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AFTERWORD TO THE ARTICLE

“A BRIEF HISTORY OF THE CLASSIFICATION

OF THE FINITE SIMPLE GROUPS”

RON SOLOMON

Abstract. In this afterword the author discusses his previously published
article “A brief history of the classification of the finite simple groups”, which
appeared in Bull. Amer. Math. Soc. (N.S) 38 (2001), no. 3, 315–352.

Shortly after the publication of my article about the classification of finite simple
groups (CFSG), I received a phone call from Serge Lang, who chided me in his
inimitable fashion for asserting that the Quasithin Theorem of Aschbacher and
Smith would probably be published in 2001 or 2002. You can never assert that a
theorem will be proved until it is proved, said Serge, and of course he was right. I
am happy to report that my optimism in this case was well founded, though the
actual publication date for the Aschbacher–Smith monographs [3] was 2004.

The revision projects discussed in Section 9 of that article have continued and
indeed multiplied. The GLS (Gorenstein, Lyons, and Solomon) Project has pro-
duced seven volumes thus far, and it is discussed in some detail in my recent Notices
article [28]. So I shall say little more about the status of that project here.

The GLS Project aims to identify the finite simple groups from their p-local
structure, when the p-elements of G are semisimple, i.e., the centralizers of some
p-elements are reductive groups. In contrast, the MSS Project, led by Meierfranken-
feld, Stellmacher, and Stroth [21] aims to recognize G from its p-local structure,
where p is a unipotent prime divisor of |G|, i.e., the maximal p-local subgroups of
G are parabolic subgroups. One of the principal achievements of the MSS Project
to date is the proof [22] of the Local Structure Theorem for finite groups G with
a large p-subgroup Q (in the sense that CG(Q) = Z(Q) and NG(U) ≤ NG(Q) for
all 1 ≤ U ≤ Z(Q)). They identify the structure of most of the maximal parabolic
subgroups of these groups. (I write here as if G is known to be of Lie type, which of
course is not the case. Nevertheless this language can be justified in full generality.
See [28] for details.)

From this data, it is still necessary to identify G, and in this direction, Meier-
frankenfeld, Stroth, and Weiss have proved such an identification theorem in [23].
Along the way, they have given a short proof of the uniqueness of spherical buildings
of rank at least 3 in the finite case. This, of course, carries on a theme originat-
ing with Jacques Tits. A theorem of Curtis and Tits, as well as related theorems
of Phan, provides the key tool for the GLS identification of simple groups of Lie
type from their semisimple data. Under the general heading of Phan Theory, this
subject has been expanded and clarified in recent work by many authors, starting
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with a paper of Bennett and Shpectorov [4] and culminating in a paper of Blok,
Hoffman, and Shpectorov [5]. The considerable body of intervening work is ably
described by Gramlich in [12].

The identification of simple groups of characteristic p-type from their unipotent
structure dates back to work of John G. Thompson on group factorizations and
failure of factorization. The impediments to factorization were dubbed offender,
and recent work of Meierfrankenfeld, Parmeggianni, and Stellmacher [19] provides
a general offender theory unifying and extending much of this work.

If completed (pace Serge Lang), the GLS and MSS Projects will provide two
almost completely different approaches to the identification of finite simple groups
those of even type (or local characteristic 2). The GLS Project also treats the other
finite simple groups, i.e., those of odd type, mainly the alternating groups and the
groups of Lie type defined over a finite field of odd order. An alternative approach
to these groups, led by Aschbacher, proceeds in the category of (saturated) fusion
systems defined over a finite 2-group. The notion of a fusion system (or Frobenius
category) was first introduced by Puig, and it was studied extensively by Bob Oliver
with numerous collaborators. For Oliver, the original goal was a proof [25, 26] of
the Martino–Priddy Conjecture that two finite groups have isomorphic p-fusion
categories if and only if their p-completed classifying spaces are homotopy equiva-
lent. A key step was the proof (using CFSG) by Oliver that every fusion system
for a finite group has a unique associated centric linking system. A new approach
yielding a major generalization of this result was provided by Andy Chermak [7],
again using CFSG. Glauberman and Lynd [11] then showed how Chermak’s proof
could be made independent of the CFSG.

Aschbacher in [1] and [2] has spearheaded an effort to provide a classification of
all simple fusion systems based on a finite 2-group S. The working conjecture is that
every such abstract 2-fusion system arises as the 2-fusion system of a finite simple
group G with Sylow 2-subgroup S, except for one infinite family, sometimes called
the Benson–Solomon 2-fusion systems. Like the classification problem for finite
simple groups, this problem subdivides naturally into the case of even systems and
the case of odd systems. The former case can be treated by methods almost identical
to those of the MSS Project. Aschbacher has focused on the odd systems, and
has made substantial progress toward the completion of this case. This would not
replace the GLS treatment of simple groups of odd type, but it would independently
classify all possible 2-fusion systems for such groups (with the exception of the so-
called Goldschmidt groups). Thus, if the GLS, MSS, and Aschbacher Projects all
come to fruition, we will be in the enviable position of having two substantially
different treatments of the large majority of the Classification proof. (Like the
Cheese in the nursery rhyme, the Odd Order Paper of Feit and Thompson still
stands alone.)

Of course, a major justification for this belt-and-suspenders approach to the
Classification proof is the large number of significant consequences of the CFSG,
both within and outside finite group theory. We mention just a few. A recent book
by Steve Smith [27] describes many more. (Also, see [30].) Within finite group
theory, the Schreier Conjecture (the outer automorphism group of every simple
group is solvable) is an easy consequence of the CFSG and Steinberg’s work on
automorphisms of groups of Lie type. The finite 2-transitive permutation groups
are now classified. (See [6].) We now know that every finite simple group can be
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generated by two elements, one of which can be fixed. (Without the CFSG, there
is no known bound.) Moreover, the probability that two random elements generate
a finite simple group goes to 1 as the group order goes to ∞. The program to
determine the maximal subgroups of the finite simple groups (equivalently, their
primitive permutation representations), initiated by O’Nan and Len Scott, has
made great progress thanks to work of Aschbacher, Liebeck, Seitz, Testerman, and
others.

In the domain of representation theory, some significant breakthroughs have been
achieved recently using CFSG and the deep theorems of Lusztig and others. Many
years ago, John McKay observed that for many simple groups G, the number of
ordinary irreducible characters of odd degree for both G and NG(S) were the same,
where S is a Sylow 2-subgroup of G. He conjectured that this was always the case.
This McKay Conjecture (for all finite groups) has recently been proved by Malle
and Späth [20]. It is the tip of an iceberg of conjectures—the Alperin–McKay Con-
jecture, the Alperin Weight Conjecture, and variations thereon by Dade, Isaacs,
Navarro, Turull, and others. General reduction theorems have been developed by
numerous authors, notably Isaacs, Malle, and Navarro [16] and Späth [29], reduc-
ing these conjectures to related conjectures about the representation theory and
cohomology of finite simple groups.

Yet another conjecture, the Brauer Height Zero Conjecture, has been proved for
all finite quasi-simple groups (and, in one direction, for all finite groups) by Kessar
and Malle [17, 18]. Thanks to work of Navarro and Späth [24], the full conjecture
will follow for all finite groups from the inductive form of the Alperin–McKay
Conjecture for finite simple groups. All of these results use the CFSG.

My thanks to Bob Guralnick for providing the following sampling of applications
of the CFSG to other areas. One of the first and still one of the nicest consequences
is the fact that any finite transitive permutation group of degree n > 1 contains
an element of prime power order which has no fixed points. (If one drops the
prime power order condition, this is a very elementary theorem of Camille Jordan.)
This was originally stated in [8] and generalized in various ways (cf., [10]). What
is surprising about this result is that it is equivalent to a fundamental result in
number theory which asserts that if L/K is a nontrivial extension of number fields,
then the relative Brauer group of L/K is infinite, i.e., there are infinitely many non-
isomorphic finite-dimensional division algebras D with center K such that D⊗K L
is a matrix algebra over L. Remarkably, these two results are equivalent.

A polynomial f(x) over a finite field is called exceptional if it becomes bijective
over some sufficiently large extension field. These were introduced by Dickson in the
1890s, and variations of them were studied by Schur. Using the CFSG, almost all
indecomposable exceptional polynomials have been classified [13,15]. This involved
classifying certain types of permutation groups [9] and then determining when there
were polynomials attached to the groups, and finding all of them.

In his thesis Zariski answered a conjecture of Enriques by showing that a generic
Riemann surface of genus greater than 6 has no solvable map to the Riemann
sphere. This was generalized in a series of papers (the latest being [14]) to show
that if there is a degree n indecomposable map from a generic Riemann surface of
genus g ≥ 4, then the associated monodromy group is either the alternating group
of degree n with n > 2g or the symmetric group of degree n with n > g+1

2 .
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Thus, the future study of finite groups, their representations, and their applica-
tions remains as vibrant as was its history.
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