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Homological techniques appeared in algebra in the 1940s, when Eilenberg and
Mac Lane introduced homology and cohomology of groups, and Hochschild intro-
duced homology and cohomology of algebras. In the 1960s Gerstenhaber showed
that Hochschild cohomology has also a nonassociative Lie bracket. Subsequently,
a number of higher structures have been discovered, and a huge amount of related
research has developed in many different fields.

Hochschild cohomology of algebras is indispensable to understand homological
properties of algebras and their representations. Usually associative algebras occur-
ring naturally, over fields, are not semisimple, and to understand their properties,
homological methods are essential. Such algebras can be very different depending
on the context, but Hochschild cohomology can be constructed in complete gen-
erality, in terms of basic linear algebra. In spite of its simplicity, it is a unifying
concept for different areas. It has important invariance properties, for example it
is invariant under derived, stable, and Morita equivalences.

Let A be an algebra over k, which in the most general setting could be any
commutative ring. In this book, from Chapter 2 onwards k is a field. The enveloping
algebra Ae of A is defined to be the algebra A⊗kA

op, then an A-bimodule M is the
same as a (left) Ae-module (by definining (a⊗b)m = amb, for m ∈ M and a, b ∈ A).
The algebra A itself is an A-bimodule, more generally so is A⊗n = A ⊗ · · · ⊗ A.
The basic construction starts with a projective resolution of A as an Ae-module,

(1) · · · → Pn
dn→ Pn−1 → · · · → P1

d1→ P0 → A → 0.

Applying the functor HomAe(−,M) to (1) for an Ae-moduleM produces a complex,
with differentials d∗n given by composing with dn. The homology of this complex
is the Hochschild cohomology HH∗(A,M) of A with coefficients in M , the nth
term is Ker(d∗n+1)/Im(d∗n), with Ker(d∗n+1) the Hochschild n-cocycles and Im(d∗n)
the Hochschild n-coboundaries. When M = A, this is the Hochschild cohomology
HH∗(A) of A. For k a field, HH∗(A,M) is isomorphic to Ext∗Ae(A,M). If one applies
the functor M⊗Ae (−) to (1), one obtains Hochschild homology, HH∗(A,M). When

k is a field this is isomorphic to TorA
e

∗ (M,A). For M = A, this is the Hochschild
homology, HH∗(A).

In his original paper, [11], Hochschild takes the bar complex in (1), an explicit
free resolution of A as an Ae-module, with nth term A⊗(n+2) = A ⊗ · · · ⊗ A. He
defines the cup product, which makes HH∗(A) a graded commutative associative
algebra. Subsequently, Gerstenhaber [8] showed that it also has the structure of a
graded Lie algebra, so that the Lie bracket is a graded derivation with respect to the
cup product. Many properties of Hochschild cohomology rings that are essential
in today’s applications can be seen in the classical definitions of Hochschild and
Gerstenhaber. Accordingly, Chapter 1 starts with these historical definitions, and
amongst others, it also shows how the classical approach leads to specific informa-
tion encoded by HHn(A) and HHn(A) when n is small.
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Chapter 2 works with more general resolutions or with generalized extensions. It
constructs various products and also shows how Hochschild cohomology acts on Ext
spaces of modules. To deal with general resolutions, one needs to construct chain
maps from cocycles. With this, one can define a second product on Hochschild
cohomology, the Yoneda product. Given a projective bimodule resolution of A as
in (1), let f ∈ HomAe(Pm, A) and g ∈ HomAe(Pn, A) be cocycles. Extend g to a
chain map where gm : Pn+m → Pm. With this, the map f ∪ g ∈ HomAe(Pm+n, A)
is defined to be the composition

(2) f ∪ g := fgm.

One can show that it gives rise to a well-defined product on cohomology. As well,
it does not depend on the choice of the resolution. Hence taking for P• the bar
resolution, this new product is the same as Hochschild’s original cup product. An-
other definition of an associative product on HH∗(A) which also is equivalent to the
original cup product is a convolution product which arises from a tensor product
of complexes and a diagonal map, also introduced in Chapter 2.

There are two ways to define a product on HH∗(A) in terms of generalized exten-
sions. The first, known as Yoneda composition or Yoneda splice, uses that HHn(A)
is isomorphic to ExtnAe(A,A), the equivalence classes of n-extensions. Taking an
m-extension and an n-extension, representing elements in HHm(A) and HHn(A),
they may be combined into a new exact sequence which is an (m+n)-extension of A
by A, and gives an element in HHm+n(A). It corresponds up to sign to the Yoneda
product defined before. Alternatively, one can take the tensor product, over A, of
an m-extension with an n-extension, to obtain an (m+n)-extension from the total
complex, again this is equivalent to Yoneda composition.

For two left A-modules M and N , the Hochschild cohomology ring HH∗(A) acts
on the graded vector space Ext∗A(M,N) in such a way that it becomes a graded
HH∗(A)-module. Similarly, if B is an A-bimodule, HH∗(A) acts on HH∗(A,B). Let

f ∈ HomAe(Pi, A) represent an element in HHi(A). Then we have

(3) φM (f) := f ⊗ 1M

in HomA(Pi ⊗A M,M) representing an element of ExtiA(M,M). Extending φM (f)
to a chain map and composing its jth term with any function g : Pj ⊗A M → N
induces a well-defined map

ExtjA(M,N)⊗HHi(A) → Exti+j
A (M,N).

Similarly, there is a left action of HH∗(A) on Ext∗A(M,N), and we have

If α ∈ HHi(A) and β ∈ ExtjA(M,N), then α · β = (−1)ijβ · α.
Suppose M = N , the graded vector space Ext∗A(M,M) is itself an associative
algebra, via the Yoneda product. The above identity shows that

The image of φM is contained in the graded center, Zgr(Ext
∗
A(M,M)).

(For a graded algebra B, the graded center Zgr(B) is the subalgebra generated by

all homogeneous elements α ∈ B such that α · β = (−1)|α||β|β · α.)
Chapter 3 investigates resolutions designed for particular types of algebras, and it

gives a rich supply of examples, which are used throughout the book. It starts with
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the tensor product of algebras, and the graded tensor product when the underlying
algebras are graded. Taking the algebra structure on Hochschild cohomology by
cup product, one gets

LetA andB be k-algebras for which there exists a freeAe-resolution
P• of A and a free Be resolution Q• of B consisting of finitely
generated bimodules. Then

HH∗(A⊗B) ∼= HH∗(A)⊗HH∗(B)

as algebras (where the right side is a graded tensor product alge-
bra).

The text moves on to twisted tensor products A1 ⊗t A2 of graded algebras, with
twist via a bicharacter t on the grading groups. The total complex of the tensor
product of graded projective resolutions for the factors gives rise to a projective
bimodule resolution ([2]). However, there is no general description of the Hochschild
cohomology ring in terms of the factors, as the following example illustrates.

Take A1 = k[x1]/(x
2
1) and A2 = k[x2]/(x2)

2, and let q be a nonzero scalar.
Then there is a bicharacter t so that the twisted tensor product A = A1 ⊗t A2 is
isomorphic to the four-dimensional algebra

(4) A = k〈x1, x2〉/(x2
i , x1x2 − qx2x1).

In [5] it is shown that its Hochschild cohomology is finite-dimensional when q is
not a root of unity. This was a surprise, showing that an algebra of infinite global
dimension can have finite-dimensional Hochschild cohomology, answering a long-
standing question of Happel [10]. On the other hand when q is a root of unity,
HH∗(A) is infinite dimensional. Furthermore, there can be gaps, it can be 0 in
infinitely many degrees, also shown in [5].

The next part defines the Koszul complex associated to regular sequences of
central elements in an algebra. It presents the Hochschild–Kostant–Rosenberg the-
orem, which describes completely the Hochschild cohomology and homology rings
of smooth commutative algebras.

The text gives an introduction to Koszul algebras. Let V be a finite-dimensional
vector space, and let T (V ) be the tensor algebra

⊕
n≥0 T

n(V ) with T 0(V ) = k,

T 1(V ) = V , and Tn(V ) = V ⊗ · · · ⊗ V (n tensor factors). This is a graded algebra
with |v| = 1 for all v ∈ V . Let R be a subspace of T 2(V ), and let A = T (V )/(R),
where (R) is the ideal generated by R in T (V ). This is a quadratic algebra, that is,
a graded algebra generated by elements in degree 1 with relations in degree 2. There
is a natural construction of a quadratic dual, or Koszul dual, A! = T (V ∗)/(R⊥).
One can view A as an augmented algebra, and then A is defined to be a Koszul
algebra if the A-module k has a linear minimal graded free resolution. Equivalent
definitions of Koszul algebras are given, for example, by

Let A be a finitely generated graded connected quadratic algebra.
Then the following are equivalent:
(i) A is a Koszul algebra;
(ii) Ext∗A(k, k)

∼= A! as graded algebra;
(iii) Ext∗A(k, k) is generated by Ext1A(k, k) as an algebra.

Suppose A is a Koszul algebra, then there is a close relationship between Hochs-
child cohomology and the Ext algebra Ext∗A(k, k). Let φk be the map (3) giving
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the action of HH∗(A) on Ext∗A(k, k), then we have

Let A be a Koszul algebra. Then the image of the map φk is
precisely the graded center, Zgr(Ext

∗
A(k, k)).

Let G be a finite group, acting by automorphisms on an algebra A, and let A�G
be the skew group algebra. When the order of G is not divisible by the characteristic
of k, the Hochschild cohomology and homology for A � G are described in terms
of invariants and coinvariants of Hochschild cohomology and homology of A with
coefficients in the bimodule A�G. Namely,

There are actions of G on Hochschild cohomology or homology with
coefficients in A � G, such that there are isomorphisms as graded
algebras and graded vector spaces, respectively,

HH∗(A�G) ∼= HH∗(A,A�G)G and HH∗(A�G) ∼= HH∗(A,A�G)G.

The last part of Chapter 3 introduces monomial algebras and presents a bimodule
resolution of a monomial algebra due to Bardzell [1]. Generalizations of this have
been found, and some details are given in the text. These techniques are more
general than may appear since a finite-dimensional algebra over an algebraically
closed field is Morita equivalent to an algebra defined by a quiver and relations,
and Hochschild cohomology is invariant under Morita equivalence.

Some classical geometric notions such as smoothness may be viewed as essential
homological properties of commutative function algebras, allowing interpretations
of them in noncommutative settings via Hochschild cohomology. This is presented
in Chapter 4.

The Hochschild dimension of A is defined as dimA = pdimAe(A). The algebra A
is smooth if its Hochschild dimension is finite and it has a finite projective resolution
as an Ae-module consisting of finitely generated projective modules.

The text introduces a noncommutative version of Kähler differentials, following
work of Cuntz and Quillen [6]. Square-zero extensions of algebras already occur
in [11], Hochschild proved that for an A-bimodule M , there is a bijection between
HH2(M) and equivalence classes of square-zero extensions of A by M . The text
shows that square-zero extensions, noncommutative differential forms, and quasi-
free algebras (that is, dim(A) ≤ 1) are related.

For smooth algebras there is a duality between Hochschild homology and coho-
mology, an analogue of Poincaré duality in geometry, proved by van den Bergh [17].
A bimodule U is invertible if there is an A-bimodule V such that U ⊗A V ∼= A and
V ⊗A U ∼= A as A-bimodules.

Let A be a smooth algebra. Assume that there is a positive integer
d for which HHi(A,Ae) = 0 for all i 
= d and that U = HHd(A,Ae)
is an invertible A-bimodule. Then there is an isomorphism of vector
spaces

HHn(A,M) ∼= HHd−n(A,U ⊗A M)

for all A-bimodules M and 0 ≤ n ≤ d, and HHn(A,M) = 0 for
n > d.

In this case the algebra A satisfies van den Bergh duality. A smooth algebra
A is Calabi–Yau if it has van den Bergh duality with U ∼= A. Let G be a finite
group, let k be a field of characteristic not dividing |G|, and let V be a kG-module
of finite vector space dimension d. This section shows that the skew group algebra
A = S(V ) �G has van den Bergh duality and determines conditions under which
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it is Calabi–Yau, namely this holds when G acts on V via linear transformations of
determinant 1.

The final part of Chapter 4 introduces the Connes differential on Hochschild
cohomology, which arises in cyclic homology. For Calabi–Yau algebras, this differ-
ential in combination with van den Bergh duality is used to define a new operation
on Hochschild cohomology, called a Batalin–Vilkovisky operator.

Understanding how some algebras may be viewed as deformations of others in-
volves Hochschild cohomology, as discussed in Chapter 5. This introduces formal
deformations of an algebra A over the ring k[[t]] (or k[t], or k[t]/(tn) for some
n ≥ 2), and it explains the role of HH3(A) to obtain new associative products on
A[[t]]. This also illustrates that Gerstenhaber brackets naturally appear. It defines
infinitesimal deformations, leading to associative algebra structures on A[t]/(t2).

There is a natural notion of equivalence and triviality of formal deformations.
If HH2(A) = 0, then A has no nontrivial formal deformations, that is, A is rigid.
Furthermore, there is a short section on the Maurer–Cartan equation and on de-
formation quantizations of Poisson algebras.

The last part of this chapter is an account on the theory of Braverman and
Gaitsgory [3] for graded deformations of Koszul algebras. As an application of
this, one obtains a proof of the classical Poincare–Birkhoff–Witt theorem for Lie
algebras.

In algebraic deformation theory, the Lie structure on Hochschild cohomology
arises naturally, and Chapter 6 spends some time studying this in detail. Part of
this is based on the bar resolution, but it also presents results using other resolutions
and exact sequences. In particular it presents the notion of homotopy liftings that
allow Gerstenhaber brackets to be expressed on an arbitrary resolution as essentially
graded commutators; this follows [18]. Towards a topological approach, the brackets
are constructed as loops in the classifying space of an extension category (see [13]).

Chapter 7 gives a brief introduction to infinity structures and applications to
Hochschild cohomology. It discusses A∞-algebras; any differential graded algebra
and hence any associative algebra can be viewed as A∞-algebra, but in general
there may be many possible A∞-structures. An infinitesimal n-deformation of an
algebra B is defined to be a k[x]/(x2)-multilinear A∞-algebra structure on A that
lifts the multiplcation of B. With this,

Let n ≥ 2. The Hochschild n-cocycles on B are in one-to-one
correspondence with the infinitesimal n-deformations of B.

The text defines minimal models and formality of A∞-algebras, and it presents
a characterization of Koszul algebras in this setting ([12]). Using the notion of an
A∞-center of an A∞-algebra as introduced in [4] gives a generalization of a previous
result:

Let B be an augmented algebra. The image of HH∗(B) in the Ext
algebra Ext∗B(k, k) is precisely its A∞-center.

Furthermore, the text defines L∞-algebras and formality of associative algebras,
making a connection with deformations of algebras and Deligne’s conjecture.

In representation theory, one may sometimes use Hochschild cohomology to de-
fine support varieties, which are geometric objects associated to modules and which
encode representation theoretic information. Chapter 8 discusses support varieties
defined via Hochschild cohomology for finite-dimensional algebras, as introduced in
[15].
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Assume A is a finite-dimensional algebra over a field k. Recall that HH∗(A) acts
on Ext∗A(M,M) for finite-dimensional modules. We take M = A/r with r is the
Jacobson radical of A, so that every simple A-module occurs as a direct summand
of M . Then we say that algebra A satisfies condition (fg) if

(1) HH∗(A) is a noetherian ring and
(2) Ext∗A(A/r, A/r) is a finitely generated HH∗(A)-module.

One may replace HH∗(A) by any graded subalgebra H which is finitely generated
commutative and has H0 = HH0(A) (see [16]). Many algebras are known to satisfy
this but not all. For example, let A be four-dimensional algebra in (4) with q not
a root of unity. Then HH∗(A) is finite dimensional [5], but the algebra Ext∗A(k, k)
is infinite dimensional and hence is not finitely generated over HH∗(A).

Assume A satisfies (fg), and let H be a subalgebra of HH∗(A) as above. For
finite-dimensional A-modules M,N let IH(M,N) be the annihilator ideal in H of
Ext∗A(M,N), that is

IH(M,N) = {α ∈ H | α · β = 0 for all β ∈ Ext∗A(M,N)}.
Then the support variety VH(M,N) is the variety associated to the ideal IH(M,N),
that is, the maximal ideals of H containing IH(M,N). The support variety of M is
VH(M) = VH(M,M). When A is self-injective, this has properties similar to that
of support varieties for finite group representations defined via group cohomology
(see [7]).

There are strong connections between Hochschild cohomology and group coho-
mology; this is analyzed in the more general context of Hopf algebras in Chapter
9. Hopf algebras are those algebras whose module categories are tensor categories,
and they include many examples of interest, such as group algebras, universal en-
veloping algebras of Lie algebras, and quantum groups.

Suppose A is a Hopf algebra, that is, A is an algebra over k together with
algebra homomorphisms Δ : A → A ⊗ A, the comultiplication, and ε : A → k,
the counit, and an algebra antihomomorphism S : A → A, the antipode, satisfying
certain axioms. Then also Ae is a Hopf algebra. Tensor products of A-modules
and k-linear maps between A-modules are again A-modules, and k is an A-module.
There is a cup product,

∪ : ExtmA (M,M ′)× ExtnA(N,N ′) −→ Extm+n
A (M ⊗N,M ′ ⊗N ′)

constructed from tensor products of functions. Furthermore,

If α ∈ ExtmA (M,M ′) and β ∈ ExtnA(N,N ′), then the cup product
α∪β is equivalent to the Yoneda composite of α⊗ 1N ′ and 1M ⊗β
in ExtmA (M⊗N ′,M ′⊗N ′) and ExtnA(M⊗N,M⊗N ′), respectively.

Applying this with M = M ′ = N = N ′ = k, one gets the algebra H∗(A, k) :=
Ext∗A(k, k), the Hopf algebra cohomology. Moreover, the cup product leads natu-
rally to an action of H∗(A, k) on H∗(A,M) := Ext∗A(k,M) for any A-module M .
As well, if we apply the above with M = M ′ and N = N ′, and compose with
k ⊗N ∼= N , we get an action of H∗(A, k) on Ext∗A(N,N). This action corresponds
to that on Ext∗A(k,N⊗N∗) under the isomorphism Ext∗A(k,N⊗N∗) ∼= Ext∗A(N,N).

There is an injective algebra homomorphism δ : A → Ae which allows one to
relate the Hopf algebras A and Ae and their modules. Furthermore, there is an
isomorphism of Ae-modules, A ∼= Ae⊗A k where Ae⊗A k is the Ae-module induced
from the trivial A-module k via the embedding given by δ.
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We see how to relate Hochschild cohomology to Hopf algebra cohomology. The
following was first proved in [9].

Let A be a Hopf algebra with S bijective. Then there is an isomor-
phism of algebras

HH∗(A) ∼= H∗(A,Aad).

Here Mad is the A-module structure on an A-module M by twisting with S.
When A = kG, the group algebras of a finite group, the adjoint action is conjugation
by group elements, and by the above, one can rewrite Hochschild cohomology as

HH∗(kG) ∼=
⊕

i

H∗(C(gi), k),

an isomorphism of graded vector space, where the gi are representatives of G-
conjugacy classes, and C(gi) is the centralizer of gi in G. A product formula in
terms of group data was discovered in [14].

For an A-module algebra R, we have the smash productR#A. There is a spectral
sequence relating its Hochschild cohomology with that of R, and of Hopf algebra
cohomology of A:

Let M be an (R#A)e-module. There is a right action of A on
HHq(R,M) and a spectral sequence

Ep,q
2 = Hp(A,HHq(R,M)) ⇒ HHp+q(R#A,M).

This book is a superb introduction to the basic theory of Hochschild cohomology
for algebras and some of its current uses in algebra and representation theory. It
takes a concrete approach, with many examples, written for graduate students and
working mathematicians. I expect it will also be appreciated by those who are
experts in part of the area, learning more of the wider context. It gives a complete
and carefully written account of core material, and it serves as a reference for many
results that are currently only found in research papers and as a a bridge to some
more advanced topics. There is no comparable text available at present, and it is
likely that this book will become a standard reference.
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[3] A. Braverman and D. Gaitsgory, Poincaré-Birkhoff-Witt theorem for quadratic algebras of
Koszul type, J. Algebra 181 (1996), no. 2, 315–328, DOI 10.1006/jabr.1996.0122. MR1383469
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