now suppose thatX and XH are both symmetric spaces
of non-compact type and that the corresponding quotients X/Γ and XH/ΓH are
compact spaces of dimension d(G) and dH , respectively. As KH\H = XH is a
totally geodesic submanifold of X there is a totally geodesic embedding

(8.2) invH : XH,u −→ Xu

of the associated compact dual symmetric spaces. Then, for a suitable choice of
the discrete group Γ, the embedding jH|Γ gives rise to a commutative diagram

(8.3) H∗(Xu,R)
β∗
Γ ��

inv∗
H

��

H∗(X/Γ,R)

j∗H|Γ

��
H∗(XH,u,R)

β∗
ΓH �� H∗(XH/ΓH ,R),

where the horizontal homomorphisms β∗
Γ and β∗

ΓH
, defined in Section 7.2, are injec-

tive. In degree dH , since XH/ΓH is compact, HdH (XH/ΓH ,R) is one-dimensional.

As HdH (XH,u,R) = IdH

H(R) = R, the injective homomorphism βdH

ΓH
is an isomor-

phism. Thus, if invdH

H is not identically zero, the morphism jdH

H|Γ is non-trivial;

that is, jdH

H|Γ is surjective. By use of the Kronecker product, one obtains that the
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fundamental class oXH/ΓH
of the totally geodesic submanifold XH/ΓH is a non-

trivial class in H∗(X/Γ,R). This simple purely geometric argument can be found
in [149] or [81].

8.3. Examples. This criterion gives a simplified approach to some non-vanishing
results previously proved in a slightly more complicated way. We discuss the case
of arithmetic quotients attached to quaternionic hyperbolic n-space.

Let k be a totally real algebraic number field of degree d > 1. As before, let σi :
k → R, 1 ≤ i ≤ d, be the distinct field embeddings. Let D be a quaternion division
algebra over k, with canonical involution τc, also called quaternionic conjugation.
Let (E, h) be a finite-dimensional vector space of D endowed with a non-degenerate
D-valued k-bilinear form on E. We suppose that the form h is Hermitian; that is,
we have

h(λu, µv) = λh(u, v)τc(µ),(8.4)

h(u, v) = τc(h(v, u))(8.5)

for all u, v ∈ E, λ, µ ∈ D. Note that necessarily h(v, v) ∈ k for all v ∈ E. The
associate isometry group of h, defined by

(8.6) G = {g ∈ GLD(E) | h(gu, gv) = h(u, v) for all u, v ∈ E},
is a connected, simple and simply connected algebraic group defined over k. By
definition, the arithmetic subgroups of G(k) are the subgroups commensurable with
GOk

. Let G′ = Resk/QG be the algebraic Q-group obtained from G by restriction
of scalars (see Appendix C). If D is split over R, then the group G′(R) of real
points of G′ is of the form

∏
1≤i≤d Sp(pi, dim E − pi) where (pi, dimE − pi) is the

signature of hσi , 1 ≤ i ≤ d.
In the specific case of arithmetic quotients of quaternionic hyperbolic n-space

there is the following result.

Theorem H. Let k �= Q be a totally real algebraic number field, and let D be
a quaternion division algebra over k. Let (E, h) be a non-degenerate Hermitian
space over D of signature (n, 1) all of whose conjugates are positive definite. If Γ
is a torsion-free arithmetic subgroup of the isometry group G of (E, h), then the
corresponding arithmetic quotient X/Γ of the quaternionic hyperbolic n-space X =
Hn

H is compact and its cohomology Hi(X/Γ,R) contains a non-trivial cohomology
class if i = 4, 8, ..., 4(n − 1). More precisely, given a degree i = 4m, 1 ≤ m <
n, the fundamental class oXH/ΓH

of the totally geodesic submanifold XH/ΓH =
Hm

H /Γ(σm) obtained as a component of the fixed point set Fix(σm, X/Γ) of a suitable
involution σm detects this cohomology class by duality.

Since h has signature (n, 1) and all its conjugates hσi , 2 ≤ i ≤ d, have signature
(n + 1, 0), the group G′(R) is of the form Sp(n, 1).C with C the compact group∏

1<i≤d Sp(n+1), and the associated symmetric space is quaternionic n-space Hn
H.

An arithmetic torsion-free subgroup Γ ofG(k) projects to the real Lie group Sp(n, 1)
as a discrete subgroup. The corresponding quotient is compact. For simplicity, by
choosing a basis {ei}1≤i≤n+1 of E, we may suppose that E = Dn+1. For a given
integer m, 1 ≤ m < n, we define an involution σm on G by the assignment

σm : G −→ G,(8.7)

g �→ Σm gΣm,(8.8)
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where Σm denotes the (n+ 1)× (n+ 1) matrix⎛
⎝Idm 0 0

0 − Idn−m 0
0 0 1

⎞
⎠ .

The group G(σm) = {g ∈ G | σm(g) = g} of fixed points will serve as our group
H in our previous general discussion. Thus there is a totally geodesic submanifold
F (σm) := X(σm)/Γ(σm) of Hn

H/Γ where the symmetric space, being determined by
the real Lie group Sp(m, 1), is quaternionic hyperbolicm-space Hm

H . Since we inter-
pret X(σm)/Γ(σm) as a connected component of the fixed point set Fix(σm, X/Γ),
the injectivity of the map

(8.9) jG(σm)|Γ : Hm
H /Γ(σm) −→ Hn

H/Γ

for a torsion-free arithmetic subgroup Γ of G(k) follows immediately from Section
6.4. In other words, we do not have to pass over to a subgroup of finite index to
obtain this result.

As pointed out in Section 7.3, the homomorphism in the cohomology of the
corresponding dual symmetric spaces

(8.10) inviG(σm) : H
i(Hn

H,u,R) −→ Hi(Hm
H,u,R)

is an isomorphism for all i ≤ 4m. In particular, inv4mG(σm) is an isomorphism; thus

we obtain the assertion of the theorem.
In the case of compact arithmetic quotients X/Γ attached to complex hyper-

bolic n-space Hn
C , the same line of arguments leads to an analogous result. By

use of the totally geodesic embedding Hm
C −→ Hn

C , 0 ≤ m < n, and the corre-
sponding isomorphism H2m(Hn

C,u,R)−̃→H2m(Hm
C,u,R) for the cohomology of the

dual symmetric spaces one obtains non-trivial cohomology classes in Hi(X/Γ,R)
for i = 2m, 1 ≤ m < n, detected by a geometric cycle of the form Hm

C /Γ′, Γ′ a
suitable subgroup of Iso(Hm

C ).
Since the dual symmetric space of real hyperbolic n-space Hn

R is the n-sphere Sn,
with non-trivial cohomology only in degrees 0 and n, this approach does not lead to
a construction of non-trivial cohomology classes in Hi(Hn

R/Γ,R). However, as first
shown in [102], an assertion of this type is correct, but it needs a different method
of proof. In fact, it is based on an analysis of intersection numbers of geometric
cycles to be discussed in the next section.

9. Intersection numbers of geometric cycles

9.1. Intersection numbers. Let G be a connected reductive algebraic Q-group,
and let Γ ⊂ G(Q) be a torsion-free arithmetic subgroup. We consider a geometric
cycle Y in X/Γ which originates with a reductive Q-subgroup H of G. In particular,
there is an embedding

jH|Γ : XH/ΓH −→ X/Γ

whose image, a totally geodesic submanifold, is Y . For example, such geometric
cycles arise as fixed point components of a rational Q-automorphism µ of finite
order on X/Γ. As discussed in Section 6.4, the connected components of the fixed
point set Fix(〈µ〉, X/Γ) are totally geodesic closed submanifolds in X/Γ of the form
F (γ) = X(γ)/Γ(γ), where γ is a cocycle representing a class in the non-abelian
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cohomology set H1(〈µ〉,Γ); that is, we have as a disjoint union of connected non-
empty sets

Fix(〈µ〉, X/Γ) =
∐

γ∈H1(〈µ〉,Γ)
F (γ).

In general, we are interested in cases where

• a geometric cycle Y is orientable and
• its fundamental class is not homologous to zero in X/Γ, in singular homol-
ogy or homology with closed supports, as necessary.

As stated in Theorem F [Section 6.6], there exists a subgroup of finite index in Γ
such that the corresponding cycles are orientable. Thus we may suppose that the
geometric cycles we consider have this property.

One way to go about the second question is to construct an orientable submani-
fold Y ′ of complementary dimension such that the intersection product (if defined)
of its fundamental class with that of Y is non-zero. In doing so, if X/Γ is non-
compact, we have to assume that at least one of the cycles Y, Y ′ is compact, while
the other need not be. In order to find a non-zero intersection product, if at all pos-
sible, it is often necessary to replace the arithmetic group Γ by a suitable subgroup
of finite index.

For the sake of convenience we recall the definition of the intersection number
of two closed oriented submanifolds Y, Y ′ in an oriented manifold V of dimension
dimV = m. We suppose that Y ∩ Y ′ is compact and that the submanifolds have
complementary dimensions, that is, dimY + dimY ′ = dimV . Let N = Y or Y ′,
and let U be a tubular neighborhood of N in V . Then there is an isomorphism

Hm−dimN (U,U −N ;Z)−̃→Hm−dimN (V, V −N ;Z).

Since the normal bundle of N in V is oriented in a natural way, there is, given a
point x ∈ N , an isomorphism

jx : Hm−dimN (Ux, (U −N)x;Z)−̃→Z,

where Ux denotes the fiber of the normal bundle in U over x ∈ N . Then there is a
uniquely determined class ωN ∈ Hm−dimN (U,U − N ;Z) such that ωN is mapped
under the composite of maps

Hm−dimN (U,U −N ;Z)−̃→Hm−dimN (Ux, (U −N)x;Z)−̃→Z

to the element 1 in Z. Then the intersection number of Y and Y ′ is defined by the
expression

(9.1) [Y ][Y ′] = (ωY � ωY ′)(oV );

that is, the integer [Y ][Y ′] is obtained by evaluating the cup-product (ωY � ωY ′)
on the fundamental class oV ∈ Hcl

m(V,R) of V .
The reader may wish to consult Appendix D for some results on products in the

(co)homology of manifolds which are needed in the text.

9.2. Excess bundles. We retain the setting of the previous paragraph. Suppose
that the two closed oriented submanifolds Y, Y ′ of the oriented manifold V intersect
perfectly; that is, the connected components of the intersection Y ∩Y ′ are immersed
submanifolds of V and for each of the components F of Y ∩ Y ′ the tangent bundle
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TF of F coincides with the intersection of the restriction of the tangent bundles of
Y and Y ′ to F ,

(9.2) TF = TY|F ∩ TY ′
|F .

In such a case, each of these components F , say of dimension f ≥ 1, gives rise
to the so-called excess bundle ηF of F (see [108, Section 3]). More precisely, let
TY|F + TY ′

|F be the bundle over F whose fiber over a point x ∈ F consists of the

span of the fibers TxY and TxY
′ in the fiber TxV of the tangent bundle TV of V .

Then the following sequence,

(9.3) 0 → TF → TY|F ⊕ TY ′
|F → TY|F + TY ′

|F → 0,

is an exact sequence of bundles. Since Y and Y ′ intersect perfectly there is a
well-defined f -dimensional vector bundle ηF over F so that the sequence

(9.4) 0 → TY|F + TY ′
|F → TV|F → ηF → 0

is an exact sequence of bundles. The intersection is transversal in F if and only if
the excess bundle attached to F is the zero bundle.

Incidentally, excess intersections have been considered by algebraic geometers
since the early 1800s; see the discussion in [39, Chap. 9].

Suppose that the connected component F we deal with of the intersection Y ∩Y ′

of the two closed oriented submanifolds of the oriented manifold V is orientable.
By choosing an orientation of F , the excess bundle ηF is an oriented vector bundle
over F in a natural way. We denote the uniquely determined Euler class of the
excess bundle ηF by e(ηF ) ∈ Hf (F,Z) [103, chap. 9, 10]. By definition, the Euler
number e(η)[F ] of the excess bundle ηF is the integer obtained by evaluating the
Euler class on the fundamental class oF of F , that is,

(9.5) 〈e(ηF ), oF 〉 =: e(η)[F ].

In accordance with the classical theory of intersection numbers, if F = {x} consists
of just one point, we define e(η)[F ] = 1 if TxY +TxY

′ equals TxV as oriented vector
spaces and e(η)[F ] = −1 otherwise. In general, the Euler number of the excess
bundle does not depend on the choice of the orientation of F .

Then the following result ([122], 3.3) holds true.

Theorem I. Let Y, Y ′ be two closed immersed oriented submanifolds of an oriented
manifold V . Suppose that Y, Y ′ are of complementary dimension, that is, dimY +
dimY ′ = dimV and that Y and Y ′ intersect perfectly, and that the intersection is
compact consisting of (necessarily finitely many) orientable connected components
F . Then the intersection number [Y ][Y ′] can be expressed as the sum of the Euler
numbers of the corresponding excess bundles, that is,

[Y ][Y ′] =
∑

e(η)[F ],

where the sum ranges over the connected components F of the intersection Y ∩ Y ′.

9.3. Intersection numbers of special geometric cycles and non-abelian
Galois cohomology. Let σ, τ be two Q-rational automorphisms of G of finite or-
der which commute with one another. Let Θ = 〈σ, τ 〉 denote the abelian group
generated by σ and τ . As explained in Section 6.4, given a Θ-stable torsion-
free arithmetic subgroup Γ of G(Q), there is a natural action of Θ on the lo-
cally symmetric space X/Γ as well as one of σ and τ , respectively. Recall that
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for µ = σ, τ , the fixed point set Fix(〈µ〉, X/Γ) is a disjoint union of connected
components F (γ) = X(γ)/Γ(γ) with γ ∈ H1(〈µ〉,Γ). By using the natural map
H1(〈µ〉,Γ) −→ H1(〈µ〉, G(R)), we can view a representing cocycle γ of 〈µ〉 in Γ as
a representative for a class in H1(〈µ〉, G(R)). If two cocycles γ and γ′ which are not
equivalent give rise to the same class in H1(〈µ〉, G(R)), then X(γ) is a translate of
the totally geodesic Riemannian submanifold X(γ′) under an element in G(R). In
particular, X(γ) and X(γ′), and hence F (γ) and F (γ′), have the same dimension.

We call the connected component corresponding to the base point 1〈µ〉 in the non-

abelian Galois cohomology setH1(〈µ〉,Γ) a special cycle, to be denoted C(〈µ〉,Γ). It
is worth noting that each of the connected components of Fix(〈µ〉, X/Γ), say F (γ0),
may be viewed as a special cycle. This is achieved by replacing the automorphism
µ with the automorphism obtained by twisting µ with the cocycle γ0 of 〈µ〉 in Γ
(see Section 6.4). Let

(9.6) res(σ,τ) : H
1(Θ,Γ) −→ H1(〈σ〉,Γ)×H1(〈τ 〉,Γ)

be the natural map induced by the map that assigns to a given cocycle γ = (γs),
s ∈ Θ, the uniquely determined pair (γσ, γτ ) of cocycles γσ = (γs), s ∈ 〈σ〉, and
γτ = (γs), s ∈ 〈τ 〉. If γ = (γs), s ∈ Θ, is a cocycle representing a class in the kernel
of the map res(σ,τ), then

(9.7) X(γ) = X(γσ) ∩X(γτ ).

By [122, Section 1], the special cycles C(〈σ〉,Γ) and C(〈τ 〉,Γ) in X/Γ intersect
perfectly, and the set of connected components of this intersection is parametrized
by the set ker res(σ,τ).

As discussed in Section 6.6, by replacing Γ with a suitable subgroup of finite
index, we may suppose that X/Γ, the special cycles C(〈σ〉,Γ) and C(〈τ 〉,Γ) and
the connected components of their intersection are oriented. In addition we sup-
pose that the cycles are of complementary dimension and that their intersection
C(〈σ〉,Γ)∩C(〈τ 〉,Γ) is compact. By Theorem I [Section 9.2] the intersection num-
ber of these two cycles is given as the sum of the Euler numbers e(η)[F (γ)] of the
excess bundles attached to the connected components F (γ), γ ∈ ker res(σ, τ ), that
is,

[C(〈σ〉,Γ)] [C(〈τ 〉,Γ)] =
∑

γ∈ker res(σ,τ)

e(η)[F (γ)].

Subject to an additional assumption, one can replace the Euler numbers of the
excess bundles by the Euler characteristics of the components F (γ). Then one has

Theorem J. Let G be a connected semi-simple algebraic Q-group, and let σ, τ
be a pair of Q-rational automorphisms of G of finite order commuting with one
another. Let Γ ⊂ G(Q) be a 〈σ, τ 〉-stable torsion-free arithmetic subgroup so that
the corresponding locally symmetric manifold X/Γ is compact. Suppose that

• the real Lie groups G(R), G(σ)(R), and G(τ )(R) act in an orientation-
preserving manner on their respective spaces X,X(σ), and X(τ ),

• the spaces X(σ) and X(τ ) intersect in exactly one point with positive in-
tersection number (or, equivalently, the group G(〈σ, τ 〉)(R) is compact),

• dim X(σ) + dim X(τ ) = dim X.
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Then there exists a 〈σ, τ 〉-stable normal subgroup Γ′ ⊂ Γ of finite index so that

[C(〈σ〉,Γ)] [C(〈τ 〉,Γ)] =
∑

γ∈ker res(σ,τ)

χ(F (γ)) �= 0.

Moreover, all connected components F (γ) have the same dimension modulo 4.

The proof of this result can be found in [122, Section 4]. However, some com-
ments are in order.

Later on we will describe situations in which the first assumption is fulfilled.
One can easily choose orientations on X,X(σ), and X(τ ), respectively, so that
the intersection number of X(σ) and X(τ ) is positive. By use of an extension of
Hirzebruch’s proportionality principle to bundles, one can express the Euler number
of the excess bundle of a given connected component of the intersection in terms of
an invariant volume. More precisely, given such a component F (γ) = X(γ)/Γ(γ)
of dimension f(γ), let ω be an invariant positive measure on the corresponding real
Lie group G(γ)(R). Then one has, as proved in [122, Prop. 4.2],

(9.8) e(η)[F (γ)] = (−1)f(γ)/2p(γ)

∫
G(γ)(R)0/Γ

ω.

The proportionality factor p(γ) is given as the ratio of the Euler number of a
certain bundle e(ηu,F (γ)) over the compact dual space X(γ)u determined by the

excess bundle ηF (γ) to the volume of the compact real form Gu(γ)
0 with respect to

a measure ωu on Gu(γ)(R) determined by ω, i.e.,

(9.9) p(γ) = e(ηu,F (γ))[X(γ)u] [volωu
(Gu(γ)(R)

0]−1.

The Euler number e(η)[F (γ)] vanishes if the corresponding group G(γ)(R)0 does not
contain a compact Cartan subgroup or if the dimension f(γ) of the component F (γ)
is odd. These conditions resemble very much the conditions under which the Euler
characteristic of an arithmetic quotient vanishes. We note that there is a similar
formula for the Euler characteristic of a fixed point component F (γ), namely,

(9.10) χ(F (γ)) = (−1)f(γ)/2χ(X(γ)u) [volωu
(Gu(γ)(R)

0]−1

∫
G(γ)(R)0/Γ

ω.

Then, under the given two hypotheses, the Euler number of the bundle e(ηu,F (γ))
over X(γ)u is the Euler characteristic of X(γ)u, that is, e(ηu,F (γ)) = χ(X(γ)u).
Thus, by comparing the formula for e(η)[F (γ)] with the one for χ(F (γ)), we obtain
the formula for the intersection number of the two cycles in question as stated.

In a second step, by replacing Γ with a suitable subgroup Γ′ of finite index, we
can achieve that all connected components F (γ), γ ∈ ker resσ,τ ⊂ H1(Θ,Γ′), have
the same dimension f(γ) modulo 4 and such that χ(F (γ)) �= 0. Since the sign of
χ(F (γ)) is (−1)f(γ)/2, all connected components F (γ) contribute with the same
sign to the intersection number. Thus [C(〈σ〉,Γ′)] [C(〈τ 〉,Γ′)] �= 0.

10. Geometric construction of homology

This general analysis of the intersections and intersection numbers of geometric
cycles allows us to construct non-vanishing (co)homology classes for the arithmetic
quotients in question. In this and the following section, we exhibit some families of
examples.
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We start off with the work of Millson-Raghunathan [102] in which they dealt
with special cycles in specific cases. Their approach differs from the one described
in Section 9 in so far as their object of concern is a real Lie group, say SO(p, q)
or SU(p, q), without specifying an underlying rational structure. Then, in order to
match the various conditions as orientability et cetera, they have to do a case-by-
case construction of cocompact discrete subgroups. However, our previous general
results replace this discussion and go beyond.

10.1. Real, complex and quaternionic hyperbolic n-space. First, as an easy
implementation of the general scheme discussed in Section 9, we resume the dis-
cussion in Section 8.3 of arithmetic quotients attached to quaternionic hyperbolic
n-space. The situation is as follows: Let D be a quaternion division algebra over a
totally real algebraic number field k �= Q, and let (E, h) be an (n+ 1)-dimensional
Hermitian space over D. The isometry group G of (E, h) is a connected, simple
and simply connected k-group. Suppose that h has signature (n, 1) and that all its
conjugates (under Gal(k/Q)) are of signature (n+1, 0). An arithmetic torsion-free
subgroup Γ of G(k) gives rise to a compact arithmetic quotientX/Γ ofX = Hn

H. For
a given integer m, 1 ≤ m < n, there is a rational involution σm : G → G (see Sec-
tion 8.3. for a definition). Given a rational point x in the special cycle C(〈σm〉,Γ)
represented by x ∈ X(〈σm〉), there is the Cartan involution θx corresponding to
x. The rationality of x means that θx is an automorphism of G defined over k.
Then τm := σmθx is a rational involution of G which commutes with σm. The
spaces X(σm) and X(τm) are totally geodesic submanifolds of X of complementary
dimensions 4m and 4(n − m), meeting only at x. By arranging the orientations
of X, X(σm) and X(τm) suitably it can be achieved that the intersection number
of X(σm) and X(τm) is positive. Thus, by Theorem J [Section 9.3], there exists
a 〈σm, τm〉-stable subgroup Γ′ of finite index in Γ such that the Euler character-
istics χ(F (γ)),γ ∈ ker res(σm,τm) of the connected components of the intersection
of the special cycles C(〈σm〉,Γ′) and C(〈τm〉,Γ′) are all positive. Hence, the cycles
contribute non-trivially to cohomology. More precisely, they detect non-vanishing
classes in Hj(Hn

H/Γ
′,R), j = 4m, 4(n−m). Since the integer m ranges over the set

{1 ≤ m < n} we get classes in degrees i = 4, 8, ..., 4(n − 1) in this way. Thus, we
see that this investigation of intersection numbers of geometric cycles gives another
proof of Theorem H [Section 8.3].

However, Millson and Raghunathan discovered an additional feature in this ap-
proach; namely, one can pass to a subgroup ∆ of finite index in Γ′ so that the
fundamental classes oC(〈σm〉,∆) and oC(〈τm〉,∆) are not dual to an invariant form on
the locally symmetric space X/∆, that is, to a class in the image of the injective
homomorphism

β∗
∆ : H∗(Xu,R) −→ H∗(Ω(X,R)∆)−̃→H∗(X/∆,R).

Classes in the image of the map β∗
∆ are occasionally referred to as “continuous

classes”.
This is contained in the following general result of Millson-Raghunathan [102,

Thm. 2.1] (where we essentially retain the notation of Section 9.3).

Theorem K. Let σ, τ be two Q-rational involutions of a semi-simple Q-group G
which commute with one another, and let Γ be a 〈σ, τ 〉-stable torsion-free arithmeti-
cally defined subgroup of G so that the locally symmetric space X/Γ is compact.
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Suppose that the corresponding special cycles C(〈σ〉,Γ) and C(〈τ 〉,Γ) in X/Γ are
of complementary dimension and that their intersection number

[C(〈σ〉,Γ)] [C(〈τ 〉,Γ)] �= 0.

Then there exists a subgroup ∆ of finite index in Γ so that the cohomology classes
corresponding to the fundamental classes oC(〈σ〉,∆) and oC(〈τ〉,∆) by Poincaré duality
cannot be represented by a G(R)-invariant R-valued C∞-form on X.

In the case of arithmetic quotients attached to real or complex hyperbolic n-
space, a construction analogous to the one above provides non-vanishing cohomol-
ogy classes inHj(Hn

F /Γ,R), F = R,C, in degrees j = d, 2d, 3d, ..., (n−1)d, with d =
dimRF , Γ a suitably chosen arithmetically defined subgroup relative to a rational
structure on the real Lie group being dealt with. This latter rational structure has
to be carefully chosen as well. Again, these classes are not detected by invariant
forms. In Theorem C [Section 2.4], this result is stated in the case of real hyperbolic
n-space. In this case, the arithmetic groups are standard arithmetic unit groups
acting on hyperbolic n-space.

In the case that the Betti number dimRH
i(X/Γ,R) of the compact locally sym-

metric space X/Γ is larger than dimRH
i(Xu,R) it can be made arbitrarily large by

passing over to a subgroup of finite index. We refer to [17] for a proof in the case
of congruence subgroups, and to [1] for a general argument.

10.2. Classical groups. This approach applies as well to groups of units of cer-
tain quadratic or Hermitian forms, defined over suitably algebraic number fields,
which do not represent zero rationally over their field of definition. As described in
Section 6, in particular, Theorem F, non-abelian Galois cohomology is a powerful
technical aid in determining the orientability of geometric cycles, and it consid-
erably simplifies the arguments in [102], where the case of the orthogonal group
O(p, q) was first studied.

For example, as in Appendix B, let k �= Q be a totally real algebraic number
field, f a non-degenerate quadratic form on kn, n ≥ 2, and let G = SO(f) be
the special orthogonal group of f . Suppose that f as a form over kv, v ∈ V∞, has
Witt index p at some Archimedean place v0 and is positive definite at all other
Archimedean places. A torsion-free arithmetic subgroup Γ of SO(f) gives rise to a
compact locally symmetric space X/Γ of dimension p(n− p). As an application of
Theorem J [Section 9.3], we get the following result, which we give in its original
form as proved (but not explicitly stated) in [102, Section 4]. We write n = p+ q,
and we assume p ≥ q.

Theorem L. There exists a uniform discrete arithmetic subgroup Γ ⊂ SO(p, q)
so that Hj(X/Γ,R) contains a cohomology class which is not the restriction of
a continuous class from SO(p, q) for any integer j strictly between 0 and pq and
divisible by either p or q.

The analogous statements for SU(p, q) and Sp(p, q) also hold, provided 0 < j <
d(pq) and either dp|j or dq|j, where d = dimRC or d = dimRH, respectively.
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11. Geometric construction of homology: exceptional groups

In this section we discuss the construction of geometric cycles and corresponding
(co)homology classes for compact arithmetically defined quotients attached to some
exceptional groups over algebraic number fields.

11.1. Geometric cycles and groups of type G2.

Composition algebras. Let C be a composition algebra over a field k; that is, C is
a finite-dimensional k-algebra (C,+, ·) with identity element e and endowed with a
non-degenerate quadratic form N which is multiplicative (or permits composition,
as one says), N(xy) = N(x)N(y) for all x, y ∈ C. The quadratic form is often
referred to as the norm of C; it is already uniquely determined by the structure
of (C,+, ·) as a k-algebra. Let bC(x, y) = N(x + y) − N(x) − N(y), x, y ∈ C, be
the associated bilinear form. By definition, a composition subalgebra D of C is
a non-singular linear subspace D of (C,+) which contains e and is closed under
multiplication. A composition algebra C is endowed with a conjugation defined by
the assignment x �→ x := bC(x, e)e − x, x ∈ C. A composition subalgebra of C is
necessarily closed under conjugation.

As a consequence of the structure theory for composition algebras ([71, 33.17],
or [145, 1.6.2]) there exist only composition algebras of dimension 1, 2, 4 or 8.
Composition algebras of dimension 1 or 2 are commutative and associative; those
of dimension 4 are the quaternion algebras over k (these are associative but not
commutative) and those of dimension 8 are neither associative nor commutative.
The latter ones, to be called Cayley algebras (or octonion algebras) over k can
be constructed by a doubling process from a quaternion compositon subalgebra.
This construction is obtained by gluing together two copies of a quaternion algebra
(Q,NQ) in the following way. Let λ ∈ k∗ be an arbitrary non-zero element. Then
C = Q⊕Q, endowed with the multiplication

(11.1) (x, y) · (x′, y′) := (xx′ + λy′y, y′x+ yx′),

for x, y, x′, and y′ ∈ Q and the quadratic form

(11.2) N(x, y) := NQ(x)− λNQ(y), x, y ∈ Q,

is a composition algebra of dimension 8, to be denoted CD(Q, λ). It contains Q as
a composition subalgebra.

Given a Cayley algebra over k there exist a, b, c ∈ C with N(a)N(b)N(c) �= 0
so that the elements e, a, b, ab, c, ac, bc, (ab)c form an orthogonal basis of C with
respect to bC . We call such a triple (a, b, c) a basic triple for (C,N). If we represent
the norm form of C with respect to this basis in coordinates, we obtain the following
expression (if char(k) �= 2):

x2
0 − αx2

1 − βx2
2 + αβx2

3 + γ(x2
4 − αx2

5 − βx2
6 + αβx2

7)

with non-zero constants α, β and γ.
We note that a Cayley algebra (or, more generally, a composition algebra) is

determined by its norm form; that is, two Cayley algebras C and C ′ are isomorphic
if the corresponding quadratic spaces (C,NC) and (C ′, NC′) are isometric. Thus,
the classification of Cayley algebras over the field k is reduced to the determination
of equivalence classes of quadratic forms of the given type.8

8Forms of this type are also called 3-fold Pfister quadratic forms.
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Let C be a Cayley algebra over k with norm form N . If N is isotropic, i.e., if
there exists x ∈ C, x �= 0, with N(x) = 0, then C contains zero divisors. In this case
the norm form has maximal Witt index 4. However, in such a case, C is uniquely
determined up to k-isomorphism. A representative of this unique isomorphism class
is the Cayley algebra CD(M2(k),−1), to be called the split Cayley algebra over
k. If the norm form N is anisotropic, i.e., N(x) �= 0 for all x ∈ C, x �= 0, or,
equivalently, the Witt index of N is 0, then each x has an inverse element with
respect to multiplication. In such a case, C is called an octonion divison algebra.

Suppose that C is a Cayley algebra over the field k = C. Since a non-degenerate
form over C is isotropic, C is C-isomorphic to the split Cayley algebra over C. If
k = R, the norm form of a Cayley algebra over R is isotropic or positive definite.
Consequently, there are exactly two possibilities up to R-isomorphism, the split
case, and the algebra O = CD(H,−1) of Graves-Cayley octonions, repectively.

If k is a perfect field of cohomological dimension ≤ 2, e.g., a totally imaginary
number field or a p-adic field, then any Cayley algebra C over k is isomorphic to
the split Cayley algebra over k because the norm form of C is isotropic in this case
[145, 1.10].

The automorphism group of a Cayley algebra. Let (C,N) be a Cayley algebra over
an algebraic number field k. The group G(k) = Autk(C) of k-algebra automor-
phisms of C is the group of k-points of a connected simple k-group G, of type G2,
with trivial center. Since a k-algebra automorphism of C leaves the norm form
N invariant, the algebraic group G is a closed subgroup of the orthogonal group
O(C,N) of the quadratic space (C,N).

Let Ok denote the ring of integers of k. An octonion x ∈ C is integral if N(x) ∈
Ok and tr(x) = bC(x, e) ∈ Ok are integral elements in k. By definition, an order Λ
in C is a subring of C containing e which is a finitely generated free Ok-submodule
of C with kΛ = C and which consists of integral elements. The corresponding
group of Λ-units is defined by

GΛ = {g ∈ G(k) | g(Λ) = Λ}.

It is an arithmetic subgroup, as is every subgroup Γ ⊂ G(k) that is commensurable
with a group of Λ-units.

Geometric cycles in compact arithmetic quotients attached to Cayley algebras. We
now suppose that k is a totally real algebraic number field of degree d = [k : Q] ≥ 2.
Given a Cayley algebra C over k, let G(k) = Autk(C) be as above and set

G′ = Resk/Q G,

the algebraic Q-group obtained from G by restriction of scalars as in Appendix
C. There is an isomorphism G′(R) −→

∏
v∈V∞

Gv for the group of real points of

G′, where Gv = Gσv(kv). Let X = K\G′(R), K ⊂ G′(R) a maximal compact
subgroup, be the associated symmetric space; it is of dimension 8m, where m
denotes the number of places v ∈ V∞ at which C is split. If Γ ⊂ G(k) is a torsion-
free arithmetic subgroup, the quotient X/Γ is a compact locally symmetric space.
In his thesis [157], Waldner discusses the geometric construction of cohomology
classes in this case.
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Theorem M. Let C be a Cayley algebra over a totally real algebraic number field
k of degree d = [k : Q] ≥ 2. Suppose that C is split at one place v1 ∈ V∞ and is
isomorphic to the octonion algebra O = CD(H,−1) at the remaining places v ∈ V∞.
Let Γ ⊂ G(k) be an arithmetically defined subgroup of the k-group G attached to
Autk(C). Then, possibly replacing Γ by a subgroup Γ′ ⊂ Γ of finite index, there exist
non-zero geometric cycle classes in Hi(X/Γ,C) where i = 3, 4, and 5. Moreover,
non-zero invariant classes exist in degrees i = 0, 4, and 8. The groups Hi(X/Γ,C),
i = 1, 2, 6, and 7, all vanish.

The geometric cycle classes arise in two ways. If (a, b, c) is a basic triple for
(C,N), subject to the conditions in the previous subsection, then the assignments

(11.3) σ : a �→ −a, b �→ b, c �→ c and τ : a �→ a, b �→ −b, c �→ c

give rise to two rational involutions σ, τ on G. These automorphisms commute,
and the corresponding groups G(σ), G(τ ) of fixed points are of type SO(f), f a
4-dimensional quadratic form. By a careful choice of (a, b, c), one can pass over to
a subgroup Γ′ and apply Theorem J [Section 9.3] to obtain special cycles C(σ,Γ′)
and C(τ,Γ′) with non-zero intersection number. Hence they represent non-trivial
homology classes in H4(X/Γ′,C).

Starting with a basic triple (a, b, c) for the composition algebra C, in [157, Sec-
tion 4], C. Waldner constructs geometric cycles Ca(Γ), Cb,a(Γ) of dimension 5 and
3, respectively, which intersect perfectly (but not transversally), with positive inter-
section number. Their intersection consists of finitely many connected components
of dimension 2. By use of Theorem I [Section 9.2], a computation of Euler numbers
leads to the non-vanishing result as stated.

Using the fact that Hi(Xu,R) = R for i = 0, 4, 8, and vanishes otherwise, we
obtain invariant cohomology classes in Hi(X/Γ,R) in these degrees.

Finally, the vanishing of Hi(X/Γ,C), i = 1, 2, 6, and 7, is a consequence of the
representation theory of the real Lie group of type G2. This will be discussed in
Section 15.

11.2. Geometric cycles and groups of type F4. Algebraic groups of type F4

arise as groups of automorphisms of exceptional simple Jordan algebras of dimen-
sion 27. The structure of these algebras, also called Albert algebras, and the corre-
sponding automorphism groups were systematically studied by Albert and Jacobson
[2, 64] and Springer [145]. We are going to discuss some results on geometric cy-
cles in arithmetic quotients originating with arithmetically defined subgroups in
algebraic groups of type F4 defined over a totally real algebraic number field.

Albert algebras. Let k be a field with char(k) �= 2, 3, and let (C,N) be a Cayley
algebra over k. For A = (xi,j) ∈ M3(C), let A = (xi,j), where x �→ x denotes
conjugation in C. Given a diagonal matrix δ = diag(d1, d2, d3) ∈ GL3(k), the

assignment A �→ δ−1A
t
δ defines an involution on M3(C), to be denoted ∆. We

may replace δ by diag(td1, td2, td3) for any t ∈ k, t �= 0, without changing this
involution. Let

(11.4) H(C,∆) = {A ∈ M3(C) | A = A∆}
be the set of all ∆-Hermitian matrices in M3(C). Endowed with the usual matrix
addition, scalar multiplication and with the product

(11.5) A ·B = 1
2 (AB +BA),
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where AB is the usual matrix product in M3(C), H(C,∆) is a commutative, non-
associative algebra of dimension 27 over k. It is a central simple algebra with
the identity matrix as unit element. We call an algebra of the form H(C,∆) or
a twisted form of H(C,∆) an Albert algebra. This algebra is naturally equipped
with a non-degenerate quadratic form q, the quadratic trace, to be defined by

q(A) = 1
2 trace(A

2).

It is worth noting that the multiplication (A,B) �→ A · B satisfies the identity
((A ·A) ·B) ·A = (A ·A) ·(B ·A) for all A,B ∈ H(C,∆). In fact, the algebra H(C,∆)
and twisted forms of H(C,∆) are central simple exceptional Jordan algebras. In
turn, as proved by Albert, any central simple exceptional Jordan algebra is a twisted
form of H(C,∆) for some Cayley algebra C over k. By [2, Thm. 3], two algebras
H(C,∆) and H(C ′,∆′) are isomorphic only if C and C ′ are isomorphic. Thus, one
usually calls C the coordinate algebra of H(C,∆). This result is supplemented by
a set of necessary and sufficient conditions on ∆ and ∆′ under which there exists
an isomorphism between H(C,∆) and H(C,∆′). As a consequence, two algebras
H(C,∆) and H(C ′,∆′) with isomorphic coordinate algebras C ∼= C ′ are isomorphic
if the quadratic forms q on H(C,∆) and q′ on H(C ′,∆′) are equivalent over k [145,
5.8.1].

This result provides a constructive approach to enumerate (up to isomorphism)
all Albert algebras over specific fields. Of interest to us are the cases k = R, a local
field, or an algebraic number field.

If k = R, there are (up to isomorphism) exactly two Cayley algebras over R, the
split Cayley algebra CD(M2(R),−1) =: Cs and the algebra O of Graves-Cayley
octonions. In the former case, there is only one isomorphism class of Albert alge-
bras whose coordinate algebra is Cs. A representative of this class is H(Cs,∆s),
where ∆s is the involution given by δ = diag(1,−1, 1). In the latter case, there
are two isomorphism classes with O as coordinate algebra. These classes can be
represented by H(Ca,∆0) and H(Ca,∆1), respectively, where δ0 = diag(1, 1, 1) and
δ1 = diag(1,−1, 1) for any non-split Cayley algebra Ca over R.

Let k be an algebraic number field of degree n = s+2t, where s, resp. t, denotes
the number of real, resp. complex, places v ∈ V of k. Let A = H(C,∆) be an
Albert algebra defined over k. Given a place v ∈ V there is the local analogue

Av = A⊗k kv

of A given as the tensor product over k of A with the local field kv. If v is a
non-Archimedean place there is only one isomorphism class, the one determined
by the split Cayley algebra over kv. The same assertion is true if v is a complex
place. If v is a real place, there are three isomorphism classes. As a result, there
are 3s different isomorphism classes of Albert algebras over k. Given two Albert
algebras A = H(C,∆) and A′ = H(C,∆′) with the same coordinate algebra there
are conditions on the matrices ∆ and ∆′ under which the algebras A and A′ are
isomorphic [2, Thm. 5].

The automorphism group of an Albert algebra. Let A be an Albert algebra defined
over some field k with char(k) �= 2, 3. Then the group Autk(A) of k-algebra auto-
morphisms of A is the group of k-rational points of an algebraic group G defined
over k. This group is a connected simple algebraic group of type F4.
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Suppose that k is an algebraic number field. Given an Albert algebra A over k,
the corresponding k-group of automorphisms is denoted by G. Let G′ = Resk/Q(G)
be the algebraic Q-group obtained from G by restriction of scalars. Then G′(R) is
isomorphic to the product of real Lie groups Gv = Gσv(kv) of type F4, v ∈ V∞.
According to the classification of Albert algebras over R [2, Section 13], the following
three possibilities can occur for Gv if v ∈ V∞, v real:

• If Av = H(Cs,∆s) (where ∆s is the involution given by δ = diag(1,−1, 1))
is the split Albert algebra over R, the corresponding Lie group Gv is a
simple Lie group of real rank 4, to be denoted F4(4), following the notation
of Cartan.

• If Av = H(Ca,∆1), where ∆1 is the involution given by δ = diag(1,−1, 1)
for any non-split Cayley algebra Ca over R, then the Lie group Gv is of real
rank 1, to be denoted F4(−20). Recall that Ca is isomorphic to the algebra
O of Graves-Cayley octonions.

• If Av = H(Ca,∆0), where ∆0 is the involution given by δ = diag(1, 1, 1) for
any non-split Cayley algebra Ca over R, then the Lie group Gv is of real
rank 0, to be denoted F4(−52). This group is compact.

The real Lie group of type F4(4) gives rise to an irreducible symmetric space of
dimension 28 whereas the symmetric space corresponding to F4(−20) is of dimension
16. In fact, it is the Cayley hyperbolic plane [106, Section 19].

If v ∈ V∞, v complex, there is only the split Cayley algebra over C in this case.
Thus, Albert algebras over C form one isomorphism class, and Gv is uniquely
determined.

Geometric cycles for groups of type F4. Let k be a totally real algebraic number field
of degree d = [k : Q] ≥ 2. Given an Albert algebra A over k we denote by G′ the
algebraic Q-group Resk/Q G obtained from the group G of k-algebra automorphisms
of A by restriction of scalars. There is an isomorphism G′(R) −→

∏
v∈V∞

Gv for

the group of real points of G′, where Gv = Gσv(kv). We suppose that G satisfies
the following assumptions.

• The real Lie group Gv1 is isomorphic to F4(−20) for the place v1 correspond-
ing to σ1 = Id.

• For all other places v ∈ V∞, v �= v1, the group Gv is isomorphic to the
compact group F4(−52).

Then G′(R) is the product of the real split simple Lie group of type F4(−20) of
R-rank 1 and a finite product of compact Lie groups. The associated symmetric
space X = K\G′(R), K ⊂ G′(R) a maximal compact subgroup, is of dimension
16. If Γ ⊂ G(k) is a torsion-free arithmetic subgroup, then the quotient X/Γ is a
compact locally symmetric space.

Proposition. Given an arithmetically defined subgroup Γ in the algebraic Q-group
Resk/Q G obtained from the group G of k-algebra automorphisms of the Albert al-
gebra A by restriction of scalars, its cohomology H∗(X/Γ,R) contains (up to a
subgroup Γ′ ⊂ Γ of finite index) a non-trivial cohomology class of degree 8. By du-
ality, this class is detected by the fundamental class of a totally geodesic submanifold
XH/ΓH in X/Γ with H a reductive subgroup of G defined over k. We note that
Hv1 = Spin(8, 1). This geometric cycle arises as a fixed point component under a
suitable rational involution on the group G.
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Taking into account the classification of irreducible unitary representations of
the real Lie group F4(−20), one can show that there are no cohomology classes
in degrees 1, 2, 3 and 13, 14, 15. The Gv1-invariant forms on X account, via the
injective homomorphism

β∗
Γ : H∗(Xu,R) −→ H∗(Ω(X,R)Γ)−̃→H∗(X/Γ,R),

for classes in degrees 0, 8 and 16. The class constructed above by a geometric cycle
is not in the image of the map β∗

Γ. As in the case of groups of type G2, there are
other geometric cycles in the arithmetic quotient which contribute to cohomology
[133]. They originate in certain subalgebras of the Albert algebra A.

11.3. Other exceptional groups. Along the same lines, one can deal with special
cycles in compact arithmetic quotients attached to exceptional groups of other
types. As an application of Theorem J [Section 9.3] we find among these k-forms of
the exceptional Lie groups (up to compact factors) E6(−14), E6(−26), E7(−28). This
relies on the following general result in Lie theory [122, 4.7], which allows us to
resolve orientability questions: Suppose that σ is an automorphism of finite order
(defined over R) of a connected simply connected semi-simple algebraic R-group. If
the group G(R) of real points of G is simply connected as a topological group, then
the group G(σ)(R) of fixed points is connected. It is worth noting that all split
exceptional groups as well as E6(2), E7(−5), E8(−24) do not fall in the class addressed
in this assertion.

However, though some work has been done in the cases E6(−14), E6(−26), E7(−28)

as well as in the case F4(−20), general geometric cycles still offer a variety of inter-
esting open questions.

12. Modular symbols

Given a connected semi-simple algebraic Q-group G of rkQG ≥ 1, let Γ be an
arithmetically defined subgroup of G. By Section 5.3, our assumption on the Q-
rank of G implies that X/Γ is not compact. In this section our main focus is on
geometric cycles

jL|Γ : XL/ΓL −→ X/Γ

which originate with a Levi subgroup L of a proper parabolic Q-subgroup P of G.
By passing over to a suitable subgroup of finite index, the fundamental class of
such a non-compact cycle C(x0, L|Γ) detects a non-trivial class in homology with
closed supports, and, by duality, a non-trivial cohomology class inH∗(X/Γ,R). The
method of proof for this result relies on analyzing the intersection of this cycle with
a compact cycle C(x0, N |Γ) of complementary dimension attached to the unipotent
radical N of P . By means of Raghunathan’s Theorem E [Section 6.5], we extend
the scope of the original works of Ash [4] and Ash-Borel [7], at the same time,
simplifying their approach.

The cycles C(x0, L|Γ), usually called modular symbols, are natural generaliza-
tions of the “classical” modular symbols. The latter ones whose study was initiated
by Birch in his work on elliptic curves have served as an indispensable tool linking
geometry and arithmetic [96].
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In general, the adjunction of corners X/Γ of the non-compact locally symmetric
space X/Γ provides a suitable framework to understand the geometric significance
of both the modular symbols and the related compact cycles.9 Thus, we first
briefly review the construction of the compactification X/Γ of X/Γ. In particular,
we describe in some detail a single face in X/Γ corresponding to a Γ-conjugacy class
of parabolic Q-subgroups of G.10 Which portion of the cohomology H∗(X/Γ,R) is
generated by modular symbols or what their arithmetic meaning is, in particular,
with regard to special values of L-functions [54], are still open questions.

12.1. Parabolic subgroups. [In this subsection we do not necessarily assume that
G is even a reductive algebraic k-group.] A parabolic k-subgroup of an algebraic
group G is, by definition, a parabolic subgroup of the connected component G0 of
the identity in the Zariski topology, that is, a closed subgroup P of G0 such that
G0/P is a projective variety. Let P(G) denote the set of parabolic k-subgroups
of G. As usual, we denote the unipotent radical of a connected k-group G by
RuG, and RdG denotes the k-split radical of G. If G is not connected, then its
unipotent radical (resp. split radical) is the one of G0, to be denoted by the same
letter as before. Recall that an algebraic k-group H is reductive if RuH = {1}.
Any reductive k-subgroup of the given group G is contained in a maximal one. One
calls these latter groups the Levi k-subgroups of G; they are conjugate under the
unipotent radical RuG of G. A Levi k-subgroup L of G gives rise to a decomposition
G = LRuG as a semidirect product.

We choose a maximal k-split torus S in G0/RuG, that is, S(k) = (k∗)n with
n maximal. All such tori are conjugate under G(k). Let Φk = Φk(G/RuG,S) be
the set of k-roots of G0/RuG with respect to S and let ∆ be a basis of Φk; that
is, we choose a set of (positive) simple roots for S. This gives rise to a Dynkin
diagram. By definition, the k-rank of G, to be denoted rkkG, is the dimension n of
S, equivalently, the number of elements in ∆. The conjugacy classes with respect
to G0(k) in the set P(G) of parabolic k-subgroups are in one-to-one correspondence
with the subsets of ∆.

Corresponding to J ⊂ ∆ there is the class represented by the standard parabolic
subgroup PJ . We let SJ = (

⋂
α∈J kerα)0, and we denote the centralizer of SJ by

Z(SJ ). Then the image of PJ under the projection G → G/RuG is the semidirect
product of its unipotent radical UJ by Z(SJ), a so-called Levi decomposition of
PJ . The group LJ := Z(SJ) is reductive, a Levi subgroup of PJ . Notice that
the characters of S in UJ are exactly the positive roots which contain at least one
simple root not in J . Since any P in P(G) is G0(k)-conjugate to a unique PJ ,
the corresponding subset J ⊂ ∆ is called the type of P , to be denoted J(P ). The
groups PJ are called the standard parabolic k-subgroups of G determined by the
choice of S and the set ∆ of simple roots.

Let P be a parabolic k-subgroup of G with unipotent radical Ru(P ). We denote
by Rd(P ) the k-split radical of P . Then the quotient SP = Rd(P )/Ru(P )RdG

9We refer to [43] for a comprehensive survey of this and other compactifications of X/Γ in the
case of modular varieties. These include the Baily-Borel compactification, the family of toroidal
compactifications and the reductive Borel-Serre compactification.

10 In the case of classical modular curves X0(N), this amounts to understanding the cusps.
Modular symbols are 1-dimensional cycles, namely, certain paths in the Riemann surface which
connect cusps.
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is a k-split torus in P . Let AP denote the identity component SP (R)
0 of SP (R);

AP is called the split component of SP . If Q is another parabolic k-subgroup of
G with Q ⊂ P , the inclusion Rd(P ) ⊂ Rd(Q) induces an injective morphism of
SP into SQ. This gives rise to a decomposition AQ = AQ,P × AP , where AQ,P =
(
⋂

α∈∆−J(P ) kerα) ∩AQ.

As usual we put, given a connected algebraic k-group H, 0H =
⋂

χ∈Xk(H) kerχ
2.

The group 0H is normal in H and is defined over k. Let SH be a maximal k-split
torus of the radical of H. Then we have H(R) = SH(R)0.0H(R) as a semi-direct
product for the group of real points of H. The group 0H(R) contains every compact
subgroup of H(R), and, if k = Q, every arithmetic subgroup of H. In the case
of a given parabolic subgroup P of G with Levi subgroup L, we obtain L(R) =
0L(R)AP , and thus also P (R) = 0L(R)APRu(P )(R). The latter decomposition is
called a Langlands decomposition of P .

12.2. Corners. For the sake of simplicity we suppose that G is a connected re-
ductive algebraic group defined over Q with positive Q-rank rkQG. Let Γ be a
torsion-free arithmetic subgroup of G, and let P be a proper parabolic Q-subgroup
of G. The associated homogeneous space X is of the form AGK \G(R) with K a
maximal compact subgroup of G(R) and AG the identity component of the group
of real points of a maximal Q-split torus in the center of G. It is a principal AP -
bundle under the geodesic action ([22, Section 3]). Indeed, the group P (R) also acts
transitively on X; hence X = KPAG \ P (R), where KP = K ∩ P (R). Moreover,
KP is contained in the unique θ-stable Levi subgroup L ⊂ P (where θ is the Cartan
involution corresponding to K). So the center of L(R) commutes with KPAG and
it therefore acts (from the left) on X, and hence it passes to an action of AP on
X. This is the geodesic action of Borel and Serre. By definition, the corner X(P )
associated to P is the total space X(P ) = AP ×AP

X of the associated bundle with
fibre AP . By use of the identification AP →̃(R∗

+)
m, m := #|∆− J(P )|, AP denotes

the closure of AP in Rm. For a given Q ∈ P(G), we put e(Q) = AQ\X. Note that

X = e(G0). Then the adjunction of corners X is the disjoint union of the sets e(P ),
P ∈ P(G). In particular, we have

(12.1) X(P ) =
∐
P⊂Q

e(Q).

Furthermore, given P,Q ∈ P(G), X(P )∩X(Q) = X(R) with R the smallest para-
bolic Q-subgroup of G which contains P and Q. There exists a uniquely determined
structure as a manifold with corners on X so that X(P ), P ∈ P(G), is an open
submanifold with corners of X. The action of Γ on X extends to a proper action
on X. The faces e(P ), P ∈ P(G), are permuted under this action. The quotient
X/Γ is a compact manifold with corners [22, Thm. 9.3], homotopically equivalent
to its interior X/Γ. We denote by e′(P ) the image of e(P ) under the natural pro-
jection X −→ X/Γ. Two faces e′(P ) and e′(Q) intersect non-trivially if and only if
e′(P ) = e′(Q). In such a case the corresponding parabolic subgroups are conjugate
under Γ. There are only finitely many Γ-conjugacy classes of elements in P(G).
Thus the boundary ∂(X/Γ) is the disloint union of a finite number of faces e′(P )
which correspond bijectively to the set P(G)/Γ.
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The closure of the face e′(P ) in X/Γ is of the form

(12.2) CLX/Γ(e
′(P )) =

∐
Q∈P(P )/Γ∩P

e′(Q).

In other words, there is a neighborhood in X for which Γ-equivalence and (Γ∩P )-
equivalence coincide. This assertion is an essential consequence of reduction theory.

The closures of the faces form a closed cover of ∂(X/Γ) whose nerve is the quo-
tient under the action of Γ of the Tits building T of proper parabolic Q-subgroups
of G. The maximal parabolic Q-subgroups of G are the vertices of T . The Leray
spectral sequence attached to the nerve of this covering abuts to the cohomology of
the boundary ∂(X/Γ). This latter cohomology appears naturally in the long exact
cohomology sequence of the pair (X, ∂(X/Γ)). Therefore, it makes sense to analyze
the families of restriction maps

(12.3) r∗G,P : H∗(X/Γ, E) −→ H∗(e′(P ), E)

and their interplay. This relates to an investigation of the Leray spectral sequence.

12.3. Construction of modular symbols. Now we are in a position to describe,
given a proper parabolic Q-subgroup in G, the construction of related geometric
cycles in the corresponding non-compact arithmetic quotient X/Γ. Their signifi-
cance is best understood in the framework of the adjunction of corners X/Γ. As
before, P denotes a parabolic Q-subgroup of G, N = Ru(P ) its unipotent radical
and L a Levi subgroup of P . Let SP be a maximal Q-split torus in the center
of L and AP = SP (R)

0 the identity component of SP (R). Let ∆(P,AP ) be a
set of simple elements of the set Φ(P,AP ) of roots of P with respect to AP . An
element a ∈ AP is said to be “far out” (in the quotient X/Γ) if the elements
in ∆(P,AP ) have sufficiently large values on a. Given t ∈ R, t > 0, we write
AP,t := {a ∈ AP | α(a) ≥ t for all α ∈ ∆(P,AP )}. We choose a point x0 ∈ X, that
is, a corresponding maximal compact subgroup K in G(R), such that x0 is fixed
under a maximal compact subgroup KL of L(R). Then, as defined in section 6, we
have closed embeddings

N(R) −→ X,

defined by n �→ x0an, n ∈ N(R), for a given a ∈ AP , and

XL −→ X,

induced by h �→ x0h, h ∈ L(R), respectively. These give rise to natural maps

(12.4) jN,a|Γ : N(R)/N(R) ∩ Γ −→ X/Γ

and

(12.5) jL|Γ : XL/ΓL −→ X/Γ.

Notice that the submanifolds x0aN(R) and x0XL have complementary dimen-
sions in X and intersect only at x0. By Theorem E [Section 6.5], we can find a
subgroup Γ′ of finite index in Γ so that the corresponding maps jN,a|Γ′ and jL|Γ′

are injective.
However, in the case of the map jN,a|Γ we can do slightly better if the given

arithmetic group Γ is neat. In such a case, there exists t0 ∈ R, t0 ≥ 0, so that for all
a ∈ At with t ≥ t0 the map jN,a|Γ is injective. This can be derived from reduction
theory, as done in [7], 1.2. It relies on the fact that “at infinity” close to the face
e(P ) the action of Γ on X can be replaced by the one of Γ ∩ P .
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Still, in general, we may conclude the following result.

Theorem N. There exists a torsion-free arithmetic group Γ in G so that

(a) the images of the manifolds N(R)/(N(R) ∩ Γ) and XL/ΓL under the re-
spective maps jN,a|Γ and jL|Γ are closed oriented submanifolds in X/Γ, the
former compact, the latter non-compact, and

(b) these submanifolds, to be denoted C(x0a,N |Γ) and C(x0, L|Γ), respectively,
intersect transversally at finitely many points, each with intersection num-
ber one.

The second assertion, that is, the non-vanishing of the intersection product fol-
lows again from reduction theory, [7], 2.5. There are the following consequences of
this result in terms of the fundamental classes in homology and cohomology.

First, the fundamental class [x0a,N ]Γ of the compact submanifold C(x0a,N |Γ) is
not homologous to zero, in singular homology. By going over to suitable subgroups
Γ′ of finite index in Γ one may get an arbitrarily large number of linearly indepen-
dent classes of this type in HdN

(X/Γ,R), where dN is the dimension of the cycle
C(x0a,N |Γ). Second, in the case of the non-compact cycle C(x0, L|Γ) attached to
a Levi subgroup L of P , its fundamental class [x0, L]Γ is non-trivial, in homology
with closed supports, and, by duality, gives rise to a non-trivial cohomology class
in Hd(G)−dL(X/Γ,R), where d(G) = dimX and dL is the dimension of the cycle.
Usually one calls the cycles C(x0, L|Γ) “modular symbols” of type L.11 Essentially,
the cohomology classes in H∗(X/Γ,R) attached to modular symbols C(x0, L|Γ), L
a Levi subgroup of a proper parabolic Q-subgroup of G, have a non-trivial image
under the restriction map H∗(X/Γ,R) −→ H∗(∂(X/Γ),R) to the cohomology of
the boundary of the compactification X/Γ of X/Γ. More precisely, they restrict
non-trivially under the restriction map

(12.6) r∗G,P : H∗(X/Γ, E) −→ H∗(e′(P ), E).

When the given group P is a minimal parabolic Q-subgroup of G, L a Levi
subgroup of P , then the corresponding cycle C(x0, L|Γ) is of dimension rkQG.
By [5], the dual classes of modular symbols of this type, to be called minimal
modular symbols, generate the cohomology groupHcd(Γ)(X/Γ,R) in degree cd(Γ) =
dimX − rkQG, the cohomological dimension of Γ. However, it is important for

arithmetic applications to have a finite set of generators forHcd(Γ)(X/Γ,R) in terms
of minimal modular symbols. In specific cases as, for example, G = Resk/Q(SLn)
or Resk/Q(Spn), k an algebraic number field with a Euclidean ring of integers, finite
spanning sets are exhibited in [10] and [51]. The algorithmic approach taken there
is closely tied up with questions in the geometry of numbers.

With regard to the general question to which extent and in which way modular
symbols contribute non-trivially to the cohomology groups H∗(X/Γ, E) the case
of minimal parabolic subgroups is quite exceptional. First, by the construction of
cuspidal automorphic representations and related cohomology classes for arithmetic
subgroups of GLn over an algebraic number field ([80], resp. [21]), there are non-
vanishing results for the cohomology in degrees which cannot be detected by any
modular symbol of type L, L a Levi subgroup of G. Second, modular symbols of a
different type can contribute to cohomology in the same cohomological degree.

11Some authors use this notion even in cases where L is replaced by an arbitrary reductive
Q-subgroup of G. We prefer to stick to the narrow sense.
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Part IV

Towards automorphic forms

13. Automorphic forms and cohomology of arithmetic groups

Let Γ be a torsion-free arithmetic subgroup of a semi-simple algebraic Q-group G.
As seen in Section 5, the lifting of differential forms by the projection G(R)/Γ −→
X/Γ induces an isomorphism of the space Ω∗(X,E)Γ of Γ-invariant smooth E-
valued forms onX and the cochain complex C∗(g,K,C∞(G(R)/Γ)K⊗E) of relative
Lie algebra cohomology. Thus, there is a canonical isomorphism

H∗(X/Γ, Ẽ) = H∗(Ω(X,E)Γ)−̃→H∗(g,K,C∞(G(R)/Γ)K ⊗ E).

If V is a subspace of C∞(G(R)/Γ), stable under g and K, the inclusion V ⊗E →
C∞(G(R)/Γ)⊗ E induces a homomorphism

jV : H∗(g,K, V ⊗ E) −→ H∗(g,K,C∞(G(R)/Γ)K ⊗ E).

This map has been studied for various choices of V . It is particularly interesting to
replace C∞(G(R)/Γ)K by a smaller space without altering the cohomology.

The following result [36] pertaining to the (g,K)-module A(G,Γ) → C∞(G/Γ)K
of automorphic forms with respect to Γ (as defined in Section 13.3) is decisive for
the close relation between geometry and the theory of automorphic representations.

Theorem. In the case of a congruence subgroup Γ ⊂ G(Q) there are isomorphisms
in cohomology

H∗(g,K,A(G,Γ)⊗ E)→̃H∗(g,K,C∞(G(R)/Γ)K ⊗ E)→̃H∗(X/Γ, Ẽ).

The (g,K)-module A(G,Γ) of automorphic forms permits a decomposition (as
a direct sum of (g,K)-modules) along their cuspidal support. This gives rise to a
decomposition

H∗(X/Γ, E) =
⊕

{P}∈C
H∗(g,K,A(G,Γ){P} ⊗ E),

where the sum ranges over the set C of classes of associate parabolic Q-subgroups of
G. The summand indexed by the associate class {G} of the full group is called the
cuspidal cohomology. The other summands are called the Eisenstein cohomology.
Thus, in the obvious notation, one has a sum decomposition of the cohomology of
Γ,

H∗(X/Γ, E) = H∗
cusp(X/Γ, E)⊕H∗

Eis(X/Γ, E),

into the subspace of classes represented by cuspidal automorphic forms and the
Eisenstein cohomology [38]. Each summand in the Eisenstein cohomology is built
up by Eisenstein series or residues of such attached to suitable cuspidal automorphic
forms on the Levi components of the elements in {P}. The space generated by
these automorphic forms is denoted by A(G,Γ){P}. For a precise definition of
these spaces, we refer to [36] or [38].

For an arbitrary arithmetic group Γ ⊂ G(Q) there is the following approach
to the notion of cuspidal cohomology. The space L2(G(R)/Γ) of complex-valued
square-integrable functions on G(R)/Γ, viewed as a unitary G(R)-module under
left translations, contains as a G(R)-invariant subspace the space L2

cusp(G(R)/Γ) of
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cuspidal automorphic forms [58]. This space is a direct Hilbert sum of irreducible
unitary representations (π,Hπ) of G(R) with finite multiplicities

L2
cusp(G/Γ) =

⊕̂
π∈Ĝ

mcusp(π,Γ) Hπ.

Up to infinitesimal equivalence, there are only finitely many irreducible unitary
representations (π,Hπ) with non-zero cohomology H∗(g,K,Hπ ⊗ E) for a given
coefficient system E. Thus, H∗(g,K, L2

cusp(G(R)/Γ)K ⊗E) decomposes as a finite
direct algebraic sum of spaces H∗(g,K,Hπ ⊗ E). It turns out that the map

jcusp : H∗(g,K, L2,∞
cusp(G(R)/Γ)K ⊗ E) −→ H∗(g,K,C∞(G(R)/Γ)K ⊗ E)

is injective. The image of jcusp, to be denoted by H∗
cusp(X/Γ, E), will be called

the cuspidal cohomology of X/Γ. In the case of a congruence subgroup it coincides
with the cuspidal cohomology of Γ as defined above. It is the injectivity of the map
jcusp which relates questions about the cuspidal spectrum L2

cusp(G(R)/Γ) of Γ to
questions on the cohomology of this group [131]. The theory of irreducible unitary
representations of the underlying real Lie group G(R) is an indispensable tool in
this study.

If G(R)/Γ is compact, we may replace the map jcusp by the map jV with
V = L2(G(R)/Γ). We obtain that jV is an isomorphism, and this gives rise to
a decomposition of the cohomology of Γ,

H∗(X/Γ, Ẽ)−̃→
⊕
π∈Ĝ

m(π,Γ) H∗(g,K,Hπ,K ⊗ E),

as a finite algebraic sum, a result originally due to Matsushima [95]; see below.

13.1. A result of Matsushima. Suppose G is a real reductive Lie group with
finitely many connected components, K ⊂ G is a maximal compact subgroup and
Γ ⊂ G is a torsion-free discrete subgroup so that the quotient G/Γ is compact.
In that case the left regular representation of G on the space L2(G/Γ) of square
integrable functions (modulo the center) on G/Γ decomposes as a direct Hilbert
sum of irreducible unitary representations (π,Hπ) of G with finite multiplicities

(13.1) L2(G/Γ) =
⊕̂
π∈Ĝ

m(π,Γ) Hπ.

Here Ĝ denotes the unitary dual of G, and the multiplicity m(π,Γ) with which
(π,Hπ) occurs in L2(G/Γ) is a non-negative integer for each π. Given such an
irreducible unitary Hilbert space representation (π,Hπ) the space Hπ,K of all C∞-
vectors v ∈ Hπ such that π(K)v spans a finite-dimensional subspace of Hπ carries
a natural (g,K)-module structure (see Appendix F for this notion and related
material in representation theory). By a result of Harish-Chandra, since (π,Hπ)
is irreducible, Hπ,K is irreducible as a (g,K)-module. The space Hπ,K of K-finite
vectors is dense in the space H∞

π of C∞-vectors for Hπ, and there is an inclusion

(13.2)
⊕̂
π∈Ĝ

m(π,Γ) Hπ,K −→ C∞(G/Γ)K .
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Let (ν, E) be a finite-dimensional irreducible real or complex representation of G.
Then this inclusion induces an isomorphism

H∗(K\G/Γ, Ẽ) = H∗(g,K,C∞(G/Γ)K ⊗ E)−̃→
⊕
π∈Ĝ

m(π,Γ) H∗(g,K,Hπ,K ⊗ E),

where the right-hand side is a finite direct algebraic sum. This fundamental result is
due to Matsushima [95]. The representations which can possibly contribute to the
sum on the right-hand side are usually called representations with non-vanishing
(Lie algebra) cohomology. In view of an observation of D. Wigner, the cohomology
H∗(g,K,Hπ,K⊗E) can only be non-zero if the center of the enveloping algebra of g
acts onHπ⊗E as in the trivial representation. As a consequence, given (ν, E), there
are (up to infinitesimal equivalence) only finitely many irreducible representations
(π,Hπ) of G with non-vanishing relative Lie algebra cohomology H∗(g,K,Hπ,K ⊗
E). Only those (π,Hπ) might occur whose infinitesimal character χπ coincides with
the one of the contragredient representation of (ν, E). Thus, cohomology isolates a
finite set (depending on (ν, E)) of irreducible unitary representations (π,Hπ) of G
occurring in the spectrum L2(G/Γ) with finite multiplicities.

If one drops the assumption that the quotient G/Γ is compact, these results
are not true any more. However, by replacing the coefficient module C∞(G/Γ) by
appropriate spaces of functions which satisfy certain growth conditions, they hold
in a modified form.

13.2. Cuspidal cohomology and square-integrable cohomology. For the
sake of simplicity, we suppose that our real Lie group G is the group of real points
of a connected semi-simple algebraic Q-group of Q-rank not zero and that Γ is an
arithmetically defined subgroup of this group. In this case, the space L2(G/Γ) of
complex-valued square-integrable functions, viewed as a unitary G-module via left
translations, is a direct sum of the discrete spectrum L2

dis(G/Γ) and the continuous
spectrum L2

cont(G/Γ) as it is called. The latter space is a Hilbert direct sum of
continuous integrals each of which is a continuous sum of unitarily induced repre-
sentations. The discrete spectrum L2

dis(G/Γ) decomposes into a direct Hilbert sum
of irreducible unitary representations (π,Hπ) of G with finite multiplicities

(13.3) L2
dis(G/Γ) =

⊕̂
π∈Ĝ

m(π,Γ) Hπ.

Let L2
cusp(G/Γ) ⊂ L2

dis(G/Γ) be the G-invariant subspace of cuspidal automor-
phic forms for G with respect to Γ as, for example, defined in [58]. The inclusion of
the space of C∞-vectors in the discrete spectrum and the inclusion of the cuspidal
spectrum into C∞(G/Γ) induce natural homomorphisms

(13.4) jdis : H
∗(g,K, L2,∞

dis (G/Γ)K ⊗ E) −→ H∗(g,K,C∞(G/Γ)K ⊗ E)

and

(13.5) jcusp : H∗(g,K, L2,∞
cusp(G/Γ)K ⊗ E) −→ H∗(g,K,C∞(G/Γ)K ⊗ E).

By definition, the cuspidal cohomology H∗
cusp(X/Γ, E) of X/Γ is the image of the

homomorphism jcusp. This map is injective, and the decomposition of the cuspidal
spectrum in irreducible subspaces Hπ, analogous to the one of L2

dis(G/Γ), yields a
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decomposition of the cuspidal cohomology as a finite algebraic sum

(13.6) H∗
cusp(X/Γ, Ẽ)−̃→

⊕
π∈Ĝ

mcusp(π,Γ) H
∗(g,K,Hπ,K ⊗ E).

This relation serves as a gateway to a rich interplay between the cuspidal automor-
phic spectrum of an arithmetically defined subgroup Γ of an algebraic Q-group and
the cohomology of the corresponding arithmetic quotient X/Γ. We refer to [131],
where an expository account of some results that illustrate this rich interaction is
given.

The homomorphism jdis is not injective in general. However, the image of jdis in
H∗(X/Γ, E) = H∗(Ω∗(X,E)Γ) is the subspace spanned by classes which can be rep-
resented by square-integrable forms. One calls this subspace the square-integrable
cohomology of X/Γ, to be denoted H∗

(2)(X/Γ, E). This notion of square-integrable

cohomology of an arithmetically defined group differs from the general concept of
L2-cohomology of locally symmetric manifolds of finite volume. Nevertheless, in
our case, the latter one is either infinite dimensional or equal to H∗

(2)(X/Γ, E).

One should notice that the interior cohomology H∗
! (X/Γ, E), defined as the

image of the cohomology with compact support under the natural map (see Section
5.3), contains the cuspidal cohomology and is contained in H∗

(2)(X/Γ, E).

13.3. Cohomology and spaces of automorphic forms. In 1971, Harder initi-
ated in the case of the group SL2 over some number field k (more generally, for
groups of k-rank 1) a program in order to understand those phenomena in the co-
homology H∗(X/Γ, E) = H∗(Ω∗(X,E)Γ) which are due to the non-compactness
of the locally symmetric space X/Γ. In other words, he dealt with the prob-
lem to describe a natural complement to the interior cohomology H∗

! (X/Γ, E) in
H∗(X/Γ, E). By use of Langlands’ theory of Eisenstein series, Harder constructed
in this case a complement to the interior cohomology H∗

! (X/Γ, E) as a subspace
of H∗(X/Γ, E) = H∗(Ω∗(X,E)Γ) whose elements are obtained by taking either
analytic continuation of suitable Eisenstein series or residues of such [52, 53]. This
result, that every cohomology class in H∗(X/Γ, E) can be represented by an auto-
morphic form, pointed at deep conjectural relations between the cohomology of an
arithmetic group and the theory of automorphic forms in the general case.

We briefly review the notion of an automorphic form in our context. Let U(g) be
the universal enveloping algebra over C. A function f ∈ C∞(G/Γ) is said to be of
moderate growth if for a given norm ‖ ‖ on G there are constants c, r ∈ R, c, r > 0
such that |f(g)| ≤ r ‖ g ‖c for all g ∈ G. By definition, a C∞-function f : G/Γ �→ C

is of uniform moderate growth if f and all its derivatives Df , D ∈ U(g), are of
moderate growth with the same exponent. Then it is possible, following Borel’s
regularization theorem, to replace the (g,K)-module C∞(G/Γ)K in

(13.7) H∗(K\G/Γ, Ẽ) = H∗(g,K,C∞(G/Γ)K ⊗ E)

by the smaller space C∞
umg(G/Γ) of functions of uniform moderate growth without

altering the cohomology.
A C∞-function f : G �→ C is an automorphic form (with respect to Γ) if

• f is invariant under right translation by Γ,
• f is of uniform moderate growth,
• f is K-finite, that is, the left translates of f under K span a finite-dimen-
sional vector space,
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• f is Z(g)-finite, that is, the functions z·f , where z runs through the elements
in the center Z(g) of U(g), span a finite-dimensional space.

The space A(G,Γ) of automorphic forms with respect to Γ carries in a natural way
a (g,K)-module structure [20, Section 2]

As proved by Franke [36] in the case of congruence subgroups of the underlying
algebraic Q-group, the inclusion A(G,Γ) −→ C∞

umg(G/Γ) induces an isomorphism
in cohomology

(13.8) H∗(g,K,A(G,Γ)⊗ E) −→ H∗(g,K,C∞
umg(G/Γ)K ⊗ E).

He essentially proved that there is a sum decomposition of the cohomology of Γ,

(13.9) H∗(X/Γ, E) = H∗
cusp(X/Γ, E)⊕H∗

Eis(X/Γ, E),

into the subspace of classes represented by cuspidal automorphic forms and the so-
called Eisenstein cohomology. More precisely, in terms of Lie algebra cohomology,
one has the decomposition

(13.10) H∗(X/Γ, E) =
⊕

{P}∈C
H∗(g,K;A(G,Γ){P} ⊗ E),

where the sum ranges over the set C of classes of associate parabolic Q-subgroups of
G. The summand indexed by the associate class {G} of the full group is precisely
the cuspidal cohomology. Each summand in the Eisenstein cohomology is built up
by Eisenstein series or residues of such attached to suitable cuspidal automorphic
forms on the Levi components of the elements in {P}. The space generated by
these automorphic forms is denoted by A(G,Γ){P}. We refer to [36] or [38]. In the
latter article, a refined decomposition of the Eisenstein cohomology has been given
by taking into account the cuspidal support of the Eisenstein series involved in the
construction of the corresponding class. One should observe that the geometric
situation which is encoded in the adjunction of corners X/Γ very much resonates
in this decomposition of the space of automorphic forms and the corresponding one
in cohomology.

14. Unitary representations with non-vanishing cohomology:

construction and examples

Given a compact locally symmetric space K\G/Γ as in Section 13.1, the
decomposition of H∗(X/Γ, E) as a finite algebraic sum of cohomology spaces
H∗(g,K,Hπ,K ⊗ E) (or the analogous decomposition of the cuspidal cohomology
in the general case in Section 13.2) leads to the problem of determining (up to
infinitesimal equivalence) all irreducible unitary representations (π,Hπ) of G with
non-vanishing Lie algebra cohomology. We briefly review in this section the con-
structive approach to this classification problem due to Vogan–Zuckerman [154]. An
outgrowth of this is the computation of the cohomology spaces H∗(g,K,Hπ,K⊗E).
Various vanishing results are consequences of this classification. One of these is the
vanishing of the cuspidal cohomology with respect to a coefficient system given
by an irreducible representation (ν, E) with regular highest weight if the degree
is outside a range of length rk G − rk K centered around the middle dimension
(1/2)dimX.

We conclude this section by making explicit the classification in the cases where
G is the exceptional split real Lie group of type G2 or a special orthogonal group
SO(n, 1) of real rank one. This enumeration allows us to interpret the geometric
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construction of non-vanishing cohomology classes (in Sections 10.1 and 11.1) as an
existence result pertaining to specific automorphic forms in these cases.

In this section, G denotes a connected real reductive Lie group, K ⊂ G a max-
imal compact subgroup. Write g for the Lie algebra of G, and write gC for its
complexification. We denote by WG (resp. WK) the Weyl group of G (resp. K).

14.1. The classification up to infinitesimal equivalence. Suppose (ν, F ) is
an irreducible finite-dimensional representation of G. We briefly recall the Vogan–
Zuckerman classification [154] of irreducible unitary representations (π,Hπ) of G
with non-vanishing cohomology

H∗(g,K,Hπ ⊗ F )

with coefficients in Hπ ⊗F . A consequence of this classification is the computation
of these cohomology groups. Their constructive approach is algebraic in nature.
Given such a representation (π,Hπ), we denote the Harish-Chandra module of Hπ

(i.e., the set of K-finite vectors in the space of C∞-vectors of Hπ; see Appendix F)
by the same letter or by Hπ,K .

If this cohomology space does not vanish, then, by [23, I, 4.1], the representation
(π,Hπ) has the same infinitesimal character as the contragredient of F . Thus,
implied by [23, I, 5.3], there is only a finite set of infinitesimal equivalence classes
of such representations (π, Vπ) with non-zero cohomology with respect to F .

Let θK be the Cartan involution corresponding to the maximal compact sub-
group K ⊂ G, and let g = k ⊕ p be the corresponding Cartan decomposition. For
simplicity we may assume that G is connected. Otherwise, by use of [23, I, 5.1], the
general case can be reduced to this one. Given an irreducible unitary representation
(π,Hπ) of G with non-vanishing cohomology with respect to F , there is a θK-stable
parabolic subalgebra q of g. By definition, q is a parabolic subalgebra of gC such
that θKq = q, and q ∩ q = lC is a Levi subalgebra of q, where q refers to the image
of q under complex conjugation with respect to the real form g of gC. Write u for
the nilradical of q. Then lC is the complexification of a real subalgebra l of g. The
normalizer of q in G is connected since G is, and it coincides with the connected
Lie subgroup L of G with Lie algebra l. Then F/uF is a one-dimensional unitary
representation of L. Write −λ : l → C for its differential. Via cohomological induc-
tion, the data (q, λ) determine a unique irreducible unitary representation Aq(λ) of
G so that the Harish-Chandra module of (π,Hπ) is equivalent to the one of Aq(λ).

It is worth noting that the Levi subgroup L has the same rank as G, is preserved
by the Cartan involution θK , and the restriction of θK to L is a Cartan involution.
Moreover, the group L contains a maximal torus T ⊂ K. This result [70, Chap.
V] serves as a guideline to construct all possible θK-stable parabolic subalgebras q
in g up to conjugation by K. There are only finitely many K-conjugacy classes of
θK-stable parabolic subalgebras q in g.

If the infinitesimal character of the contragredient of F coincides with the one
of a given irreducible unitary representation Aq(λ), we have

(14.1) Hj(g,K,Aq(λ)⊗ F ) = HomL∩K(∧j−R(l ∩ p),C),

where R = R(q) := dim(u∩pC). In particular, note that the Lie algebra cohomology
with respect to the representation Aq(λ) vanishes in degrees below dim(u∩pC) and
above dim(u∩pC)+dim(l∩pC). If the infinitesimal characters of the contragredient



248 JOACHIM SCHWERMER

representation of F and Aq(λ) do not match, we have

Hj(g,K,Aq(λ)⊗ F ) = 0

for all j.
We summarize some properties of the irreducible unitary representations Aq(λ).

The representation Aq(λ) is a discrete series representation if and only if the group
L is compact. It is a tempered representation12 if and only if L contains no non-
compact simple factors. If the group G contains a compact Cartan subgroup, then
these two conditions are equivalent.

Suppose thatG has discrete series representations or, equivalently, suppose rk(G)
= rk(K). We denote by Gd,F the set of equivalence classes of irreducible discrete
series representations of G whose infinitesimal character coincides with the one of
the contragredient representation F ∗. This set contains exactly |WG/WK | elements,
where WG denotes the Weyl group of G, WK the one of K. If V denotes the
(g,K)-module of K-finite vectors in one of these discrete series representations,
then Hj(g,K, V ⊗ F ) = C if j = (1/2)dim(K\G) and Hj(g,K, V ⊗ F ) vanishes
otherwise. This simple result on the cohomology of a discrete series representation
reflects the basic role these representations play in the representation theory of real
reductive Lie groups. The cohomology of the trivial representation ofG (with trivial
coefficients F ) is a much more complicated issue. It is given as the cohomology of
the compact dual of the symmetric space which corresponds to the group G; see
Appendix E and Section 7.

14.2. Some vanishing results in cohomology. One consequence of the Vogan–
Zuckerman classification is the following result regarding the Lie algebra cohomol-
ogy of an irreducible unitary tempered representation of a real Lie group.

We need the following general definition: Suppose thatM is a real Lie group with
finitely many connected components, and let KM be a maximal compact subgroup
of M . Assume that the Lie algebra of M is reductive. We denote by XM = KM\M
the corresponding symmetric space of maximal compact subgroups; its dimension
is given as 2q(M) := dimM − dimKM . Set �0(M) := rk(M) − rk(KM ), where rk
denotes the absolute rank, and write

q0(M) := 1
2 (2q(M)− �0(M)) = 1

2 (dimXM − �0(M)).

This value q0(M) is an integer since the dimension and the absolute rank of a
reductive Lie algebra are congruent modulo 2.

Then there is the following result regarding the Lie algebra cohomology of an
irreducible unitary tempered representation of M [90, Prop. 4.4] :

Proposition. Suppose that F is an irreducible finite-dimensional representation
of M . Let (π,Hπ) be an irreducible unitary tempered representation of M whose
infinitesimal character coincides with that of F ∗. Then Hj(m,K,Hπ,K ⊗F ) = 0 if
j /∈ [q0(M), q0(M) + �0(M)].

This purely representation-theoretical result has various applications in our con-
text. We mention two of them at this point, both relying on the same basic fact
in the representation theory of real reductive groups. The first one is a vanishing

12We refer to [158] for the notion of temperedness. An irreducible unitary tempered represen-
tation is equivalent to a summand of a representation induced from a discrete series representation
of a Levi subgroup of a proper parabolic subgroup; see [83].
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result for the cuspidal cohomology of arithmetically defined groups. We retain the
context of subsection 13.2.

Proposition. Suppose that G is a connected reductive algebraic Q-group so that
rkQG > 0, and suppose that the highest weight of a given finite-dimensional repre-
sentation (ν, E) of G(R) is regular. Then the cuspidal cohomology H∗

cusp(X/Γ, E)
of a torsion-free arithmetically defined subgroup Γ ⊂ G vanishes outside the range
[q0(G(R)), q0(G(R)) + �0(G(R))].

This result is a consequence of the fact that an irreducible unitary representation
of G(R) with non-vanishing Lie algebra cohomology with respect to the coefficient
system given by (ν, E) is necessarily tempered if the highest weight of (ν, E) is
regular (see [90, Prop. 4.2 and 5.2] or [127, Prop. 2.2]).

Remark. It is proved in [90] under the same regularity condition for the high-
est weight of the representation (ν, E) that the Eisenstein cohomology groups

Hj
Eis(X/Γ, E) vanish as well in degrees j < q0(G(R)). Thus, one has a corre-

sponding vanishing result for Hj(X/Γ, E) in these degrees as well.

14.3. The constant rG. We consider an irreducible unitary representation Aq(λ)
of G with non-vanishing cohomology H∗(g,K,Aq(λ) ⊗ F ) with respect to the
finite-dimensional representation F of G. Suppose that Aq(λ) is not the triv-
ial representation. We note that, by the actual computation of the cohomology,
Hj(g,K,Aq(λ) ⊗ F ) vanishes for j < R(q) = dim(u ∩ pC). It is worth remarking
that whenever q is a proper θK-stable parabolic subalgebra of g, dim(u∩pC) ≥ rkRg.
We denote by rG the minimum of the valuesR(q) = dim(u∩pC) taken over all proper
θK-stable subalgebras q = lC ⊕ u of g. Clearly one has a vanishing result in degrees
below rG. For complex groups, the constant rG is tabulated in [34]. If G is simple
over R (and G has no complex Lie group structure), a tabulation in a case-by-case
list is given in [154], Section 8. In both cases, it is not clear if one could derive
a formula of the constant rG in terms of the structure of the Lie algebra g. In
general, it is greater than or equal to the split rank of G. It coincides with the split
rank for G = SLn(R), SU(p, q), SO(p, q) or Sp2n(R). We note that these vanishing
results can be considerably sharpened if, for example, the given finite-dimensional
representation (ν, F ) of G has regular highest weight.

14.4. Examples. By making explicit the construction of Vogan-Zuckerman dis-
cussed above, we indicate in a series of examples which irreducible unitary rep-
resentations of G have non-vanishing relative Lie algebra cohomology and may
actually contribute to the cohomology of arithmetic groups.

The Lie group G2. Let G be the split simple real Lie group of type G2. (We refer
to Section 11.1 for a thorough treatment of groups of type G2.) It is a connected
group of rkRG = 2. The Weyl group of G is isomorphic to the dihedral group
D6 of order 12. Let K be a maximal compact subgroup of G; its Lie algebra is
isomorphic to sp(1)⊕ sp(1). Let θ = θK be the Cartan involution, and let g = k⊕ p

be the corresponding Cartan decomposition. Fix non-zero elements ix, iy in k, the
first one belonging to the first summand, the second to the second, and let it be
the real vector space spanned by ix, iy. Then t is a Cartan subalgebra of k, and
tC

∼= C2. We denote the evaluation in the first and second coordinates by e1 and
e2, respectively, and we write α1 = e2 − e1 and α2 = 3e1 − e2. Taking αi, i = 1, 2,
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as simple roots, the set ∆+(gC, tC) of positive roots of gC with respect to tC is given
as the set

(14.2) ∆+(gC, tC) = ∆+(kC, tC) ∪∆+(pC, tC),

where

∆+(kC, tC) = {α1 + α2, 3α1 + α2}, ∆+(pC, tC) = {α1, α2, 2α1 + α2, 3α1 + 2α2}.

Starting off from an element z ∈ t, there is an associated θ-stable parabolic
subalgebra q of gC with Levi decomposition q = lC ⊕ uC defined by qC = sum of
non-negative eigenspaces of ad(z), lC = centralizer of z, and uC = sum of positive
eigenspaces of ad(z). Let λ be the differential of a unitary character of L, the
connected subgroup of G with Lie algebra lC ∩ g, such that 〈α, λ|tC〉 ≥ 0 for each
root α of u with respect to tC. One refers to such a one-dimensional representation
λ : lC −→ C as an admissible character. A pair (q, λ) of a θ-stable parabolic
subalgebra q of gC and an admissible character λ determines a unique irreducible
unitary representation Aq(λ) of G with non-vanishing cohomology with respect to
a suitable finite-dimensional representation (ν, F ) of G.

Up to infinitesimal equivalence, if lC ⊂ kC, one obtains discrete series represen-
tations, and there are exactly three of them up to infinitesimal equivalence having
the same infinitesimal character for a given admissible character λ. Recall that this
number is generally given as the ratio |WG/WK |.

Consider two elements zj ∈ t, j = 1, 2, with αj(zj) > 0 and αk(zj) = 0 for k �= j.
We denote the corresponding θ-stable parabolic subalgebra as constructed by qj , j =
1, 2. The connected subgroup Lj , j = 1, 2, is isomorphic to SL2(R) × U(1). Let
λ : lj −→ C be an admissible character. Then the corresponding irreducible unitary
representation Aqj

(λ) of G is non-tempered. We summarize this classification result
in the case of the coefficient system given by the trivial representation F = C; that
is, the admissible character λ is trivial.

Proposition. Let G be the split simple real Lie group of type G2, g its Lie algebra,
and K ⊂ G a maximal compact subgroup. Up to infinitesimal equivalence there
are exactly the following irreducible unitary representations (π,Hπ) of G with non-
vanishing relative Lie algebra cohomology H∗(g,K,Hπ ⊗ C):

• the trivial representation π = C with

Hj(g,K,C) =

{
C, if j = 0, 4, 8,
0, otherwise;

• three discrete series representations πi, i = 1, 2, 3, with

Hj(g,K,Hπi
⊗ C) =

{
C, if j = 4,
0, otherwise;

• the two non-tempered representations Aqi
(0), i = 1, 2, as constructed above

with

Hj(g,K,Aqi
(0)⊗ C) =

{
C, if j = 3, 5,
0, otherwise.
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The Lie group SO(n, 1). Let G = SO0(n, 1) be the connected component of the
identity of the group of isometries of hyperbolic n-space. Its Lie algebra g can be
identified with the algebra so(n, 1) of real matrices of order n + 1 which are skew
symmetric with respect to the form f of Witt index 1 represented by the matrix⎛

⎝0 0 1
0 En−1 0
1 0 0

⎞
⎠ .

Let θ : g −→ g be the Cartan involution defined by the assignment Y �→ fY f ,
g = k ⊕ p the corresponding Cartan decomposition, and let K be the maximal
compact subgroup of G with Lie algebra k. Fix a maximal torus T ⊂ K, its
centralizer H := CG(T ) is a Cartan subgroup of G. The Lie algebra h has a Cartan
decomposition h = t⊕ a with a the centralizer of T in p.

The complex Lie algebra gC is isomorphic to so(n + 1,C). Thus, we have to
distinguish two cases given by the parity of n. If n = 2k is even, then G contains
a compact Cartan subgroup, and the root system of G is of type Bk. If n = 2k− 1
is odd, the root system has type Dk.

In the first case, that is, n = 2k, the possible θ-stable parabolic subalgebras q in
g containing tC can be represented up to K-conjugacy by the elements in the set
{q0, . . . , qk−1, q

±
k }, where, given q = lC ⊕ u, the corresponding Levi subgroup L is

isomorphic to

L0 = SO0(2k, 1),

Li = SO(2)i × SO0(2(k − i), 1), 0 < i < k,

Lk = SO(2)k.

Note that there are two θ-stable parabolic subalgebras in this set which both give
rise to the same Lk.

Proposition. Let (ν, F ) be an irreducible finite-dimensional representation of G =
SO0(n, 1), n = 2k, with highest weight λ. If (π,Hπ) is an irreducible unitary
representation of G with non-zero cohomology with respect to F , then the Harish-
Chandra module of (π,Hπ) is one of the representations

Aqi
(λi), i = 0, . . . , k − 1,

or

A
q
±
k
(λk)

with λi
|tC = λ.

We have the following non-vanishing result:

Hj(g,K,Aqi
(λi)⊗ F ) =

{
C, if j = i, n− i,
0, otherwise;

Hj(g,K,A
q
±
k
(λk)⊗ F ) =

{
C, if j = k,
0, otherwise.

In the second case, that is, n = 2k−1, the possible θ-stable parabolic subalgebras
q in g containing tC can be represented up to K-conjugacy by the elements in the
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set {q0, . . . , qk−1} where, given q = lC ⊕ u, the corresponding Levi subgroup L is
isomorphic to

L0 = SO0(2k − 1, 1),

Li = SO(2)i × SO0(2(k − i)− 1, 1), 0 < i < k,

Lk = SO(2)k−1 × SO0(1, 1).

Proposition. Let (ν, F ) be an irreducible finite-dimensional representation of G =
SO0(n, 1), n = 2k − 1, with highest weight λ. Suppose that λ satisfies the obvious
symmetry condition λk−1 = λk with respect to a suitably chosen basis of the weight
lattice in h∗. If (π,Hπ) is an irreducible unitary representation of G with non-zero
cohomology with respect to F , then the Harish-Chandra module of (π,Hπ) is one of
the representations

Aqi
(λi), i = 0, . . . , k − 1,

with λi
|tC = λ.

We have the following non-vanishing result:

Hj(g,K,Aqi
(λi)⊗ F ) =

{
C, if j = i, n− i,
0, otherwise.

In both cases, these representations can be described by their corresponding
Langlands data (P, σ, ν) according to the classification of irreducible admissible
representations of real reductive groups [83]. A given representation Aq(λ) with
data (P, σ, ν) is the unique irreducible unitary quotient of the principal series rep-
resentation IndGP (Hσ ⊗ CρP+ν), P the standard minimal parabolic subgroup of G
with Langlands decomposition P = MAN , σ a suitable irreducible representation
of M = SO(n), ν a uniquely determined character of A. We refer to [44] for a
description of these Langlands data, following the general outline given in [154].

15. Geometric constructions versus automorphic forms

The geometric construction of (co)homology classes for arithmetically defined
subgroups Γ of a given reductive group over an algebraic number field has some im-
portant consequences for the automorphic spectrum of the group Γ. First of all, one
can of think of various results concerning the existence of automorphic forms with
specific properties. These will come up in the disguise of the related automorphic
representation generated by all translates of a given automorphic form by elements
of the group G(R) of real points of G. In turn, in the case of a compact arithmetic
quotient X/Γ, if there is a way to construct automorphic representations occurring
with non-vanishing multiplicity in the spectrum which at the same time contribute
to the cohomology of X/Γ one is naturally led to questions about possible geometric
objects corresponding to these “automorphic” classes. We substantiate these close
relations between geometry and automorphic theory by discussing some examples.
In view of the richness of this interplay and the various results which are beyond
the scope of this survey, the account we give can only be very selective in its choices
and can only touch upon the most salient features of this interaction. In particular,
the global approach in the theory of automorphic forms via representations of the
group G over the adèles of k, the related interpretation of the arithmetic quotients
and the arithmetic involved will not be discussed.
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15.1. Arithmetically defined locally symmetric spaces of real rank one.
We resume the discussion in Sections 8.3 and 10.1 on arithmetic quotients attached
to real, complex and quaternionic hyperbolic n-space.

Let k �= Q be a totally real algebraic number field of degree d. Let σ1, ..., σd

denote the d distinct field embeddings k → C. All of these factor through k → R.
Consider a non-degenerate quadratic k-space (E, f) of dimension n+1 where, in a
suitable basis, the form f is given by

f(x) =
∑

1≤j≤n+1

µjx
2
j .

Let (Eσi , fσi) denote the quadratic space whose underlying vector space is the
real vector space Eσi obtained as the tensor product E ⊗k R via the embedding
σi : k → R and which is endowed with the quadratic form

fσi = σi(
∑

1≤j≤n+1

µjx
2
j ).

Suppose that the signature of this form is (n, 1) for i = 1, and that the form is
positive definite otherwise. Let G = SO(f) be the special orthogonal group of f and
set G′ = Resk/QG; see Appendix C. A torsion-free arithmetic subgroup ∆ of SO(f)
gives rise to a compact quotient X/∆ of hyperbolic n-space X = Hn

R . As in the
case discussed in Section 10.1, given an integer m, 1 ≤ m < n, there is a rational
involution σm : G −→ G with its companion τm = σmθx, x ∈ X(〈σm〉) which
give rise to special cycles C(〈σm〉,∆) and C(〈τm〉,∆) of complementary dimension
in X/∆. By passing over to a suitable subgroup Γ of finite index in ∆, their
intersection number is positive. Thus, the cohomology classes corresponding to the
fundamental classes oC(〈σm〉,Γ) and oC(〈τm〉,Γ) by Poincaré duality are non-trivial.
Moreover, since the compact dual of hyperbolic n-space is the n-sphere Sn, these
classes cannot be represented by a G′(R)-invariant R-valued C∞-form on X.

Interpreting the cohomology spaces H∗(X/Γ,R) in terms of relative Lie algebra
cohomology we have the isomorphism

H∗(X/Γ,R)−̃→
⊕
π∈Ĝ

m(π,Γ) H∗(g,K,Hπ,K),

where the right-hand side is a finite direct algebraic sum. It ranges over the infinites-
imal equivalence classes of irreducible unitary representations (π,Hπ) of SO0(n, 1)
with non-vanishing cohomology H∗(g,K,Hπ,K). In view of the enumeration of
these representations in Section 14.4, given an integer m, 1 ≤ m < n, there is ex-
actly one representation Aqm

(0) =: Aqm
with Hm(g,K,Aqm

) �= 0, except in the
even case n = 2k where for m = k we have two equivalence classes of such rep-
resentations. These latter representations belong to the discrete series. Indeed we
have in the notation of Section 14.4,

Hj(g,K,Aqm
⊗ C) =

{
C, if j = m,n−m,
0, otherwise;

Hj(g,K,A
q
±
k
⊗ C) =

{
C, if j = k = m,
0, otherwise.
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As a consequence, the non-vanishing of the cohomology classes corresponding
to the special cycles C(〈σm〉,Γ), 1 ≤ m < n, implies a non-vanishing of the mul-
tiplicities m(Aqm

,Γ) with which the irreducible representations Aqm
occur in the

spectrum L2(G′(R)/Γ) of Γ. Millson-Raghunathan [102] mention this implication
though in a far less detailed form.

We can discuss in a similar way the case of arithmetic quotients of quaternionic
hyperbolic n-space Hn

H dealt with in Section 10.1. We retain the notation used
there. Given an integer m, 1 ≤ m < n, there exists a 〈σm, τm〉-stable subgroup Γ of
G such that the Euler characteristics χ(F (γ)), γ ∈ ker res(σm,τm) of the connected
components of the intersection of the special cycles C(〈σm〉,Γ) and C(〈τm〉,Γ) are
all positive. These cycles contribute non-trivially to cohomology. More precisely,
they detect non-vanishing classes in Hj(Hn

H/Γ,R), j = 4m, 4(n−m) which cannot
be represented by a G′(R)-invariant R-valued C∞-form on Hn

H. Since the integer
m ranges over the set {1 ≤ m < n} we get classes in degrees i = 4, 8, ..., 4(n− 1) in
this way. However, in the case of the real Lie group Sp(n, 1), the enumeration of
the infinitesimal equivalence classes of irreducible unitary representations (π,Hπ)
of Sp(n, 1) with non-vanishing cohomology H∗(sp(n, 1),K,Hπ,K) shows the follow-
ing result [86]: Given a degree j with 0 ≤ j < n there is no irreducible unitary
representation with non-zero cohomology in this degree if j is odd. If j is even,
there exists (up to infinitesimal equivalence) exactly one representation with non-
zero cohomology in degree j. In degrees j with n ≤ j ≤ 2n there are exactly
one or two equivalence classes of irreducible unitary representations (π,Hπ) with
Hj(sp(n, 1),K,Hπ,K) �= 0 depending on whether j is odd or even. Thus, the special
cycles as constructed don’t detect all possible degrees in which the arithmetic quo-
tient can possibly have non-vanishing cohomology. Indeed, by using theta series, Li
[86, Section 6] constructed “automorphic” cohomology classes in some of the miss-
ing degrees. The question arises if there is a way to have a geometric counterpart
to these classes.

15.2. Locally Hermitian symmetric spaces of type IV. We consider a non-
degenerate quadratic k-space (E, f) of dimension n + 2, n > 1, over a totally
real algebraic number field k �= Q. Suppose that f is of signature (n, 2) and all
its conjugates fσ, σ �= Id, are positive definite. Let G = SO(f) be the special
orthogonal group of f , and let G′ = Resk/QG be the algebraic Q-group obtained
by restriction of scalars. Then the symmetric space X corresponding to the group
of real points G′(R) is of the form

X = (SO(n)× SO(2))\SO0(n, 2),

that is, the Hermitian symmetric space of type IV. A torsion-free arithmetically
defined subgroup ∆ ⊂ G gives rise to a compact locally symmetric space X/∆ of
dimension 2n. Passing over to a suitable subgroup Γ of finite index in ∆, for any
integer j strictly between 0 and 2n and divisible by either 2 or n, the cohomology
Hj(X/Γ,R) contains a non-trivial cohomology class which is not in the image of
the homomorphism βΓ : H∗(Xu,R) → H∗(X/Γ,R). These cohomology classes are
detected by geometric cycles of the form XH/ΓH = C(〈σj〉,Γ) where H ⊂ G is
a reductive subgroup with H ′der,0(R) � SO0(j, 2)× (compact orthogonal groups).
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We intend to discuss the interpretation of such a class in terms of the automorphic
cohomology. More precisely, if n = 2m is even, we discuss the possible irreducible
representations in the automorphic spectrum which correspond to the class deter-
mined by the geometric cycle C(〈σm〉,Γ) .

Due to the result of Matsushima, discussed in Section 13.1, we have an isomor-
phism

H∗(X/Γ,R)−̃→
⊕
π∈Ĝ

m(π,Γ) H∗(so(n, 2),K,Hπ,K),

where the right-hand side is a finite direct algebraic sum ranging over the infinites-
imal equivalence classes of irreducible unitary representations (π,Hπ) of SO0(n, 2)
with non-vanishing cohomology H∗(so(n, 2),K,Hπ,K). Since X is Hermitian sym-
metric the cohomology groups H∗(X/Γ,R) as well as H∗(so(n, 2),K,Hπ,K) acquire
a bigrading, and the isomorphism is compatible with this structure on both sides.

Following [154] the infinitesimal equivalence classes of irreducible unitary rep-
resentations (π,Hπ) of SO0(n, 2) with non-vanishing cohomology are represented
by the representations Aq := Aq(0), where q ranges through the set of θ-stable
parabolic subalgebras (up to conjugation under K) of gC. In the case of the group
SO0(n, 2) these θ-stable parabolic subalgebras are given in [59, 1.5], resp. [89]. We
write p = p+ ⊕ p−, where p+ (resp. p−) is the holomorphic (resp. antiholomorphic)
tangent space of X at the origin. Accordingly we write, given a θ-stable parabolic
subalgebra q = l⊕ u, R± =dim(u ∩ p±). We put k = [n/2] and l = n− [n/2]. The
possible θ-stable parabolic subalgebras q fall into two classes:

[A] There are non-negative integers r, s with 0 < r + s ≤ n/2 such that

L � T r+s × U(k − r − s, 1),

(R+, R−) = (r, l + s) or (l + s, r).

The corresponding irreducible unitary representation Aq has non-zero co-
homology exactly in the bi-degrees

(p, q) = (R+ + j, R− + j), 0 ≤ j ≤ k − r − s.

[B] There is a non-negative integer r with r ≤ n/2 such that

L � T r × SO0(n− 2r, 2),

(R+, R−) = (r, r).

The corresponding irreducible unitary representation Aqr
has non-zero co-

homology exactly in the bi-degrees

(p, q) = (j, j), r ≤ j ≤ n− r.

Consequently we obtain the following result: Given a cohomological bi-degree (p, q)
there exists an irreducible unitary representation (π,Hπ) with non-zero cohomology
Hp,q(so(n, 2),K,Hπ,K) in this bi-degree if and only if

[a] min(p, q) ≤ n/2 ≤ max(p, q) ≤ n
or

[b] p = q ≤ n.

Thus, we see that the usual Hodge diamond depicting the various Hodge types
degenerates into a kind of butterfly.
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Now we suppose that n = 2m is even. We are interested in the cohomol-
ogy in bi-degree (m,m), that is, in the middle component in the total degree
2m = n = (1/2) dimX. In case [B], given a non-negative integer r with r ≤ n/2,
the corresponding representation Aqr

has non-zero cohomology in bi-degree (m,m).
In case [A], there are exactly two representations, say A

q
±
m
, which meet this re-

quirement, namely the ones given by r = m, s = 0. Together, there are (up to
infinitesimal equivalence) exactly the irreducible unitary representations

Aqr
, 0 ≤ r < n/2 = m, and A

q
±
m
,

which have non-trivial relative Lie algebra cohomology in the bi-degree (m,m).
The fundamental class of the geometric cycle XH/ΓH = C(〈σm〉,Γ) as con-

structed above gives rise via Poincaré duality to a non-trivial class, to be denoted
[C(〈σm〉,Γ)], in H2m(X/Γ,R). In the framework of deRham cohomology, this class
cannot be represented by a G′(R)-invariant differential form on X. According to
the decomposition

H2m(X/Γ,R) =
⊕

p+q=2m

Hp,q(X/Γ,R)

we write

[C(〈σm〉,Γ)] =
⊕

p+q=2m

[C(〈σm〉,Γ)]p,q.

Interpreting these cohomology groups in terms of relative Lie algebra cohomology,
each of the summands can be written as a finite direct algebraic sum

Hp,q(X/Γ,R) =
⊕
π∈Ĝ

m(π,Γ) Hp,q(so(n, 2),K,Hπ,K)

ranging over the infinitesimal equivalence classes of irreducible unitary representa-
tions (π,Hπ) of SO0(n, 2) with non-vanishing cohomology Hp,q(so(n, 2),K,Hπ,K).
In the case m = p = q, these equivalence classes are represented by the irreducible
unitary representations Aqr

, 0 ≤ r < n/2 = m, and A
q
±
m
. Therefore we obtain

Hm,m(X/Γ,R) =
⊕

0≤r<m

m(Aqr
,Γ) Hm.m(so(n, 2),K,Aqr

)

⊕m(A
q
±
m
,Γ) Hm.m(so(n, 2),K,A

q
±
m
).

Kobayashi-Oda [72] proved that the (m,m)-component [C(〈σm〉,Γ)]m,m is a suit-
able multiple of a generator of the groupHm.m(so(n, 2),K,Aq0

). Note that q0 = gC;
hence Aq0

is the trivial representation of SO0(n, 2) and the corresponding Lie al-
gebra cohomology is the image of Hm,m(Xu,R) = H2m(Xu,R) in Hm,m(X/Γ,R)
under the injective homomorphism β2m

Γ . However, since the class [C(〈σm〉,Γ)]
is not invariant under the full group, there exists a non-trivial (p, q)-component
[C(〈σm〉,Γ)]p,q with p �= q, p + q = 2m. As a consequence, one obtains a non-
vanishing result for the corresponding summand Hp,q(X/Γ,R). The method of
proof in [72] relies on a detailed study of the restriction of a representation Aq to
the reductive subgroup H.
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16. Concluding remarks

Finally I would like to draw attention to some topics left out of this paper.

16.1. Arithmetic cycles. In [61], Hirzebruch and Zagier discovered that the in-
tersection numbers aN = [C1] ∩ [CN ] of certain arithmetically defined cycles CN

on a Hilbert modular surface X/Γ are the Fourier coefficients of a modular form of
Nebentypus. Their results, as well as subsequent results of similar nature pertain-
ing to arithmetic cycles on Picard modular surfaces [30], [74], were proven along
purely geometric lines. Later on, Kudla and Millson started to examine such phe-
nomena in the more conceptual framework of the theory of the Weil representation
and theta functions for dual reductive pairs [76], [77], [78]. The case of arithmetic
quotients attached to O(n, 2), that is, Shimura varieties of orthogonal type, gained
particular attention. There the generating function in question can be interpreted
in terms of automorphic forms in a very precise way.

In recent work, Funke and Millson [40], [41], [42] treat the extension of the
Kudla-Millson lift and the corresponding theory of cycles (even with local coefficient
systems) to the case of non-compact hyperbolic manifolds.

16.2. Lefschetz properties of subvarieties of Shimura varieties. Let S(G,X)
be a Shimura variety, attached to a reductive algebraic Q-group G and a Hermitian
symmetric domain X on which the group G(R) acts transitively. For the sake
of simplicity we assume that G is anisotropic over Q; hence S(G,X) is compact.
Suppose that S(H,Y ) is a subvariety which itself is a Shimura variety attached to
a reductive algebraic Q-subgroup H of G. In particular, the symmetric space Y
associated with H is of Hermitian type. Then there is the natural restriction map
j∗ : H∗(S(G,X),C) −→ H∗(S(H,Y ),C) induced by j : S(H,Y ) −→ S(G,X).

Motivated by Lefschetz’s theorem on hyperplane sections, it is natural to ask
whether or not these subvarieties satisfy a weak Lefschetz property in degrees
smaller than the complex dimension, say n, that essentially is to investigate how
much of the cohomology Hi(S(G,X),C) in these degrees is captured by the coho-
mology of S(H,Y ) and its translates under Hecke correspondences. More formally,
one may ask whether or not the map

Hi(S(G,X),C) −→ ⊕Hi(S(H,Y ),C)

is injective for i < n, where the sum ranges over the translates of S(H,Y ) under
the natural action of the group G(Af ), Af the ring of finite adèles of the field Q.
Oda’s approach to this question in his study [107] of Picard modular surfaces has
been very inspiring for subsequent works such as [57], [59], [29], [11] and [149],
[150]. These rely on an extended arsenal of methods such as the classification of
irreducible unitary representations with non-zero cohomology [154] or the work of
Burger-Li-Sarnak on Ramanujan duals [27].

Appendices

Appendix A. Central simple algebras over algebraic number fields

A.1. Central simple algebras. Let k be a field. A k-algebra D is a division
algebra if every non-zero element of D is invertible. A central algebra over k is
a finite-dimensional k-algebra A �= (0) whose center is k = k.1A. It is said to be
simple if A and (0) are the only two-sided ideals in A.
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Let l/k be a field extension. If A is a central simple algebra over k, then the
l-algebra A⊗k l =: Al, obtained from A by extension of scalars from k to l, is again
central simple. We call l a splitting field of A (or we will say that l splits A) if there
exists an isomorphism Al −→ Mn(l) of l-algebras for some n. For a given central
simple k-algebra A, such splitting fields always exist. For example, an algebraic
closure k splits A. In fact, there even exists a finite extension l/k so that l splits A.
The dimension of A is a square, dimkA = n2, if Al = Mn(l) for some field extension
l/k. We call the integer n the degree of A, to be denoted deg(A).

Let l/k be a splitting field for a central simple algebra A over k. We may therefore
fix an l-algebra isomorphism φ : Al −→ Mn(l). Given a ∈ A, the characteristic
polynomial of φ(a ⊗ 1) has coefficients in k and is independent of the choice both
of l and φ. Its constant term is given by (−1)n det(φ(a⊗ 1)). The reduced norm of
a, to be denoted Nrd(a), is defined by Nrd(a) = det(φ(a⊗ 1)). The corresponding
map Nrd : A −→ k is multiplicative and Nrd(a) �= 0 if and only if a ∈ A∗.

Given a central simple k-algebra one also has the opposite algebra Aop. The latter
one is given as {aop | a ∈ A}, endowed with the following operations: aop + bop =
(a + b)op, aop · bop = (ba)op, and λaop = (λa)op for a, b ∈ A and λ ∈ k. If A is of
degree n, then there is a natural isomorphism A ⊗ Aop ∼= Endk(A) ∼= Mn2(k) of
k-algebras.

A.2. The group SL1(A). Let A be a central simple algebra of degree n over the
field k. Notice that dimkA = n2. Let GL(A) be the algebraic group defined over k
whose rational points over an extension k′/k equal the group of invertible elements
in the k′-algebra A⊗k k

′. The reduced norm defines a surjective homomorphism

Nrd : GL(A) → Gm

of GL(A) into the multiplicative group Gm over k. The kernel of the morphism Nrd
is a semi-simple, simply connected algebraic group over k, to be denoted SL1(A).
This group is a k-form of the group SLn/k.

A.3. Brauer groups. Within the structure theory of central division algebras and,
more generally, of central simple algebras over a field, the notion of the Brauer group
plays a decisive role. Two finite-dimensional central simple algebras A and B over
a field F are said to be similar if there exist integers l,m such that A⊗F Ml(F ) ∼=
B⊗F Mm(F ). Every central simple algebra is similar to exactly one division algebra
(up to isomorphism). This notion of similarity induces an equivalence relation on
the set of isomorphism classes of finite-dimensional central simple algebras over F .
The Brauer group of the field F , to be denoted Br(F ), is the corresponding set of
equivalence classes [A] of finite-dimensional central simple algebras over F , endowed
with the tensor product as the group operation. The unit element in Br(F ) is the
equivalence class [F ] of F . Note that [Mr(F )] = [F ] for every r. The inverse of
the class [A] is the class of the opposite algebra Aop. By use of crossed product
algebras, one can show that Br(F ) is a torsion group (see, e.g., [65, 2.7]).

Let A be a central simple k-algebra A of degree deg(A) over an algebraic number
field k. Suppose that the defining field k contains a subfield k′ such that the degree
[k : k′] of the extension k/k′ is 2. Such an extension is necessarily a Galois extension.

Let Gal(k/k′) = {Idk, c} denote its Galois group.
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Given a central simple k-algebra A, its conjugate algebra Ac = {ac | a ∈ A} is
defined by the following operations:

ac + bc = (a+ b)c, ac · bc = (ab)c, (λa)c = c(λ)ac

for all a, b ∈ A and λ ∈ k. The map

s : Ac ⊗k A → Ac ⊗k A

defined by ac ⊗ b �→ bc ⊗ a is c-semilinear over k and is a k′-algebra automorphism.
The k′-subalgebra

{z ∈ Ac ⊗k A | s(z) = z} =: Nk/k′(A)

of elements in Ac⊗kA fixed under s is called the norm of the central simple algebra
A over k. It is a central simple k′-algebra of degree deg Nk/k′(A)=(degA)2.

This construction induces a group homomorphism

Nk/k′ : Br(k) −→ Br(k′), [A] �→ [Nk/k′(A)],

of the respective Brauer groups [71, 3.13].

A.4. Quaternion algebras. In our context, in order to discuss the notion of arith-
meticity for discrete subgroups of PGL2(C), we need some basic facts in the theory
of quaternion algebras over a number field k. In particular, for the convenience of
the reader we recall the notion of ramification and some related results in the case
of a quaternion algebra over a given local field kv for v a place of k.

Let Q be a quaternion algebra over k, that is, Q is a central simple k-algebra
of degree two. Viewed as a vector space over k, the algebra Q has a basis 1, i, j, k
subject to the relations i2 = a, j2 = b, ij = −ji = k for some elements a, b ∈ k∗.
Although the quaternion algebra Q does not uniquely determine the elements a, b ∈
k∗, we may also use the notation Q = Q(a, b | k) emphasizing the choice of a and
b. Given a place v ∈ V there is the local analogue

Qv = Q⊗k kv,

defined as the tensor product over k of Q with kv. The algebra Qv is a central
simple algebra over kv. If v ∈ V∞ is a complex place, that is, kv = C, this algebra
is isomorphic to the matrix algebra M2(C). If v ∈ V∞ is a real place, the algebra Qv

over R is isomorphic either to the matrix algebra M2(R) or to the division algebra
H = Q(−1,−1|R) of Hamilton’s quaternions. A similiar dichotomy exists in the
case of a non-Archimedean place v ∈ Vf . For each local field kv, v ∈ Vf , there
is a unique quaternion division algebra Cv over kv. Using the unique unramified
quadratic extension kv(

√
a), where a is a unit in the ring Ov of integers in kv,

it can be described as a cyclic algebra. Thus, the quaternion algebra Q ⊗k kv is
isomorphic either to the matrix algebra M2(kv) or the unique division algebra Cv.
This is a consequence of the fact that a quaternion algebra over an arbitrary field
L is isomorphic either to M2(L) or to a division algebra.

We say that Q ramifies at v ∈ V , or that v is ramified in Q, if Q ⊗k kv is
isomorphic to a division algebra; otherwise Q splits at v ∈ V . Hilbert‘s law of
reciprocity implies that a quaternion algebra Q over k splits at all but a finite
number of places and that the set Ram(Q) = {v ∈ V | Q ramifies at v} has even
cardinality. Notice that the isomorphism class of Q over k is determined by its
ramification set Ram(Q). Conversely, given a set S ⊂ V \ {v ∈ V∞ | v complex
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place} so that S has even cardinality, there exists a quaternion algebra over k with
ramification set equal to S.

These results imply, for example, that for a given number field k with exactly one
complex place w and an arbitrary non-empty set T of real places there are infinitely
many non-isomorphic quaternion algebras D over k such that D ramifies at v ∈ T .
This is achieved by supposing that the ramification set Ram(D) = {v ∈ V | D
ramifies at v} is any finite set of even cardinality so that T ⊂ Ram(D).

A.5. k-forms of the algebraic group PGL2. We briefly describe all k-forms of
the algebraic group PGL2 (or SL2) over an algebraic number field k. By definition,
a linear algebraic group G defined over k is a k-form of the k-group PGL2 (or SL2)
if there exists a field extension k′/k such that G is isomorphic as a k′-group to
PGL2/k

′ (or SL2/k
′).

The k-forms in question can be described in the following way. Let A be a
quaternion algebra over the field k; that is, A is a central simple algebra over k of
degree 2. The k-group GL(A) attached in A.2 to A has a one-dimensional center,
and its derived group is SL1(A). Then the quotient G of GL(A) by its center is a
k-form of PGL2/k. This construction exhausts all possible k-forms of PGL2/k.

Appendix B. Groups of units of quadratic forms

In this appendix we describe the explicit construction of the algebraic groups
O(E, f) and their arithmetic subgroups that arise from unit groups of non-degener-
ate quadratic spaces (E, f) over an algebraic number field k. Much of the material
of this appendix can also be found in [144] or [15]. Siegel’s work [139] contains a
comprehensive discussion of the related reduction theory.

In the case of the algebraic k-groups O(E, f), by using coordinates, we introduce
parabolic k-subgroups and their subgroups in a quite elementary way. In partic-
ular, given a proper parabolic k-subgroup of some O(E, f), we see that its Levi
components are products of suitable isometry groups and general linear groups.

B.1. Orthogonal groups. Let k be an algebraic number field, and let (E, f) be a
non-degenerate quadratic k-vector space of dimension n, that is, a k-vector space
E endowed with a non-degenerate quadratic form f . We denote the corresponding
symmetric bilinear form on E by bf . If f(x) = 0 for x ∈ E, then x is an isotropic
vector, and a subspace U of E is an isotropic subspace if bf (x, x

′) = 0 for all
x, x′ ∈ U . This is equivalent to the requirement that f(x) = 0 for all x ∈ U .
If x ∈ E is an isotropic vector, then there exists an isotropic vector y ∈ E with
bf (x, y) = 1. In general, we call a two-dimensional subspace H with a basis x, y, so
that f(x) = f(y) = 0 and bf (x, y) = 1 a hyperbolic plane.

If no non-zero vector in a subspace U ′ of E is isotropic, then U ′ is called
anisotropic. In other words, the quadratic form f restricted to U ′ does not represent
zero rationally.

We denote the group of isometries of (E, f) by O(E, f); that is, by definition,

O(E, f) = {φ ∈ GL(E) | f(φ(x)) = f(x) for all x ∈ E}.

Let SO(E, f) denote the kernel of the determinant map det : O(E, f) −→ Gm into
the multiplicative group over k, to be called the special orthogonal group of f . The
corresponding algebraic group is connected.
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Let q denote the Witt index of f , that is, by definition, the dimension of the
maximal isotropic subspaces in E. We suppose that q > 0. With respect to a
suitable basis {ei}1≤i≤n we can write

f(x) = x1xn + x2xn−1 + · · ·+ xqxn−q+1 + f0(xq+1, . . . , xn−q),

where f0 is a non-degenerate anisotropic quadratic form on the k-span U of the
set {eq+1, ..., en−q}; that is, (U, f0) is an anisotropic space. The k-spans Uq :=
〈{e1, ..., eq}〉, resp. U ′

q := 〈{en−q+1, ..., en}〉, are both isotropic subspaces of the
quadratic space (E, f).

The special orthogonal group SO(E, f) is split over k, that is, it contains a
maximal k-split torus, if and only if q = [n/2], equivalently, n = 2q or n = 2q + 1.
If n = 2q + 2, the group SO(E, f) is quasi-split over k.

If n is odd and f has maximal Witt index [n/2], then the k-split group SO(E, f)
is simple and adjoint. If n is even, q = n/2, then SO(E, f) is simple if n > 5. The
corresponding adjoint group is the projective orthogonal group attached to (E, f).

We now suppose that k is a totally real algebraic number field of degree d.
Let σ1, ..., σd denote the d distinct field embeddings k → C. All of these factor
through k → R. Let εi, i = 1, ..., d, each be +1 or −1. As an application of
the Weak Approximation Theorem in number fields, there exists α ∈ k∗ such that
sign(σi(α)) = εi, i = 1, ..., d. Let p1, ..., pd denote natural numbers with the prop-
erty that 0 ≤ pi ≤ n, i = 1, ..., d. We fix an index j, 1 ≤ j ≤ n. By the remark
above, we then may choose some αj ∈ k∗ such that

sign(σi(αj)) =

{
+1, if j ≤ pi,
−1, if j > pi,

for i = 1, ..., d. Consider the non-degenerate quadratic k-space (E, f), where, in a
suitable basis, the form f is given by

f(x) =
∑

1≤j≤n

αjx
2
j .

Let (Eσi , fσi) denote the quadratic space whose underlying vector space is the
real vector space Eσi obtained as the tensor product E ⊗k R via the embedding
σi : k → R and which is endowed with the quadratic form

fσi = σi(
∑

1≤j≤n

αjx
2
j ).

The signature of this form is (pi, n− pi) for i = 1, ..., d.
Let G be the special orthogonal group of (E, f). By definition, the arithmetic

subgroups of G(k) are the subgroups that are commensurable with GOk
, the group

of Ok-units of G. The latter group is also called the group of units of the quadratic
form (E, f). Let G′ = Resk/QG be the algebraic Q-group obtained by restriction of

scalars.13 Then the group of real points of G′ is of the form
∏

1≤i≤d SO(pi, n− pi).
Suppose that there exists i0, 1 ≤ i0 < d so that pi < n for i ≤ i0 and pi = n for
i > i0. Then we have

(B.1) G′(R) =
∏

1≤i≤i0

SO(pi, n− pi)
∏
i>i0

SO(n, 0).

13If G is an algebraic group defined over some finite extension field k of Q, there is a canonical
way to get from G an algebraic group, to be denoted Resk/QG, defined over Q. This process is

usually called “restriction of scalars”; it is explained in some detail in Appendix C.
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We write (G′)nc for the non-compact real Lie group
∏

1≤i≤i0
SO(pi, n− pi). Then

G′(R) is of the form (G′)nc.C with C the compact group
∏

i>i0
SO(n, 0). The

associated symmetric space is then X = K\G′(R) = Knc\(G′)nc, where K, resp.
Knc, denotes a maximal compact subgroup of G′(R), resp. (G′)nc. An arithmetic
subgroup of G(k) projects to (G′)nc as a discrete subgroup. In the case that i0 = 1
and p1 = n− 1 the corresponding symmetric space is hyperbolic (n− 1)-space.

B.2. Parabolic subgroups of O(E, f). Let (E, f) be a non-degenerate quadratic
k-vector space of dimension n, where k is an arbitrary algebraic number field. We
suppose that the Witt index q of f is non-zero. There exists a basis {ei}1≤i≤n of
E so that f is of the form

f(x) = x1xn + x2xn−1 + · · ·+ xqxn−q+1 + f0(xq+1, . . . , xn−q).

The form f0 is a non-degenerate anisotropic quadratic form on U = 〈{eq+1, ...,
en−q}〉. The k-span of {e1, ..., eq}, resp. {en−q+1, ..., en}, are both isotropic sub-
spaces of the quadratic space (E, f). The group

S = {diag(λ1, ..., λq, 1, ..., 1, λ
−1
q , ..., λ−1

1 )}
of diagonal matrices is a maximal k-split torus in the orthogonal groupO(E, f). The
centralizer of S is Z(S) = S×O(U, f0), where the group O(U, f0) is embedded into
O(E, f) by acting trivially on the subspaces 〈{e1, ..., eq}〉, resp. 〈{en−q+1, ..., en}〉.

An isotropic flag F in (E, f) is a chain

F : F1 ⊂ F2 ⊂ · · · ⊂ Fr

of isotropic subspaces Fj of E. We denote the dimension of Fj over k by dj . The
type of the flag is the ordered r-tuple (d1, ..., dr). By definition, a k-parabolic
subgroup of O(E, f) is the stabilizer PF = P of an isotropic flag F in (E, f). The
type of P = PF is defined to be the type of F . A minimal parabolic k-subgroup of
O(E, f) is the stabilizer of an isotropic flag of type (1, 2, ..., q− 1, q). Note that two
parabolic k-subgroups P and P ′ of O(E, f) are conjugate over k if and only if there
exists an element in O(E, f) mapping F onto F ′, equivalently, by the theorem of
Witt on extensions of isometries, if and only if the defining flags F and F ′ have the
same type.

Let P be a parabolic k-subgroup with corresponding flag F = {Fj}j=1,...,r . Then
we can form the chain

F1 ⊂ F2 ⊂ · · · ⊂ Fr ⊂ F⊥
r ⊂ F⊥

r−1 ⊂ · · · ⊂ F⊥
1

in E. An element p ∈ P stabilizes the flag F ; hence it induces maps on the quotients
Fi/Fi−1 and F⊥

i−1/F
⊥
i , i = 2, ..., r, respectively. The subgroup of O(E, f) formed

by all elements p ∈ P that act trivially on these quotients Fi/Fi−1 and F⊥
i−1/F

⊥
i ,

i = 2, ..., r, is called the unipotent radical of P , to be denoted RuP . This group
is a normal subgroup of P . Given a parabolic k-subgroup P = PF , let F ′ be
another isotropic flag of the same type as F , that is, dj = d′j for all j. Suppose
that Fj + F ′

j is a non-degenerate orthogonal sum of hyperbolic planes. We call
the group L := PF ∩ PF ′ the Levi component of P = PF attached to the flag F ′.
Different choices of isotropic flags F ′ give different Levi components of P . However,
the parabolic k-subgroup P is the semi-direct product of its unipotent radical and
any Levi component. Since the Levi component L is defined as the intersection of
the stabilizers of F and F ′, an element in L stabilizes each of the subspaces Fi+F ′

i

and the corresponding orthogonal complements (Fi + F ′
i )

⊥ as well.
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We define the subspaces

V1 = F1,

Vi = Fi ∩ F ′⊥
i−1, i = 2, ..., r,

respectively,

V ′
1 = F ′

1,

V ′
i = F ′

i ∩ F⊥
i−1, i = 2, ..., r,

and
W = F⊥

r ∩ F ′⊥
r .

Since the flags F and F ′ are of the same type, we have dimV1 = d1 = dimV ′
1 and

dimVi = di − di−1 = dimV ′
i .

Each of the spaces Vj , resp. V
′
j , j = 1, ..., r is orthogonal to W , and, furthermore,

Vs, s = 1, ..., r, is orthogonal to Vt, resp. V
′
t , t = 1, ..., r, if t �= s. Thus, the

Levi component in PF attached to F ′ decomposes into the direct product of the
isometry group of (W, f|W ) and the groups GLdi−di−1

(k), i = 1, ..., r, where we
understand d0 = 0 by convention.

With respect to the basis {ei}1≤i≤n of E , let F0 be the standard isotropic flag

F1 ⊂ F2 ⊂ · · · ⊂ Fq−1 ⊂ Fq,

where Fj = 〈{e1, ..., ej}〉. It is of type (1, 2, ..., q − 1, q). Its stabilizer in O(E, f)
is the minimal parabolic k-subgroup P0 := PF0

, to be called the standard minimal
parabolic k-subgroup. Let F ′ = {F ′

j}j=1,...,q be the isotropic flag of type (1, 2, ...,
q − 1, q) given as

F ′
1 = 〈{en}〉 ⊂ F ′

2 = 〈{en, en−1}〉 ⊂ · · · ⊂ F ′
q = 〈{en, ..., en−q+1}〉;

that is, F ′
j := 〈{en, ..., en−j+1}〉 for j = 1, ..., q. Using the notation above, the

spaces Fj +F ′
j form a non-degenerate orthogonal sum of hyperbolic planes and the

subspace W = F⊥
q ∩ F ′⊥

q coincides with U = 〈{eq+1, ..., en−q}〉. Thus an element p
in P0 (with respect to the chosen basis) has the form⎛

⎝M1 M2 M3

0 B M4

0 0 M5

⎞
⎠ ,

where M1 and M5 are upper triangular matrices of size q × q, and B is an element
of O(W, f|W ) = O(U, f0). There are further relations between the block determined
by the requirement p ∈ O(E, f).

If n = 2q or n = 2q+1, the centralizer Z(S) equals S, the case where the group
O(E, f) splits. If n = 2q + 2, Z(S) is a torus distinct from S, the quasi-split case.

The k-spaces Uq := 〈{e1, ..., eq}〉, resp. U ′
q := 〈{en−q+1, ..., en}〉, are both maxi-

mal isotropic subspaces of the quadratic space (E, f). The subspace Fj = 〈{e1, ...,
ej}〉 of Uq (resp. F ′

j = 〈{en−j+1, ..., en}〉 of U ′
j) of dimension dj = j, j = 1, ..., q,

gives rise to an isotropic flag Fj (resp. F ′
j) of type (j). The parabolic k-subgroup

Pj := PFj
associated to Fj is a standard maximal parabolic k-subgroup of O(E, f).

With the two isotropic flags Fj and F ′
j as defined, the Levi component Lj of Pj

corresponding to this choice is, by definition, the group PFj
∩ PF ′

j
, isomorphic to

GLd(k)×O(W, f|W ) with W = F⊥
j ∩F ′⊥

j of dimension n−2dj ; the non-degenerate
form f|W has Witt index q − dj .
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Remarks. (1) Suppose that j = q, that is, that the subspace Fj is Uq. Then the
Levi component Lq is isomorphic to GLq(k) × O(W, f|W ) with f|W of Witt index
0; equivalently, the form f|W is anisotropic. Note that, if n = 2q, i.e., the group
O(E, f) splits, then the form f0 is trivial. Hence, the Levi component Lq is, up to
isomorphism, the general linear group GLq(k).

(2) Suppose that (E, f) is a non-degenerate quadratic k-vector space so that the
Witt index of f is 1. Up to conjugacy, there is only one parabolic k-subgroup of
O(E, f). An element p in the standard parabolic k-subgroup P0 is of the form⎛

⎝m M2 M3

0 B M4

0 0 m−1

⎞
⎠ ,

where m ∈ GL1(k), B ∈ O(U, f0). The quadratic form f0 is anisotropic.

Appendix C. Weil restriction of scalars

We consider an algebraic number field k of degree d = [k : Q], and we denote
by Ok the ring of integers in k. The ring Ok is a finitely generated torsion-free
Z-module of rank d; hence Ok has a Z-basis ω1, ..., ωd. Moreover, as Ok spans k
over Q, (ωi)i=1,...,d is also a basis of k over Q. We shall refer to such a basis as an
integral basis of k.

Let S be the set of distinct embeddings σi : k → C, 1 ≤ i ≤ d. Among these
embeddings some factor through k → R. Let σ1, ..., σs denote these real embeddings
k → R. Given one of the remaining embeddings σ : k → C, σ(k) �⊂ R, to be called

imaginary, there is the conjugate one σ̄ : k → C, defined by x �→ σ(x), where z̄
denotes the usual complex conjugation of the complex number z. Then the number
of imaginary embeddings is an even number, which we denote by 2t. We number
the d = s+2t embeddings σi : k → C , i = 1, ..., d, in such a way that, as above, σi

is real for 1 ≤ i ≤ s, and σs+i = σs+i+t for 1 ≤ i ≤ t.
Let V∞ be the set of Archimedean places of k. This set is naturally identified

with the set of embeddings {σi}1≤i≤s+t; that is, we take all real embeddings and
one representative for each pair of conjugate imaginary embeddings.14

Let G be an algebraic subgroup of GLn(C) defined over k. If an integral basis
(ωi)i=1,...,d of k is chosen, following Weil [160], one can construct an algebraic
subgroup G′ of GLnd(C), defined over Q, and a rational homomorphism α : G′ −→
G over k such that

(ασ1 , ..., ασd) : G′ −→ Gσ1 × · · · ×Gσd

is an isomorphism over C. For a given σ ∈ S, Gσ denotes the group obtained from
G by conjugation with σ. More precisely, if I denotes the ideal of polynomials in
k[X11, ..., Xnn] which vanish on G, let Iσ be the ideal in σ(k)[X11, ..., Xnn] that is
obtained by transforming the coefficients of the elements h in I with σ. Then Gσ

is the algebraic group over σ(k) defined by Iσ. Up to isomorphism, the pair (G′, α)

14Recall that a prime v (or a place) of an algebraic number field K is a class of equivalent
absolute values on K. We denote by Kv the completion of K with respect to the topology induced
on K by this class. There are two types of valuations possible. First, there is a finite number of
so-called Archimedean completions Kv = R or C corresponding to the “infinite” places given by
embeddings of K into R or C (up to complex conjugation in the latter case). Second, there is an
infinite number of non-Archimedean completions. These correspond to the “finite” places of K,
one for each prime ideal in the ring of algebraic integers of K.
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does not depend on the choice of the integral basis (ωi)i=1,...,d of k. The group G′

is the group, to be denoted Resk/Q G, obtained from G by restriction of scalars.
The map α induces isomorphisms

(C.1) (Resk/Q G)(Q) −→ G(k)

and

(C.2) (Resk/Q G)Z −→ GOk
.

That is, the group of k-points of G is naturally identified with the group of Q-points
of the algebraic group Resk/Q G.

For a given Archimedean place v ∈ V∞, corresponding to the embedding σ : k →
C, we write Gv = Gσ(kv), where kv = R if σ is real and kv = C if σ is imaginary.
Then the map α also induces an isomorphism

G′(R) −→
∏

v∈V∞

Gv

for the group of real points.
The reader may wish to consult Appendix B.2 on groups of units of quadratic

forms for a specific example.

Appendix D. Cohomology

Mainly to fix notation and conventions we recall some basic definitions and
results in the cohomology theory of manifolds which are needed in the text. In par-
ticular, we treat various products. Nevertheless we have to assume some familiarity
with the basic sources as, for example, [24], [31] or [141].

D.1. Products in (co)homology.

Kronecker product. Let X be a topological space, R a Dedekind ring and E an
R-module. As usual, H∗(X,E) and H∗(X,E) denote the singular homology and
cohomology respectively of X with coefficients in E. We denote the underlying
chain, resp. cochain, complex by C∗(X,E) and C∗(X,E) = HomR(C∗(X,R), E).
If α ∈ C∗(X,E) is a cochain, we denote the value of α on a chain ζ ∈ C∗(X,R) by
〈α, ζ〉. This gives rise to the so-called Kronecker product

(D.1) 〈 , 〉 : Hj(X,E)×Hj(X,R) −→ E,

defined by (x, σ) �→ 〈αx, ζσ〉, where the cochain αx represents x and the chain ζσ
represents σ. This definition does not depend on the choice of the representatives.
If E = R is a field and Hj(X,R) is a finite-dimensional vector space, then the
Kronecker product is a dual pairing.

More generally, there is a corresponding product in relative (co)homology for
pairs (X,A) and R-modules E,F , namely,

(D.2) 〈 , 〉 : Hj(X,A;E)×Hj(X,A;F ) −→ E ⊗ F.

Suppose that H∗(X,R) is a free R-module. Then the assignment x �→ 〈x, 〉
defines a canonical isomorphism H∗(X,E) → HomR(H∗(X,R), E).
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Cup product. Let A,B be two subsets of a topological space X so that A,B are
open in A ∪B, and let E,E′ be two R-modules. Then there is the cup-product

�: Hi(X,A;E)⊗R Hj(X,B;E′) −→ Hi+j(X,A ∪B;E ⊗R E′),

(x, y) �−→ x � y.

This product is associative but not commutative. In fact, for x ∈ H∗(X,A;E), y ∈
H∗(X,B;E′), we have x � y = (−1)deg(x)·deg(y)y � x. For the class 1X ∈
H0(X,R) of the augmentation map C0(X) → R, we have 1X � x = x = x � 1X ,
x ∈ H∗(X,A;E). The cup-product is natural in X. Furthermore, the graded group
H∗(X,R) endowed with the cup-product structure is a (commutative) graded R-
algebra, to be called the cohomology algebra of X with coefficients in R. This
algebra is functorial in X.

Cap-product. Given as before two subsets A,B in X that are relatively open as
subsets of A ∪B, and R-modules E,E′, there is also the cap-product operation

�: Hj(X,B;E′)⊗R Hi(X,A ∪B;E) −→ Hi−j(X,A;E ⊗R E′),

(x, σ) �−→ x � σ

induced by a bilinear pairing on the (co)chain level. In the case of a pair (X,A)
and coefficients E′ = R, this product operation turns the homology H∗(X,A;E)
into a graded H∗(X,R)-module. If f : X → Y is a map of topological spaces, then

f∗ : H∗(X,R) → H∗(Y,R)

is a homomorphism of H∗(Y,R)-modules, where H∗(X,R) is endowed with the
H∗(Y,R)-module structure defined via the ring homomorphism f∗ : H∗(Y,R) →
H∗(X,R).

If x ∈ H∗(X,A;E′) and σ ∈ H∗(X,A;E) are classes of the same degree, that is,
deg(x) = deg(σ), then

〈x, σ〉 = ε∗(x � σ),

where ε denotes the augmentation map tensored with IdE⊗E′ . This equation relates
the cap-product with the Kronecker product. In the case of trivial coefficients
E = E′ = R, this Kronecker product

〈 , 〉 : Hj(X,R)×Hj(X,R) −→ R,

satisfies the identity

〈x � y, σ〉 = 〈x, y � σ〉

for x, y ∈ H∗(X,R), σ ∈ H∗(X,R). Moreover, if f : X → Y is a map of topological
spaces, we have

〈f∗(y), σ〉 = 〈y, f∗(σ)〉

with y ∈ H∗(Y,R), σ ∈ H∗(X,R).
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D.2. Cohomology of manifolds.

Fundamental class. Let M be a manifold of dimension n, not necessarily com-
pact. For each given point x ∈ M , the local homology group Hi(M,M − x;Z) =
Hi(R

n,Rn − 0;Z) is zero for i �= n and infinite cyclic for i = n. We call a generator
ox for Hn(M,M−x;Z) a local orientation for M at x. Notice that there are exactly
two possible generators. An orientation for M is a choice of a local orientation ox
at each point x ∈ M which varies continuously with x. More precisely, for each
x ∈ M there exist a compact neighborhood U and a class oU ∈ Hn(M,M−U ;Z) so
that the natural homomorphism ju : Hn(M,M − U ;Z) → Hn(M,M − u;Z) takes
oU to ou for each u ∈ U . We say that M is orientable if such an orientation exists.
We call a manifold together with the choice of an orientation an oriented manifold.

Given a compact set K in an oriented manifold of dimension n, there exists a
uniquely determined element oK ∈ Hn(M,M −K;Z) so that jx(oK) = ox for each
point x ∈ K. We call the class oK the fundamental class of M around K. In
particular, if M itself is compact, we have the unique class oM ∈ Hn(M,Z), to be
called the fundamental class of M .

In general, if M is a connected manifold of dimension n, then Hi(M,Z) = 0 for
i > n, and Hn(M,Z) = Z if M is orientable and compact. If M is not compact,
then Hn(M,Z) = 0. Via the universal coefficient theorem, if M is compact and
orientable, then Hn(M,Z) = Z, whereas in the non-compact case (even when M is
not orientable) Hi(M,Z) = 0 for i ≥ n.

In the case of an oriented compact manifold M with boundary ∂M , there
is an analogous construction of a uniquely determined fundamental class oM in
Hn(M,∂M ;Z). The boundary operator in homology takes oM to the fundamental
class of ∂M in Hn−1(∂M).

Duality. Suppose M is a compact oriented manifold of dimension n. Then the
assignment x �→ x � oM defines an isomorphism Hi(M,R) → Hn−i(M,R). This
assertion is referred to as Poincaré duality. As cohomology can be interpreted in
terms of homology, by means of the universal coefficient theorem, we obtain, if R
is a field, the sequence of isomorphisms

Hn−i(M,R) ∼= Hi(M,R) ∼= HomR(Hi(M,R), R) = Hi(M,R)∗.

More generally, if M is a compact oriented manifold with boundary, R a field,
and oM ∈ Hn(M,∂M ;R) is its fundamental class, then the map x �→ x � oM
defines an isomorphism Hi(M,∂M ;R)→̃Hn−i(M,R). Furthermore, the pairing

Hi(M,∂M ;R)×Hn−i(M,R) −→ Hn(M,∂M ;R) −→ H0(M,R) = R,

defined by the assignment

(x, y) �→ x � y �→ 〈x � y, oM 〉 = 〈x, y � oM 〉,

is a dual pairing.
There is a more general duality theorem which includes not necessarily com-

pact manifolds as well. Let M be a connected oriented manifold of dimension n,
and let H∗

c (M,R) denote its cohomology with compact support. This cohomology
H∗

c (M,R) can be defined as the direct limit lim−→H∗(M,M −K;R), where K ranges

over the directed set of compact subsets of M . If M is compact, then H∗
c (M,R) =

H∗(M,R). Given a compact subset K ⊂ M , we denote the fundamental class of
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M around K by oK . As the maps � oK : Hi(M,M −K;R) −→ Hn−i(M,R) are
compatible with taking the limit over K, there is a well-defined homomorphism

� {oK} : Hi
c(M,R)−̃→Hn−i(M,R).

This homomorphism, which may be interpreted as the cap-product with the orien-
tation class of M (still to be defined), is indeed an isomorphism.

The homology group H0(M,R) has a canonical generator, the homology class of
a point; thus there are identifications

(D.3) H0(M,R) ∼= R ∼= Hn
c (M,R).

We denote the homology with closed supports of M with coefficients in R by
Hcl

∗ (M,R). Analogously, Poincaré duality provides a canonical isomorphism

(D.4) Hcl
i (M,R)−̃→Hn−i(M,R), i ∈ Z.

Let E be a finitely generated free R-module which is a module under the funda-
mental group π1(M) of M . This gives rise to a locally constant sheaf on M with

stalk isomorphic to E, to be denoted Ẽ. Let E∗ be the contragredient π1(M)-

module, and Ẽ∗ the associated locally constant sheaf. The canonical bilinear form
on E × E∗ induces a pairing of Ẽ and Ẽ∗ to the constant sheaf RM on M with
stalk R. If we replace R in the discussion above by Ẽ or Ẽ∗, the Poincaré relations
remain valid.

Suppose now that R is a field, and for the sake of simplicity, that all (co)homology
spaces to be considered are finite-dimensional vector spaces. Then there are the
identifications

(D.5) Hcl
i (M, Ẽ∗) = (Hi

c(M, Ẽ))∗, Hi(M, Ẽ∗) = (Hi(M, Ẽ))∗.

Therefore Poincaré duality can be expressed by saying that there are canonical
perfect pairings

(D.6) Hi
c(M, Ẽ)×Hn−i(M, Ẽ∗) −→ R, i ∈ Z,

(D.7) Hi(M, Ẽ)×Hcl
n−i(M, Ẽ∗) −→ R, i ∈ Z.

These pairings are given by the cup-product and the intersection product, respec-
tively, followed by the pairing of Ẽ and Ẽ∗ to the constant sheaf RM on M with
stalk R. In this generality, if E = R, endowed with the trivial π1(M)-module
structure, then there is a canonical isomorphism

(D.8) Hcl
n (M,R) = R.

By definition, the homology class corresponding to the unit element 1 in R is the
fundamental class of M , to be denoted oM .
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Appendix E. Lie algebra cohomology

E.1. Lie algebra cohomology: generalities.

U(g)-modules. Let g be a Lie algebra over a field F , which we will think of as R or
C. Let U be an associative F -algebra with unit. As usual such an algebra comes
equipped with the natural Lie algebra structure defined by the bracket [X,Y ] =
XY − Y X, X,Y ∈ U . Let i : g → U be a Lie algebra homomorphism. Then the
pair (U, i) is a universal enveloping algebra for g if for a given associative F -algebra
A with unit and a Lie algebra homomorphism φ : g → A there exists an F -algebra
homomorphism Φ : U → A such that φ = Φ ◦ i.

For a given Lie algebra g, such a universal algebra exists. Due to the universal
mapping property, it is uniquely determined up to isomorphism. Let I denote the
two-sided ideal in the tensor algebra T (g) of g generated by the elements XY −
Y X − [X,Y ], X,Y ∈ g. Set U(g) := T (g)/I, and let i : g → U(g) be the canonical
inclusion. Then the pair (U(g), i) is a universal enveloping algebra for g. We note
that for a given g-module V , the corresponding homomorphism g → EndF (V )
of Lie algebras extends to a homomorphism U(g) → EndF (V ) of F -algebras. In
particular, g-modules are canonically U(g)-modules and vice versa.

Cohomology. Let g be a finite-dimensional Lie algebra over F , and let V be a
g-module viewed as a U(g)-module as well. In particular, the field F carries a
U(g)-module structure by means of the trivial representation of g on F . The Lie
algebra cohomology H∗(g, V ) of g with coefficients in V is defined as the derived
functor of V �→ V g = {v ∈ V | Y v = 0, Y ∈ g} in the category of U(g)-modules,
that is,

H∗(g, V ) = ExtU(g)(F, V ).

A suitable projective resolution of F as a U(g)-module is given by the standard
resolution C∗ with Cp the free g-module U(g)⊗F Λpg, p ≥ 0. Note that g only acts
on the first component. The complex HomU(g)(C∗, V ), endowed with the usual
differential, is naturally isomorphic to the complex (C∗(g, V ), d∗) given by

C∗(g, V ) := HomF (Λ
∗
g, V ),

and d : Cq −→ Cq+1 is defined by

(dω)(Y0, ..., Yq) : =
∑

0≤i≤q

(−1)iYi · ω(Y0, ..., Ŷi, ..., Yq)

+
∑
i<j

(−1)i+jω([Yi, Yj ], Y0, ..., Ŷi, ..., Ŷj , ..., Yq),

where Ŷ stands for omitting the argument underneath.
We may rewrite C∗(g, V ) = HomF (Λ

∗g, V ) as Λ∗g∗ ⊗F V , and the differential
d has a corresponding interpretation. Let k be a reductive subalgebra of g. Since
duality reverses the role of subspaces and quotients, one has an inclusion

(E.1) Λ(g/k)∗ ⊗F V −→ Λ(g)∗ ⊗F V.

By restricting the g-action, the subalgebra k acts on V , and k acts on Λ(g/k)∗ via
the adjoint action, and hence k acts naturally on the tensor product Λ(g/k)∗ ⊗F V .
The space

(E.2) C∗(g, k, V ) := (Λ∗(g/k)∗ ⊗F V )k
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of k-invariants in Λ∗(g/k)∗ ⊗F V is stable under the differential; thus it forms a
subcomplex of the complex C∗(g, V ). The relative Lie algebra cohomology groups
H∗(g, k, V ) of g modulo k with coefficients in V are, by definition, the cohomology
groups of this subcomplex. Note that we may identify C∗(g, k, V ) with the complex
Homk(Λ(g/k), V ).

A slight twist. Let G denote a real Lie group with finitely many connected compo-
nents, g its Lie algebra, and let K be a compact subgroup of G. Its Lie algebra k

is a reductive subalgebra in g. If V is a (g,K)-module we define C∗(g,K, V ) to be
HomK(Λ∗(g/k), V ), where K acts on Λ∗(g/k) via the adjoint action. Endowed with
the differential

d : Cq(g,K, V ) −→ Cq+1(g,K, V ),

defined by

(dω)(Y0, ..., Yq) : =
∑

0≤i≤q

(−1)iYi · ω(Y0, ..., Ŷi, ..., Yq)

+
∑
i<j

(−1)i+jω([Yi, Yj ], Y0, ..., Ŷi, ..., Ŷj , ..., Yq),

we have the complex (C∗(g,K, V ), d). We denote the cohomology of this complex by
H∗(g,K, V ), to be called the relative Lie algebra cohomology of the (g,K)-module
V .

Suppose that K is a maximal compact subgroup of G, and let K0 denote its
identity component. Then the complex (C∗(g,K, V ), d) is a subcomplex of the

complex (C∗(g,K0, V ), d) and H∗(g,K, V ) = H∗(g, k, V )K/K0

; i.e., H∗(g,K, V ) is
obtained by taking the K/K0-invariants in H∗(g,K0, V ) under the natural action
of its component group K/K0 on the complex (C∗(g,K0, V ), d).

For a differentiable G-module H we put (C∗(g,K,H), d): = (C∗(g,K,HK), d)
and H∗(g,K,H) = H∗(g,K,HK), respectively.

E.2. Lie algebra cohomology and invariant forms. Let G be a real Lie group
with finitely many connected components. Recall that F is a field we think of as R
or C. Suppose that E/F is a finite extension of fields, E ⊂ C. We let lg : G → G,
resp. rg : G → G, denote the left, resp. right, translation by g ∈ G. We call a smooth
E-valued differential form φ ∈ Ω∗(G) on G invariant if l∗gφ = φ and r∗gφ = φ for
all g ∈ G. Analogously, we have the notion of a left-invariant, resp. right-invariant,
form. The set of invariant forms on G is a graded subalgebra of Ω∗(G), to be
denoted Ω∗

I(G), which is stable under the exterior differential Ω∗(G) −→ Ω∗(G).
Note that the invariant forms on G are closed.

Evaluating a given right-invariant form ω on G at the origin of G, that is, the
assignment ω �→ ω(e), gives rise to an isomorphism

(E.3) Ω∗
R(G)−̃→C∗(g, E) = Λ∗

g
∗ ⊗ E

of the space of right-invariant E-valued smooth forms on G onto the complex
C∗(g, E) = HomF (Λ

∗g, E) underlying the Lie algebra cohomology of the Lie al-
gebra g of G with coefficients in the trivial g-module E. If G is compact and
connected, this isomorphism induces an isomorphism of H∗(g, E) onto H∗(G,E),
and the latter space can be identified with the space Ω∗

I(G) of invariant forms on
G (e.g. [24], V,12).
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Let K be a closed connected subgroup of G, k its Lie algebra. We denote the
natural projection map G → K\G by π. Then the triple (G, π,K\G) is a principal
bundle with structure group K. The differential dπe induces an R-linear isomor-
phism TKe(K\G)→̃(k\g) of the tangent space at the point Ke on the quotient k\g.
This isomorphism can be extended to an isomorphism of the tangent bundle of
K\G and the bundle (k\g) ×K G. The evaluation map at the origin defines an
isomorphism

(E.4) Ω∗
I(K\G)−̃→C∗(g,K,E) = HomK(Λ∗(k\g), E)

of the space of G-invariant E-valued smooth forms on K\G onto the complex
C∗(g,K,E). Therefore, the relative Lie algebra cohomology H∗(g,K,E) is the
cohomology of the space of G-invariant E-valued smooth forms on K\G. If G is
compact and connected, the latter space can be identified with the cohomology
space H∗(K\G,E).

Within the context of Riemannian symmetric spaces, some cases deserve partic-
ular notice. For example, suppose that g is a non-compact semi-simple Lie algebra
over R, and let g = k⊕ p be any Cartan decomposition with corresponding involu-
tive automorphism θ. Then, by definition, the subalgebra k is the set of fixed points
of θ, and (g, θ) is an (effective) orthogonal symmetric (or involutive) Lie algebra.
We refer to [60, p. 213] for details. Similarly, let g be a compact semi-simple Lie
algebra endowed with an involutive automorphism s. Then the set k of fixed points
of s is a compactly embedded subalgebra of g, and (g, s) is an orthogonal symmetric
Lie algebra. In such cases where (g, s) is an orthogonal symmetric Lie algebra, the
differential of the complex C∗(g, k,R) vanishes identically [73, p. 101]. Thus we
have the natural identification

(E.5) H∗(g, k,R) = C∗(g, k,R).

Appendix F. Some representation theory

We recall some basic definitions and results pertaining to the theory of Hilbert
space representations of real Lie groups which are needed in the text. Nevertheless
we have to assume some familiarity with the basic sources as, for example, [158],
[159].

F.1. (g,K)-modules. Let G be a real Lie group with finitely many connected
components, let K be a compact subgroup of G. The Lie algebras of G and K
are denoted by g and k, respectively. We denote by U(g) the universal enveloping
algebra of g. Let V be a real of complex vector space which is a g-module endowed
with a K-module structure. Then V is called a (g,K)-module if the actions of g
and K satisfy the following compatibility conditions:

• f ∈ V is K-finite (i.e., the set {kf, k ∈ K} of translates of f spans a
finite-dimensional space).

• k.Y.v = Adk(Y ).k.v, v ∈ V, k ∈ K,Y ∈ g.
• If v ∈ V , then Kv spans a finite-dimensional subspace Wv such that the
action of K on Wv is continuous; that is, V is locally finite as a K-module.

• If W ⊂ V is a K-stable finite-dimensional subspace of V , then the repre-
sentation of K on W is differentiable and has the restriction of the g-action
to k as its differential.



272 JOACHIM SCHWERMER

By definition, a (g,K)-module is admissible if all the isotypic components for K
are finite dimensional. The module V is said to be irreducible if V and (0) are the
only subspaces invariant under g and K. We denote by C(g,K) the category of all
(g,K)-modules and (g,K)-homomorphisms.

F.2. Hilbert space representations. Let (π,H) be a Hilbert space representa-
tion of the given Lie group G. If v ∈ H is such that the assignment g �→ π(g).v
defines a differentiable function G → H, then we call v a C∞-vector for (π,H).
The space of C∞-vectors for (π,H), to be denoted H∞, is dense in H and stable
under G. Thus, π defines a representation of g on H∞, to be again denoted by π.
The universal mapping property of the universal enveloping algebra U(g) makes it
possible to extend π to a representation of U(g).

A given Hilbert space representation (π,H) is said to have an infinitesimal char-
acter χ if there is a homomorphism χ : ZG(g) −→ C such that π(z)v = χ(z)v for
all z ∈ ZG(g) = {Y ∈ U(g) | Ad(g)Y = Y, g ∈ G} and v ∈ H∞.

Let Ke denote the set of all equivalence classes of irreducible unitary represen-
tations of the compact group K. With respect to the K-module structure, we
may write the Hilbert space H as a direct sum of its K-isotypic components H(τ ),
τ ∈ Ke. For a given τ ∈ Ke, the subspace H(τ ) ∩H∞ is dense in H(τ ). Then the
algebraic direct sum of these subspaces H(τ ) ∩H∞, to be denoted HK , is a dense
subspace of H∞. In particular, HK is g-invariant. Then HK is a (g,K)-module.
One may characterize HK as the space of all C∞-vectors v for H such that π(K).v
spans a finite-dimensional subspace of H.

If (π,H) and (π′, H ′)are two Hilbert space representations of G, then, by defini-
tion, π is infinitesimally equivalent to π′ if the associated (g,K)-modules HK and
H ′

K are equivalent.
The following fundamental results are due to Harish Chandra. If (π,H) is an

irreducible unitary Hilbert space representation of G, then the associated (g,K)-
module HK is admissible. Furthermore, a given unitary representation (π,H) of G
is irreducible if and only if it is infinitesimally irreducible, that is, HK is irreducible
as a (g,K)-module. If (π,H) and (π′, H ′) are two irreducible unitary Hilbert space
representations of G, then π and π′ are unitarily equivalent if and only if they
are infinitesimally equivalent. It is worth noting that every irreducible admissible
(g,K)-module V can be realized as the space of K-finite vectors in an irreducible
admissible differentiable G-module. In such a case, V has an infinitesimal character.
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38. J. Franke and J. Schwermer, A decomposition of spaces of automorphic forms, and the
Eisenstein cohomology of arithmetic groups, Math. Ann. 311 (1998), 765–790. MR1637980
(99k:11077)

39. W. Fulton, Intersection Theory, Ergebnisse der Mathematik (3), vol. 2, Berlin-Heidelberg-
New York: Springer-Verlag, 1984. MR732620 (85k:14004)

40. J. Funke and J.J. Millson, Cycles in hyperbolic manifolds of non-compact type and Fourier
coefficients of Siegel modular forms, Manuscripta Math. 107 (2002), 409–444. MR1906769
(2003d:11070)

41. J. Funke and J.J. Millson, Cycles with local coefficients for orthogonal groups and vector-
valued Siegel modular forms, Amer. J. Math. 128 (2006), 899–948. MR2251589 (2007i:11068)

42. J. Funke and J.J. Millson, Boundary behaviour of special cohomology classes arising from
the Weil representation, preprint 2007.

43. M. Goresky, Compactifications and cohomology of modular varieties, In: Harmonic Anal-
ysis, the Trace Formula, and Shimura Varieties, Clay Math. Proc. 4, pp. 551–582, Amer.
Math. Soc., Providence, RI, 2005. MR2192016 (2006h:14033)

44. G. Gotsbacher and J. Schwermer, Automorphic cohomology of arithmetically defined
hyperbolic n-manifolds, forthcoming.

45. M. Gromov and I. Piatetski-Shapiro, Non-arithmetic groups in Lobachevsky spaces, Publ.

Math. Inst. Hautes Études Sci. 66 (1988), 93–103. MR932135 (89j:22019)
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Acad. Sci. Paris 292 (1981), 567–571. MR615450 (82i:10035)
69. E. Kleinert, Units of classical orders: A survey, L’Enseignement Mathématique 40 (1994),
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