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STEADY WATER WAVES

WALTER A. STRAUSS

Abstract. We present a survey of certain aspects of the theory of steady wa-
ter waves with emphasis on the role played by vorticity. Historical background,
numerical illustrations, and brief discussions of the time-dependent problem
and of approximate models are included as well.

1. Introduction

The motion of a fluid can be very complicated, as we know whenever we see waves
break on a beach, fly in an airplane, or look at a lake on a windy day. The first
comprehensive mathematical model of a fluid was proposed by Euler in the 1750s.
It is amazing that Euler’s equations and its variants are still the basic models used
by mathematicians and engineers today. The most notable variant was introduced
by Navier and Stokes to allow for the fluid to be viscous. Of course an immense
amount of progress has been made over the past two and a half centuries. But
one thing we know is that the difficulties of understanding fluids are so profound
that there are huge problems that are still beyond our reach. This is well known
both to mathematicians and to more practical scientists, such as hydraulic and
aeronautical engineers. Euler [42] wrote, “If it is not permitted to us to penetrate
to a complete knowledge concerning the motion of fluids, it is not to mechanics nor
to the insufficiency of the known principles of motion that we must attribute the
cause. It is analysis itself which abandons us here since all the theory of the motion
of fluids has been reduced to the solution of analytic formulas”. Euler’s comment
was amazingly prescient! In the many years since his time, the theory of fluids has
had a tremendous effect on the historical development of mathematics itself. For
instance, it was the main motivation for Cauchy to develop his complex function
theory.

In this article I will concentrate on only one aspect of fluids, namely the theory
of steady water waves, especially certain theoretical aspects where some recent
progress has been made. There is no attempt to make either the contents or the
references comprehensive.

Water flows are essentially incompressible. Water waves refer to the situation
where the water lies below a body of air. The interface between the air and the
water is a free surface. Free surfaces are mathematically challenging in their own
right and they occur in many other situations such as the melting of ice (the free
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surface being the boundary of the ice) and the stretching of a flexible membrane
over an obstacle (the free surface being the boundary of the contact region).

The Euler equations for an incompressible fluid are

(1.1) ∇ · u = 0

and

(1.2)
∂u

∂t
+ (u · ∇)u+∇P = F.

Here x ∈ R
3 is a point in space, u(x, t) is the velocity of the fluid at the point x

and time t, P (x, t) is the pressure, and F is an outside force that may be acting
on the fluid (for instance, gravity). Although an incompressible fluid such as water
can have variable density, we assume for simplicity that the density = 1. Then the
incompressibility is precisely expressed by (1.1). The balance of forces (Newton’s
Law) is expressed by (1.2), the first two terms representing the acceleration of a
particle.

Now a water wave has a free boundary which is a surface S in R
3. We assume

that the air is quiescent and S is smooth: no bubbles or jets come in or out of the
water. There are two boundary conditions. One expresses the fact that each water
particle on S remains on S for all time; that is, particles of water do not invade
the air, nor vice versa. The other simply states that on the surface the pressure
P equals the atmospheric pressure Patm of the air. It is assumed that there is no
surface tension (cf. Section 7).

Due to the great difficulty of the water wave problem, many approximate models
have been studied, obtained by various scaling limits. The most famous one is KdV,
but there are others such as the nonlinear Schrödinger equation and the Boussinesq
systems (cf. Section 6).

What are some of the fundamental problems of interest to mathematicians?

(i) The Cauchy problem. That is, is there a unique solution for arbitrary initial
conditions? For how long a time does it exist?

(ii) Are the solutions regular or do singularities develop after some time?
(iii) Are there solutions that are spatially periodic?
(iv) What is the effect of boundaries, for instance if the water sloshes against a

dock or a ship or runs up a beach?
(v) What are the effects of viscosity? Of surface tension?
(vi) How can the various approximate models be justified?
(vii) What is turbulence and how can it be described?
(viii) Can we characterize the steady water waves?

Although there is an enormous literature on all of these problems, some of them
are still in an elementary stage of development.

In Section 2 we introduce steady water waves, including some of the rich history
of the subject. In Section 3 we provide a very brief survey of the initial-value
problem for water waves. Section 4 is devoted to the existence theory of steady
water waves with vorticity. The theory is illustrated by the numerical simulations
of Section 5. In Section 6 we provide a very brief introduction to the various
approximate models of water waves. This is followed in Section 7 by a long list of
further problems relative to steady water waves.
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2. 2D periodic steady water waves

We first consider in some detail the case of special water waves satisfying the
following six assumptions. Even with all these severe assumptions there are many
open questions.

• The water is incompressible, without viscosity and without surface tension, so
that the governing equations are as discussed above.

• It is two-dimensional. This means that the solutions are constant in one
direction. That is, there is no motion in one of the horizontal directions. Think of
a series of waves traveling in one direction as one often sees at the beach. We then
write

x =

(
x
y

)
, u =

(
u
v

)
=

(
u(x, y, t)
v(x, y, t)

)
, P = P (x, y, t).

We will regard y as the vertical variable.
By the two-dimensional assumption the free surface S is just a curve in the plane.

Let us write it as S(t) = {y = η(x, t)} and assume that η is single-valued, non-
negative and smooth. Then the two boundary conditions mentioned above take the
form

(2.1) P = Patm, v = ηt + u ηx on S.

The vorticity ω is the curl of the velocity: ω = ∇× u. In our two-dimensional
setting only the vertical component is nonzero, so we define the scalar vorticity as
ω = vx − uy. The other important scalar that can be defined because of the two-
dimensionality is the stream function defined by ψx = −v, ψy = u, due to (1.1),
at least in a simply connected region. Then combining the last two definitions, we
have

(2.2) ω = vx − uy; ψx = −v, ψy = u; ω = −ψxx − ψyy.

We continue by listing the other assumptions.
• The only outside force is F = ( 0

−g ), where g is the (constant) acceleration of
gravity.

• The body of water has a fixed horizontal bottom B = {y = 0}. Then on the
fixed boundary B there is just one boundary condition, namely, v = 0.

• The wave is traveling (or “steady”) at some constant speed c > 0. That is,
u and P are functions of (x − ct, y) while η is a function of x − ct. Under this
assumption we will go to a moving coordinate frame, changing x− ct to x, whereby
the time t completely disappears.

• The wave is periodic in the horizontal variable x with some period L.
One might think that with all these assumptions there are very few such waves.

In fact, there are many of them. First let us mention a few facts about them.
Details may be found in [22]. The Euler equations imply that ω and ψ − cy are
functionally dependent, so that we get the elliptic PDE

(2.3) −Δψ(x, y) = γ(ψ(x, y)− cy) = ω(x, y)

from (2.2), where Δψ = ψxx + ψyy. The vorticity function γ is a completely
arbitrary function of one variable (ψ− cy); we assume it is single-valued. There are
two constants associated with any such wave. First, the flux

p0 =

∫ η(x)

0

[u(x, y)− c] dy
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is independent of x. Second, the relative stream function ψ(x, y)− cy, restricted to
the free surface S, is a constant. The complete problem can be expressed as

Δψ = γ(ψ(x, y)− cy) in {0 ≤ y ≤ η(x)}, ψ = −p0 on {y = 0},
ψ − cy = 0 and |∇(ψ − cy)|2 + 2g(y + d) = Q on S = {y = η(x)},

where Q is a constant of integration.
The study of such waves goes back over two centuries. Most of the work on this

problem over all those years assumed that the flow is irrotational, that is, ω = 0,
whence (2.3) implies that ψ is a harmonic function. Already Newton had attempted
a theory of water waves, but the big breakthrough came when Euler proposed his
general equations for a fluid.

Laplace in 1776 and Lagrange in 1781 were the first to make progress on water
waves. Lagrange formulated the equations of mechanics, and in particular water
waves, in terms of variables that are labels for the particles rather than for the
points in space. This is the Lagrangian formulation. Then, and for a long time
thereafter, most of the work was concerned with the linearized theory, that is, for
waves of small amplitude. In a prize competition in 1815, the young Cauchy (25
years old) made a major advance. Although it was not published until 1827, it
appears as the first paper in Volume 1 of his Oeuvres Complètes [15]. Poisson, who
was on the jury of the competition, independently had similar results. The method
that both of them brought to bear on the linearized problem of infinite depth was
what we now call the Fourier transform. Fourier himself was a young contemporary
who concentrated mainly on the problem of heat conduction and apparently did
not concern himself with fluids. Nevertheless, Cauchy and Poisson must have had
some knowledge of Fourier’s early unpublished work. Paris in the early years of
the 19th century must have been a cauldron of mathematical activity. Cauchy
was concerned to a great extent with the two-dimensional case. The techniques
he developed for water waves were the primary motivation for his function theory,
which was first properly developed from the point of view of complex quantities in
1825. For more on the history, see [33, 36, 38, 39].

Analysis of the irrotational (zero vorticity) case continued throughout the 19th
century. In this case, Δψ = 0 and therefore the interior of the fluid is simply de-
scribed by a harmonic function. Then a conformal map transforms the problem to
a fixed domain, whence by means of a Green’s function it can be reformulated as
an integral equation on the boundary. For instance, Airy [1] derived the dispersion
relation for the wave velocity in the linear approximation: c2k = g tanh(kd), where
2π/k is the period of the wave and d is the depth. Stokes [78] made many contri-
butions, for instance observing that crests tend to be sharper and troughs flatter
as the amplitude increases, and that the crest of a steady wave of greatest possible
height is a stagnation point with a 120◦ corner.

It was not until the 1920s that rigorous constructions were made of exact nonlin-
ear steady periodic irrotational water waves of infinite depth. The first results were
by Nekrasov [70] in Russia and Levi-Civita [65] in Italy, independently, who consid-
ered the amplitude a to be a small parameter, expanded the presumed solution in
powers of a and proved that there is a positive radius of convergence. Struik, who
was a postdoc of Levi-Civita, extended the work to the case of finite depth. Much
later Krasovskii [62], Keady and Norbury [57], and Amick and Toland [5] were fi-
nally able to construct large amplitude waves and to prove rigorously Stokes’ 120◦
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conjecture at the crest. All of this work strongly used the assumption that the flow
is irrotational, whereby ψ is a harmonic function inside the fluid. Some excellent
modern surveys of (mostly) irrotational steady water waves are [79, 71, 40, 48, 32].

It is true that in the absence of initial vorticity, boundaries or currents, a water
wave will have no vorticity at all future times. On the other hand, rotational
effects are significant in many circumstances, for instance for wind-driven waves,
waves riding upon a sheared current, or waves near a ship or pier. In 1802, Gerstner
[47] (see also [16]) produced a remarkable example of a steady periodic water wave
with infinite depth and nonzero vorticity. It is an exact solution and is rigorously
correct. This was possible 200 years ago because in Lagrangian coordinates it is
expressible in terms of sines and cosines. In fact, if the position of a water particle
in Gerstner’s flow is labeled by (a, b), then its position at time t is

x = a+
emb

m
sin(ma+

√
gm t), y = b− emb

m
cos(ma+

√
gm t),

where −∞ < b ≤ b0 ≤ 0 and m is any positive constant. It is an exact solution of
infinite depth. The velocity of course is u = dx

dt , v = dy
dt . The free surface S is given

by this formula with b = b0, where b0 is any nonpositive constant. If b0 < 0, S is
a trochoid; if b0 = 0, S is a cycloid. Clearly, the individual water particles travel
in circles and their radii become smaller with depth. No exact solution formula of
this type is known in the case of finite depth.

For the case of vorticity the existence of large classes of small-amplitude solu-
tions was proven by Dubreil-Jacotin [41] in 1934 and large-amplitude solutions by
Constantin and Strauss [22]. This situation requires looking inside the fluid because
ψ is no longer a harmonic function so that it is no longer viable to use conformal
mapping.

3. Cauchy problem

The Cauchy problem for the Euler equations is to solve (1.1), (1.2) for an ar-
bitrary initial condition u(x, 0) = u0(x) at t = 0. It is assumed that ∇ · u0 = 0.
The simplest case is to take F = 0 and x ∈ T

n, the n-torus, which is of course
equivalent to periodicity in each coordinate. If we take the divergence of (1.2) and
make use of (1.1), we find that

(3.1)
∑

(∂iuj)(∂jui) + ΔP = 0,

where ∂i = ∂/∂xi. Thus the pressure is determined by the velocity (and the
boundary conditions) at each time and so it usually plays a subsidiary role in the
analysis.

Short-time existence for the Euler and Navier-Stokes equations in a fixed domain
such as T

n is well known: there are hundreds of papers on this subject that treat
various different function spaces. The modern theory was initiated by Leray [64].
Global existence, that is, the problem of solving the equations for all times 0 ≤ t <
∞ is much more subtle. In two dimensions the problem was solved for the Euler
equations in several stages since the 1930s but in three dimensions it is still open.
For the Navier-Stokes case, with its addition of the (regularizing) term νΔu, where
ν is the viscosity coefficient, it is one of the “millennium” problems [43].
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The water wave problem (for Euler) with its free boundary is yet more difficult.
One now provides both the initial velocity u0 and the initial free surface S0. Both
the velocity and the surface evolve in time; the pressure is then given by (3.1). It
was not until recently that Wu [86, 87] proved that arbitrary irrotational initial data
in a Sobolev space lead to short-time existence. Since then there has been a great
deal of activity on the short-time problem with increasing generality (permitting
vorticity, compressibility, surface tension, uneven bottoms, etc.). These papers use
a variety of techniques, some using Eulerian and others Lagrangian coordinates,
some using the Nash-Moser method and others simple iteration, some emphasizing
a geometric or a variational point of view. Some of the key papers are [3, 4, 26, 63,
69, 68, 75, 77, 91].

In the irrotational case, for which ∂iuj = ∂jui, (3.1) implies that ΔP ≤ 0,
which implies by the maximum principle that P is minimized on the boundary.
If the minimum occurs on the free surface S, then ∂P/∂n < 0 there, where n
is the outward normal. However, in the rotational case (i.e., with vorticity) this
inequality is assumed on S; it is called the Rayleigh-Taylor stability condition. The
Rayleigh-Taylor instability refers to the opposite case when there are two fluids,
irrotational or not, a heavier one on top of a lighter one, so that singularities are
expected to form as the heavier fluid penetrates the lighter one and tends to create
“fingers”. It is expected that surface tension moderates the instability and makes
the solution more regular. A closely related problem is when the two fluids are
separated by a free interface and move past each other at different velocities so
that there is vorticity along the interface. Then spiral waves are expected to form
along the interface; this is called the Kelvin-Helmholtz instability.

After a long time it is expected that turbulence is likely to develop in a fluid.
However, if the initial data are very small, it should take a very long time. Very
recently there has been mathematical progress on the long-time behavior if one
assumes that the initial data are small. Wu [88] proves in two dimensions that there
exists an ε0 > 0 such that if the irrotational initial data have size ε < ε0 in a certain
Sobolev norm, then the solution exists in a long time interval 0 ≤ t < exp(C/ε) for
some constant C. This is called “almost-global” existence. Germain, Masmoudi
and Shatah [46] and Wu [89] prove in three dimensions that there exists ε0 > 0
such that if the irrotational data u0 has size less than ε0 in a certain Sobolev norm,
then the solution exists for all time 0 ≤ t < ∞. For instance, in [46], a sufficient
condition is

∑
|α|≤N

∫
{|∂αu0|+ |∂αu0|2}dx+

∫
|x|2|u0|2dx < ε0

for some sufficiently large N . (The actual condition in both papers is better than
this.) Both proofs use the method of normal forms [76] together with the method of
vector fields [58], but otherwise the proofs are quite different. The key ingredients
of the proof in [46] are: (i) high-order energy estimates and (ii) dispersive estimates
which are obtained from the analysis of the spatial and temporal resonances. A key
ingredient of the proof in [89] is the use of analytic theory in the Clifford algebra
framework. In general, higher dimensions have a certain advantage in this type
of small-amplitude problem because the basic decay rate in time for the linearized
equation is faster, which contributes to improved dispersive estimates.
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4. Existence of periodic steady waves

Resuming the discussion of Section 2, we have the following existence theorem.

Theorem 4.1 ([22]). Let arbitrary constants c > 0, L > 0, p0 < 0 (wave speed,
period, flux) be given as well as an arbitrary function γ(·) ∈ C1,α (for some 0 <
α < 1) subject to a “bifurcation condition” (see just below (4.6)).

Then there exists a connected set C of traveling waves with u(x, y) < c in the
function space u ∈ C2,α, η ∈ C3,α, symmetric around the crest. There is exactly
one crest and one trough per period. The set C contains exactly one wave with S
flat and with all motion horizontal (a “laminar flow”), as well as a sequence of
waves for which maxu ↗ c (“flows approaching stagnation”).

The bifurcation condition (stated below (4.6)) is satisfied if either γ ≤ 0 or
L is not too small or |p0| is not too big. The fact that γ ≤ 0 implies the bi-
furcation condition is proven by Wahlén [82]. The waves near the laminar flow
(small-amplitude waves) look like cosine waves. What do the waves that are far
along the “continuum” C look like? The theory does not provide much information.
So we performed some numerical computations [59]. We chose L = 2π, p0 = −2
and g = 9.8. Figure 1 provides an example.

Figures 2 and 3 compare waves with different constant vorticities. For each of
these waves the crest is near stagnation. A point of stagnation is a point (x, y) at
which u = c and v = 0.

Figure 1. The continuum C: On the left, amplitude vs. energy
for γ ≡ 2.95. Stagnation occurs at the crest for the wave at the
upper end of C. On the right are four of the waves together with
some of their streamlines over a single period.
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Figure 2. Profiles of waves near stagnation compared for four
values of constant vorticity: γ ≡ −4, −2, 0, 2.95. This figure
shows that the vorticity, even if constant, has a big qualitative
effect on the solutions!
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Figure 3. Maximum amplitude along C vs. constant vorticity.
The switchover from stagnation at the crest to stagnation at the
bottom point below the crest occurs between γ = 2.95 and γ =
3.00, exactly where the maximum amplitude starts to decrease.

The same methods used to prove the existence theorem are used to perform
the simulations. The key idea, as in all free boundary problems, is to fix the free
boundary. There are at least three ways to do it.

(1) The flattening transformation y → y
η(x) leads to a rather messy set of

equations, which can sometimes be useful for small-amplitude waves.
(2) The conformal transformation

p = cy − ψ(x, y), q = its harmonic conjugate,
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uses the fact that p = cy − ψ(x, y) is constant on the free surface and on
the bottom. Its advantage is that the Laplacian remains the same in the
new variables up to a factor. However, it requires ψ to be harmonic and so
is valid only in the irrotational case.

(3) The Dubreil-Jacotin transformation

(4.1) p = cy − ψ(x, y), q = x,

uses the same fact. Its advantage is that it permits arbitrary vorticity. Its
disadvantage is that it requires u < c. See Figure 4.

The D-J transformation (4.1), together with the height h(q, p) = y as depen-
dent variable, is simply an exchange of independent and dependent variables. An
elementary calculation shows that it leads to the following system in the rectangle
R = {−L/2 < q < L/2, p0 < p < 0}:

(1 + h2
q)hpp − 2hqhphqp + h2

phqq + γ(−p)h3
p = 0 in R,(4.2)

1 + h2
q + (2gh−Q)h2

p = 0 on the top (T = {p = 0}),(4.3)

h = 0 on the bottom (B = {p = p0}),(4.4)

period L in the q variable.(4.5)

The constant Q enters into (4.3) as a constant of integration. Notice that the
quadratic form (1+h2

q)α
2−2hqhpαβ+h2

pβ
2 coming from the PDE (4.2) is positive

definite so long as hp > 0. This means that the PDE is elliptic for hp > 0. The
change of variables implies that hp = 1/(c−u), so that this condition means u < c.

Thus the whole problem has been transformed into (4.2)–(4.5) provided u < c.
Notice that the only free parameters are the constant Q, the height |p0| and width
L of the rectangle, and the vorticity function γ(·). The time t as well as the wave
speed c have disappeared. The constant Q is essentially the energy and is sometimes

Figure 4. The DJ transformation
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called the hydraulic head. Going back to the original variables,

Q =
1

2
(c− u)2 +

1

2
v2 + gy + P − Γ(cy − ψ)

everywhere in the fluid region, where Γ′(p) = γ(−p). It can be proven that for
arbitrary c every solution of (4.2)–(4.5) can be transformed back to a solution of
the original problem [22].

Sketch of Proof of Theorem 4.1. We work entirely with the transformed system
(4.2)–(4.5) and make use of bifurcation theory, beginning with the local theory.
We treat Q as a bifurcation parameter, while γ(·) is arbitrary but fixed.

First, it is elementary to see that there is a curve of solutions of (4.2)–(4.5) that
are independent of q. In that case, (4.2) becomes an ODE of second order, (4.4) fixes
one of the constants of integration, and (4.3) simply provides a relation between
Q and the other constant λ. These laminar (i.e. flat) solutions form a curve in
function space, the “trivial” curve. Let us denote them as (Q(λ), H(p;λ)), where
H(p;λ) =

∫ p

p0
(λ+2Γ(s))−1/2ds. We consider them in the (Q, h) space R×C3,α(R),

where 0 < α < 1.
We search along this trivial curve for a bifurcating curve Cloc of nontrivial so-

lutions. This could occur only at a point (Q∗, H∗) = (Q(λ∗), H(p, λ∗)) where the
linearized operator has a nontrivial kernel. The linearized problem is
(4.6)

mpp +H2
pmqq + 3γ(−p)H2

pmp = 0 in R, mp = λ−3/2gm on T, m = 0 on B,

together with periodicity in q. The parameter λ appears in three places in this
“eigenvalue” problem. Our “bifurcation condition” is that (4.6) has a solution of
the form m = M(p) cos(2πq/L) with M 
≡ 0. (More generally, we could take
cos(k2πq/L) for any integer k.) Even though this is not a standard eigenvalue
problem, it is still possible to apply the Crandall-Rabinowitz theorem [34] on bifur-
cation from a simple eigenvalue (or the Liapunov-Schmidt method) to get a unique
local curve of nontrivial solutions. The amplitudes of all the waves so constructed
are small.

In order to continue the curve beyond the local region near the bifurcation point,
we use infinite-dimensional degree theory. Such a degree was pioneered by Leray
and Schauder in the 1930s. Because of the nonlinear boundary condition, we have to
use the more general degree constructed by Healey and Simpson [50]. A convenient
space in which to work is R×C3,α(R). The key feature of this space is the classical
Schauder estimate, which provides an estimate of a solution of a second-order linear
elliptic equation in a space Ck+2,α in terms of the right-hand side in Ck,α (k =
0, 1, 2, . . . ).

Generalizing the global bifurcation method of Rabinowitz [73], we will show that
there is a connected set C ⊂ R× C3,α(R) such that only the following alternatives
remain (see Figure 5):

(1) Unboundedness: C becomes unbounded.
(2) Self-intersection: C intersects the trivial curve at another point.
(3) Degeneracy: The PDE becomes nonelliptic or the BC becomes nonoblique.
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Figure 5. Sketch of the three alternatives.

To prove this, we define operators G1 and G2 so that (4.2), (4.3) take the form

G1(h) = 0 in R, G2(Q, h) = 0 on T

and we write G = (G1,G2). This is a quasilinear elliptic equation with a fully
nonlinear boundary condition. Define the spaces

X = {h ∈ C3,α(R) | h = 0 on B}, Y = C1,α(R)× C2,α(T )

with periodicity and symmetry in the horizontal variable q. For a fixed small δ > 0,
define

Oδ = {(Q, h) ∈ R×X | hp > δ in R; 2gh < Q− δ on T}
and define Cδ to be the component containing (Q∗, H∗) of the closure in R×X of
{(Q, h) ∈ Oδ | G(Q, h) = 0; hq 
≡ 0}. The inequalities enforce uniform ellipticity in

R and uniform obliqueness on T .
The Healey-Simpson degree is defined for Banach spaces X,Y and a map F :

O �→ Y with an open set O ⊂ X and a point y ∈ Y with y 
∈ F(∂O). The mapping
F must satisfy appropriate conditions, notably some compactness. See [50] for
details. For regular values y 
∈ F(∂O),

deg(F ,O, y) =
∑

F(h)=y, h∈O
(−1)ν(h),

where ν(h) is the number of positive real eigenvalues κ, counting multiplicity, of the
Fréchet derivative, which is a linear operator F ′(h). The regular values are dense
by the Sard-Smale theorem.

Now suppose that Cδ is bounded in R ×X, does not contain any other laminar
solution, and does not meet the boundary of Oδ. We will obtain a contradiction as
follows. We cover the compact set Cδ by a slightly bigger open set P. For each Q
we excise a small ball BQ around the laminar solution and look at the degree over
the three sets BQ ∪ (PQ\BQ) = PQ. The degree satisfies the addition property

(4.7) deg(G(Q, ·), BQ, 0) + deg(G(Q, ·),PQ\BQ, 0) = deg(G(Q, ·),PQ, 0).
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As Q moves past Q∗, the simple eigenvalue changes sign, so that ν(h) changes by
one and the first of the three degrees in (4.7) also changes sign. The second of these
degrees vanishes for Q 
= Q∗ by homotopy invariance because it vanishes for large
|Q|. The third of these degrees is independent of Q, for Q near Q∗, by homotopy
invariance since G 
= 0 on ∂(PQ). Thus (4.7) is contradicted. Hence either Cδ
is unbounded in R × X, or it meets the trivial curve elsewhere, or it meets the
boundary of Oδ. (The δ will be removed below.)

The self-intersection alternative is now eliminated by using the nodal properties
of the waves, that is, proving that the free surface S is strictly monotone between
crest and trough. Indeed, we prove that hq < 0 from crest to trough (inside the fluid
and on the free surface) as well as hqq < 0 at the trough and hqq > 0 at the crest,
and this is valid for all the waves in Cδ. The proof [22, 23] is based on the maximum
principles of Hopf and Serrin [44]. Then the possibility that Cδ might return to the
trivial curve at some other point (Q∗∗, H∗∗) could not occur because Q∗∗ would
correspond to a different “eigenvalue” with the wrong nodal property. Now the
alternative that Cδ is unbounded could occur either if Q is unbounded in R or if h
is unbounded in X ⊂ C3,α. By use of the Lieberman-Trudinger regularity estimates
[66], this is reduced to the much weaker statement that either Q is unbounded or
merely sup |hp| is unbounded.

We now define the full continuum as C =
⋃

δ>0 Cδ. All that remains are the
alternatives that either sup |hp| is unbounded, or Q is unbounded, or hp → 0, or
Q− 2gh|T → 0 somewhere along C. Recalling that hp = 1/(c− u), we see that the
first of these possibilities implies stagnation. It is not difficult to see that all four
possibilities imply that either supu ↗ c or inf u ↘ −∞ somewhere along C. Next
we prove two lemmas. One gives a lower bound on u at the crest all along C. The
other one, which is based on the superharmonic inequality ΔP ≤ γ2(ψ), provides
the inequality that P−Patm is at least sup γ2/2 times the height of the crest. Using
these two lemmas and the fact that p0 is fixed, it follows that inf u ↘ −∞ implies
sup u ↗ c. �

More generally, if γ ∈ Ck,α for some integer k ≥ 1, then u ∈ Ck+1,α, η ∈
Ck+2,α, P ∈ Ck+2,α. Thus if γ is C∞, so are all the waves in C. The statement
about the pressure follows from the elliptic equation Pxx + Pyy = 2ψxxψyy − 2ψ2

xy.
Furthermore, there exists a continuous curve K ⊂ C that contains both a laminar

wave and a sequence of waves approaching stagnation. This is proven by Walsh [84]
by means of the method of real-analytic continuation in Banach spaces of Dancer
[37] (see also [14]) rather than by means of degree theory.

In most of the computations of the next section we take the vorticity γ(·) to
be a step function, for the sake of conceptual simplicity. Such a γ is therefore
excluded from Theorem 4.1. This gap is filled by the following theorem [21]. The
transformed PDE (4.2) is rewritten in the weak form

{
−
1 + h2

q

2h2
p

+ Γ(p)

}

p

+

{
hq

hp

}
q

= 0,

where Γ is defined above. Let c, L, p0 be given as in Theorem 4.1. Let 0 < α < 1.
If γ is a step function on [p0, 0], then Theorem 4.1 is valid with u ∈ Cα and
η, P, h ∈ C1,α. Of course the derivatives are taken in the sense of distributions.
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5. Simulation

The steady waves can be simulated numerically using the following steps.

• Find the bifurcation point numerically.
• Discretize with a finite-difference scheme.
• Use a nonlinear solver (Newton method).
• Employ numerical continuation along the continuum C. (We used the con-
tinuation library LOCA in the software package TRILINOS.)

• Continue until almost-stagnation (u ∼ c), leading to waves of large ampli-
tude.

The vorticity is arbitrary. One interesting scenario is for a vorticity layer at the
bottom, which models a current such as an undertow (see [60]). Another scenario
is wind on the surface. It is known experimentally that wind creates shear (that
is, vorticity) near the surface. Therefore we decided to perform simulations with
a shear layer near the surface. Negative vorticity means intuitively that the infini-
tesimal rotations go clockwise in the (x, y)-plane, which corresponds to a favorable
wind, that is, going in the same direction as the surface wave (to the right under
our convention c > 0). Similarly, positive vorticity corresponds to counterclockwise
rotations and an adverse wind. It turns out, not surprisingly, that a wind that
is adverse can produce steady waves of higher amplitude than a favorable wind.
The following simulations taken from [60] illustrate nearly stagnant waves for the
case of a surface layer of vorticity of thickness θ% and vorticity strength γ0, irrota-
tional below the layer. By this we mean that the vorticity equals γ0 in the region

{(x, y) : 0 < ψ(x, y)−cy < |p0|θ
100 } just below S. As before, L = 2π, g = 9.8, p0 = −2.

See Figures 6–9. Finally, in Figure 10 we include a simulation of a continuous vor-
ticity distribution. In this example, the vorticity is γ(−p) = 10 tanh 10(1 + p) for
0 < −p < 2, p = −ψ + cy.

Figure 6. Rough sketch of a vorticity layer near the free surface.
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Figure 7. Top row: three waves near stagnation for a 10% shear
layer with vorticity strengths γ0 = 4, 10, 30. Bottom row: graphs
of c− u vs. p = cy − ψ along the crest line from crest to bottom.
Note that the almost-stagnation point in the first two cases is at
the crest, but in the third case it is below the crest at the edge of
the shear layer.

Figure 8. Left column: Two waves near stagnation with two dif-
ferent shear layer thicknesses: 25% (top row) and 35% (bottom
row) and with vorticity strength γ0 = 10. The top one stagnates
at the crest, the bottom one in the interior. Right column: the
bifurcation curves of amax vs. Q as in Figure 1.
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Figure 9. Profiles of waves near stagnation for five thicknesses
with γ0 = 10
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Figure 10. Continuous vorticity with internal stagnation. Clock-
wise from upper left: the graph of γ; the bifurcation curve (max-
imum amplitude and average depth as functions of Q); graph of
c− u vs. p along the crest line from crest to bottom for the nearly
stagnant wave; one period of the same wave. There is almost-
stagnation in the interior (where the streamlines separate).
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Several general observations can be drawn from the simulations (and from many
others not shown), as follows.

(i) The amplitude increases along C. So amax occurs at the end of C.
(ii) The almost-stagnation point (where u ∼ c) is not necessarily at the crest

but is always on the vertical line below the crest.
(iii) amax increases as a function of γ(·) until the stagnation point is at the

crest. Then it decreases.
(iv) The depth varies only slightly along C.
(v) amax increases as a function of the flux |p0|.
(vi) The energy (or hydraulic head) Q increases along C, but then may decrease.

There may be one or more turning points of Q.

Many of these numerical observations remain as open theoretical problems.

6. Approximate models

From the earliest days it was clear that waves of small amplitude could be
described by much simpler approximate models. In particular, the celebrated
Korteweg-deVries equation (KdV) occurs as an approximate model in several ways,
not only for water waves but also for internal waves in a stratified fluid, waves in a
rotating atmosphere, ion-acoustic waves in a plasma, etc.

For water waves, one can start with the irrotational Euler equations in two
dimensions, assuming a free boundary S = {y = 1 + εη(x, t)} and a finite bottom.
In this case the key assumptions are that the wave has small amplitude and is
unidirectional. Here ε is a small parameter which can be interpreted as a/d, where
a is the wave amplitude and d is the average depth. After a suitable rescaling of
the variables, such as writing P = Patm − gy + εp, one finds the system

ut + ε(uux + vuy) = −px, εvt + ε2(uvx + vvy) = −py,(6.1)

ux + vy = 0, uy − εvx = 0(6.2)

together with

(6.3) p = η, v = ηt + εuηx on S = {y = 1 + εη(x, t)},

and v = 0 on B = {y = 0}. One further rescales time t = τ/ε and looks for
solutions that travel to the right by introducing ξ = x− t. Expanding η =

∑
εkηk

as well as expanding u, v and p formally in powers of ε, and dropping higher-order
terms, one eventually obtains for α = ∂ξη0 the KdV equation

(6.4) ατ + αξξξ + ααξ = 0.

This equation was first derived as a water wave approximation by Boussinesq [12]
and later rederived by Korteweg and de Vries [61]. See [72] for the history and
[55] for a clear presentation of its derivation. In the original physical variables the
approximation is formally valid in a region given by {|x| ≤ O(ε−3/2), t ≤ O(ε−3/2)}.

There are many mathematical studies that rigorously justify this approximation.
The most complete one is due to Schneider and Wayne [74], following earlier work
by Kano and Nishida [56] and Craig [27]. After the appropriate scaling, Schneider
and Wayne prove that an exact solution of the water wave problem splits into two
“wave packets”, one moving to the right and one to the left, each of which evolves
independently as a solution of KdV for a time period 0 ≤ t ≤ C/ε

3
2 . Here the initial
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surface displacement from a flat surface is O(ε) and the approximation is measured
in a high Sobolev norm.

Other equations occur as limits of the irrotational water wave problem under
different scaling assumptions and approximations. Some of them (in their simplest
forms) are as follows.

The Boussinesq systems are not unidirectional. There are several versions but
the simplest one is

αtt − αxx − (α2)xx − αxxxx = 0.

The Camassa-Holm equation is

ut − utxx + 3uux = 2uxuxx + uuxx.

A distinguishing characteristic of this equation is that some of its solutions have
singularities (wave breaking). The Kadomtsev-Petviashvili equation (KP) comes
from the three-dimensional water wave problem. With the notation (x1, x2, y) one
assumes weak dependence on the additional horizontal variable x2. The equation
is

{αt + αx1x1x1
+ ααx1

}x1
± αx2x2

= 0.

The cubic nonlinear Schrödinger equation (NLS) occurs by slow modulation of
a periodic wave. One assumes the wave is mostly unidirectional by introducing
ξ = x − c1t but slowly modulated by another small variable ζ = ε(x − c2t) and
τ = ε2t. One expands in powers of eikξ with a leading term A0 exp

ikξ, thereby
eventually obtaining the NLS equation

−iA0τ +A0ζζ ± |A0|2A0 = 0.

The Davey-Stewartson system comes from the three-dimensional problem, with
slow variation in x2 and slowly modulated. It is

αx1x1
+ αx2x2

+ (|β|2)x = 0, iβt + βx1x1
− βx2x2

+ |β|2β + αx1
β = 0.

It is remarkable that all of these equations are “completely integrable”, in spite of
the fact that complete integrability is an extremely special phenomenon and the full
water wave problem itself is apparently not completely integrable. The solutions of
each of these special equations can be described completely (but totally explicitly)
in terms of the spectrum of an associated linear operator. This spectrum evolves
very simply, so that the evolution of the nonlinear problem reduces to solving an
inverse spectral or inverse scattering problem, which means that one has to find
a potential that leads to given spectral or scattering data. Some publications on
these topics are [2, 11, 19, 31, 55, 74].

7. Extensions and open problems

There are many additional directions that have been taken in the theory of steady
water waves with vorticity.

7.1. Location of the stagnation points. If the vorticity function γ(·) is non-
positive, in the context of Theorem 4.1, it is known [80] that P (x, y) ≥ Patm

everywhere and that the horizontal velocity u(x, y) is maximized at the crest. Fur-
thermore, if Q is bounded for waves in C, then there exists an “extreme” wave
such that maxu = c, which is obtained as a weak limit of nonextreme waves [81].
If γ ≤ 0, γ′ ≥ 0, γ(0) < 0, then Q is indeed bounded along C and the extreme
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wave has a stagnation point at the crest, where there is either a corner of 120◦ or
a horizontal tangent.

7.2. Pressure. In the irrotational case γ = 0, the pressure P (x, y) strictly increases
with depth and strictly decreases horizontally away from the crest line [25]. There is
numerical evidence but as yet only a conjecture that such behavior is not always true
in the presence of vorticity. If u < c, all the particle trajectories in an irrotational
flow are nonclosed looping orbits unless there is a background current [25, 17].

7.3. Higher modes. There are also steady waves with more than one crest (local
maximum) and trough (local minimum) per period [71]. Such waves are generated
by local bifurcation from solutions of (4.6) of the form m = M(p) cos(k2πq/L) with
k ≥ 2. They have been much less studied than the case k = 1.

7.4. Variational characterizations. There are several variational (Hamiltonian
or Lagrangian) methods that characterize irrotational steady water waves. They go
back to Friedrichs [45] in 1933 and Zakharov [90] in 1968. Zakharov’s method works
for a time-dependent, irrotational flow. It uses the velocity potential φ defined by
∇φ = u, which exists since ∇ × u = 0, so that Δφ = 0. Then the surface S
(given by η) and the restriction ξ = φ|S are treated as the new unknowns. The
Hamiltonian (in two dimensions with period 2π say) then is

H(η, ξ) =
g

2

∫ 2π

0

η2 dx+
1

2

∫ 2π

0

ξ ·G(η)ξ dx,

where G(η) is the Dirichlet-Neumann operator defined by G(η)ξ = −ηxφx + φy.
This has been a useful formulation. It was used for instance by Craig and Sulem
for purposes of simulation [30].

Unfortunately, no Hamiltonian formulation is known for waves that are both
time-dependent and rotational, other than for approximate models. But for steady
2D periodic waves with a strictly monotone vorticity function (γ′ 
= 0), there is
the following formulation. For such a γ, choose F so that γ−1 = F ′. Define the
“energy”

E(η, ψ) =
∫ L

0

∫ η(x)

−d

{
1

2
|∇ψ|2 + gy − F (−Δψ)

}
dydx,

mass m =
∫∫

dydx and horizontal momentum M =
∫∫

∂yψ dydx. These three
functionals are invariants of the time-dependent problem. Then any critical point
of E , subject to periodicity and to the constraints that m and M are constants, is
a steady water wave of period L with vorticity function γ [20]. Furthermore, let
γ be positive and decreasing with depth (γ′ < 0). Then the steady water wave is
linearly stable if either the free surface is unperturbed or the velocity on the surface
is perturbed only normally [24].

7.5. Infinite depth. At very large depths (think of the ocean) we expect es-
sentially no motion. Thus if we idealize a deep ocean as occupying a region
{−∞ < y ≤ η(x, t)}, the boundary condition is that u → 0 as y → −∞. This
is different from the finite-depth case where there is motion tangent to the bottom
surface. In some ways infinite depth is the easier case, as in Gerstner’s example [47],
but the loss of compactness is a serious mathematical complication. The natural
bifurcation parameter is the wave speed c. The transformed problem for the height
h(q, p) is (4.2) and (4.5) but with (4.4) replaced by hq → 0, hp → 1/c as p → −∞
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and with (4.3) replaced by 1+h2
q+2ghh2

p = 0. Hur [51, 53] has proven an analogue

of Theorem 4.1 in case γ(p) = O(|p|−2−ε) for large |p| and some ε > 0. Her con-
clusion is that either there exist waves approaching stagnation or the wave speeds
c → ∞. There is a stronger conclusion if γ remains of one sign and is monotone.

7.6. Solitary waves. This is the problem (in two dimensions, say) where instead
of the periodicity the surface should become flat at infinity: η(x) tends to a constant
and v → 0 as x → ±∞. It can be viewed formally as the limit as the period of
the wave tends to infinity. Much effort has been expended to prove the existence
of exact solitary water waves. For zero vorticity the rigorous theory goes back
to Lavrentiev in 1954, Ter-Krikorov, Friedrichs and Hyers, and Beale. See the
references in [8]. Irrotational large-amplitude solitary waves were constructed by
Amick and Toland [5]. On the other hand, in the presence of an arbitrary vorticity
function γ(·), Hur [52] used a Nash-Moser construction, a generalization of Beale’s,
to prove the existence of a curve of small-amplitude solitary waves. Groves and
Wahlén [49] give a similar result using the method of spatial dynamics [7].

7.7. Symmetry. It has been shown under very general conditions that all peri-
odic and solitary water waves, not just those constructed as in Theorem 4.1, must
a priori be symmetric around their crests. The most effective proofs are based on
the method of moving planes. The irrotational case was proven by Craig and Stern-
berg [29] while the rotational case is due in its greatest generality to Constantin,
Ehrnström and Wahlén [18]; other recent contributors are Escher and Hur.

7.8. Surface tension. Of course, some surface tension always occurs at the air-
water interface, but for large-scale waves as in the ocean, its effect is small. A wave
with gravity g > 0 and surface tension σ > 0 is called a capillary-gravity wave.
Instead of (2.1), the boundary conditions are

P = Patm − σκ, v = ηt + u ηx on S,

where κ is the curvature and σ is usually assumed to be a constant. For capillary-
gravity waves with vorticity, it was first observed by Wahlén [83] that there is local
bifurcation and that the lowest eigenvalue (k = 1) of the bifurcation problem is
either simple or double. Walsh [84] has analyzed in detail the possible behavior
near double eigenvalues using the Liapunov-Schmidt method, proving that there
can be as many as four separate smooth curves emanating from the bifurcation
point and that each of these curves is global.

7.9. Stratified fluids. Stratification is a common feature of ocean waves due to
variations in salinity and temperature, which have a major effect on the waves. In
the simplified context of this article, it means that the density ρ is a variable. We
continue to assume that the fluid is inviscid and incompressible. Incompressibility
and conservation of mass imply the pair of equations

(7.1) ∇ · u = 0,
∂ρ

∂t
+ u · ∇ρ = 0.

Conservation of momentum is almost the same as before:

(7.2)
∂u

∂t
+ (u · ∇)u+

1

ρ
∇P = F.

The boundary conditions are exactly as stated in Section 1. Then for a steady wave
depending on (x − ct, y), and with x − ct replaced by x as before, the density ρ
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depends on the stream function: ρ = ρ(−ψ(x, y) + cy) due to (7.1). Then there
exist steady waves of small and large amplitude, obtained by local and global bifur-
cation [85]. The proof follows the same lines as in Section 4 but with some major
complications. There is also an extensive literature on internal waves in a stratified
fluid [10, 6].

7.10. Overhanging waves. Breakers at the beach are overhanging in the sense
that the height η of the wave is multi-valued. Do there exist steady waves that are
overhanging? They cannot exist if the vorticity vanishes. But for positive vorticity
there is numerical evidence that they do exist [35].

7.11. Three-dimensional steady waves. The existence of steady waves that
are truly three-dimensional is another mostly open problem. Consider irrotational
gravity waves without surface tension. Let φ be the velocity potential, so that
Δφ = 0. Even local bifurcation is very difficult because of the phenomenon of
“small divisors”. Indeed, Airy’s dispersion relation (see Section 2) now takes the
form

(7.3) g|k| tanh(|k|d) = (c · k)2,

where the wave speed and direction are c ∈ R
2, the Fourier variable to x ∈ R

2 is
k ∈ R

2 and the depth is d. That is, the steady wave in the physical variables is
u(x − ct, y) ∈ R

3, where y is the vertical variable and we are looking for waves of
the form exp(ik · x). The dispersion relation (7.3) has infinitely many solutions k
that have accumulation points. When local bifurcation is attempted, this leads to
eigenvalues λ that accumulate at λ = 0, which prevents the use of the implicit func-
tion theorem. Numerical computations suggest the existence of hexagonal waves of
small amplitude [28]. The first important theoretical result on this problem is due
to Iooss and Plotnikov [54]. On the other hand, it is known that surface tension
moderates the difficulty; there are several existence theorems for capillary-gravity
waves in 3D, but we omit the references.

7.12. Instability. If we perturb a steady wave at time t = 0, does the (time-
dependent) wave at all later times remain near (a translate of) the steady wave? The
steady wave would then be called “stable”, and otherwise, “unstable”. Consider the
irrotational case. Benjamin and Feir [9] showed formally that, in a small-amplitude
approximation, there is a “sideband” instability, meaning that the perturbation
has a slightly different period from the steady wave. A rigorous proof of this linear
instability was given by Bridges and Mielke [13]. Once again, it is known that
surface tension has a stabilizing influence. Without surface tension, there is also
some discussion of the stability problem in the rotational case in [24]. Lin [67]
has succeeded in proving the linearized instability of some solitary waves of large
amplitude.
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Complètes 1 (1827).

16. A. Constantin, On the deep water wave motion, J. Phys. A 34 (2001), 1405–1417. MR1819940
(2002b:76010)

17. , The trajectories of particles in Stokes waves, Invent. Math. 166 (2006), 523–535.
MR2257390 (2007j:35240)

18. A. Constantin, M. Ehrnström, and E. Wahlén, Symmetry of steady periodic gravity water
waves with vorticity, Duke Math. J. 140 (2007), 591–603. MR2362244 (2009c:35359)

19. A. Constantin and D. Lannes, The hydrodynamical relevance of the Camassa-Holm and
Degasperis-Procesi equations, Arch. Ration. Mech. Anal. 192 (2009), 165–186. MR2481064

(2010f:35334)
20. A. Constantin, D. Sattinger, and W. Strauss, Variational formulations for steady water waves

with vorticity, J. Fluid Mech. 548 (2006), 151–168. MR2264220 (2008b:76018)
21. A. Constantin and W. Strauss, Periodic traveling gravity water waves with discontinuous

vorticity (preprint 2010).
22. , Exact steady periodic water waves with vorticity, Comm. Pure Appl. Math. 57 (2004),

no. 4, 481–527. MR2027299 (2004i:76018)
23. , Rotational steady water waves near stagnation, Phil. Trans. Roy. Soc 365 (2007),

2227–2239. MR2329144 (2008j:76013)
24. , Stability properties of steady water waves with vorticity, Comm. Pure Appl. Math.

60 (2007), 911–950. MR2306225 (2009b:35257)
25. , Pressure beneath a Stokes wave, Comm. Pure Appl. Math. 63 (2010), 533–557.

MR2604871
26. D. Coutand and S. Shkoller, Well-posedness of the free-surface incompressible Euler equa-

tions with or without surface tension, J. Amer. Math. Soc. 20 (2007), 829–930. MR2291920
(2008c:35242)

27. W. Craig, An existence theory for water waves and the Boussinesq and Korteweg-de Vries
scaling limits, Comm. PDE 10 (1985), 787–1003. MR795808 (87f:35210)

http://www.ams.org/mathscinet-getitem?mr=2372806
http://www.ams.org/mathscinet-getitem?mr=2372806
http://www.ams.org/mathscinet-getitem?mr=2001473
http://www.ams.org/mathscinet-getitem?mr=2001473
http://www.ams.org/mathscinet-getitem?mr=2334849
http://www.ams.org/mathscinet-getitem?mr=2334849
http://www.ams.org/mathscinet-getitem?mr=629699
http://www.ams.org/mathscinet-getitem?mr=629699
http://www.ams.org/mathscinet-getitem?mr=1011554
http://www.ams.org/mathscinet-getitem?mr=1011554
http://www.ams.org/mathscinet-getitem?mr=1273343
http://www.ams.org/mathscinet-getitem?mr=1273343
http://www.ams.org/mathscinet-getitem?mr=0445136
http://www.ams.org/mathscinet-getitem?mr=0445136
http://www.ams.org/mathscinet-getitem?mr=735931
http://www.ams.org/mathscinet-getitem?mr=735931
http://www.ams.org/mathscinet-getitem?mr=2196497
http://www.ams.org/mathscinet-getitem?mr=2196497
http://www.ams.org/mathscinet-getitem?mr=1367360
http://www.ams.org/mathscinet-getitem?mr=1367360
http://www.ams.org/mathscinet-getitem?mr=1956130
http://www.ams.org/mathscinet-getitem?mr=1956130
http://www.ams.org/mathscinet-getitem?mr=1819940
http://www.ams.org/mathscinet-getitem?mr=1819940
http://www.ams.org/mathscinet-getitem?mr=2257390
http://www.ams.org/mathscinet-getitem?mr=2257390
http://www.ams.org/mathscinet-getitem?mr=2362244
http://www.ams.org/mathscinet-getitem?mr=2362244
http://www.ams.org/mathscinet-getitem?mr=2481064
http://www.ams.org/mathscinet-getitem?mr=2481064
http://www.ams.org/mathscinet-getitem?mr=2264220
http://www.ams.org/mathscinet-getitem?mr=2264220
http://www.ams.org/mathscinet-getitem?mr=2027299
http://www.ams.org/mathscinet-getitem?mr=2027299
http://www.ams.org/mathscinet-getitem?mr=2329144
http://www.ams.org/mathscinet-getitem?mr=2329144
http://www.ams.org/mathscinet-getitem?mr=2306225
http://www.ams.org/mathscinet-getitem?mr=2306225
http://www.ams.org/mathscinet-getitem?mr=2604871
http://www.ams.org/mathscinet-getitem?mr=2291920
http://www.ams.org/mathscinet-getitem?mr=2291920
http://www.ams.org/mathscinet-getitem?mr=795808
http://www.ams.org/mathscinet-getitem?mr=795808


692 WALTER A. STRAUSS

28. W. Craig and D. Nicholls, Traveling gravity water waves in two and three dimensions, Eur.
J. Mech. B Fluids 21 (2002), 615–641. MR1947187 (2004b:76018)

29. W. Craig and P. Sternberg, Symmetry of solitary waves, Comm. P.D.E. 13 (1988), 603–633.
MR919444 (88m:35132)

30. W. Craig and C. Sulem, Numerical simulation of gravity waves, J. Comp. Phys. 108 (1993),
73–83. MR1239970 (94h:76064)

31. W. Craig, C. Sulem, and P.-L. Sulem, Nonlinear modulation of gravity waves: A rigorous

approach, Nonlinearity 5 (1992), 497–522. MR1158383 (93k:76012)
32. W. Craig and C. E. Wayne, Mathematical aspects of surface waves on water, Russian Math.

Surveys 62 (2007), 453–473. MR2355420 (2009h:76001).
33. A. Craik, The origins of water wave theory, Annu. Rev. Fluid Mech. 36 (2004), 1–28.

MR2062306 (2005a:01012)
34. M. Crandall and P. Rabinowitz, Bifurcation from simple eigenvalues, J. Funct. Anal. 8 (1971),

321–340. MR0288640 (44:5836)
35. A. Teles da Silva and D. Peregrine, Steep, steady surface waves on water of finite depth with

constant vorticity, J. Fluid Mech. 195 (1988), 281–302. MR985439 (90a:76061)
36. A. Dalmedico, La propagation de ondes en eau profonde et ses développements mathématiques,
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