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THE INFORMATION TOPOLOGY AND TRUE LAMINATIONS
FOR DIFFEOMORPHISMS

MEIYU SU

Abstract. We explore the lamination structure from data supplied by a gen-
eral measure space X provided with a Borel probability measure m. We show
that if the data satisfy some typical axioms, then there exists a lamination L
injected in the underlying space X whose image fills up the measure m. For an
arbitrary C1+α-diffeomorphism f of a compact Riemannian manifold M , we
construct the data that naturally possess the properties of the axioms; thus we
obtain the stable and unstable laminations Ls/u continuously injected in the
stable and unstable partitions Ws/u. These laminations intersect at almost
every regular point for the measure.

1. Introduction

In this paper, we study the lamination structure from data supplied by a general
discrete time dynamical system. A lamination or laminated space is a topological
space covered by “open sets” (called boxes) of the form T × (open k-disk) so that
the overlap maps preserve the second factor. The lamination we construct will be
invariant under the dynamics.

The data supplied by any diffeomorphism f of a compact Riemannian manifold
M with positive entropy will be:

(i) a standard Borel space X (the manifold or rather an appropriate subset
L ⊂M);

(ii) a measure m on the Borel space X (an f -invariant and ergodic measure µ
of positive entropy);

(iii) a sequence of countable partitions P1 ≺ P2 ≺ · · · ≺ Pn ≺ . . . generating
the Borel structure (the countable partition P of finite entropy constructed
in [4]);

(iv) a countable family of boxes of the form (T × k-disk) which will cover X
(these will be generated by the Pesin boxes covering the regular set < by
applying the dynamics).

These data are subject to the Axioms described in §2, which are fulfilled in the
quite interesting dynamical example because of [1] and [4] (see §3). Such axioms
allow us to define a new topology on the transversals of the boxes (the information
topology). To do this, we need to refine the boxes covering the support of the
measure m (µ) by removing sets of horizontal disks of measure zero and then
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saturating by the equivalence relation generated by horizontal disks. We obtain
a laminated space with a finer topology injecting into the space and covering the
measure.

Besides the obvious and natural properties of this data, the two important as-
pects of the axioms are: (1) the vertical boundary covering property and (2) log-
arithmic bounds on the measures of subsets constructed from the boxes and the
nested partitions.

Property (1), the vertical boundary covering property, was used in [11] and is a
new property of Pesin boxes easily derived from the dynamics. It says that after
m-negligible refinement of boxes, T × ∂(Disk) is covered by the insides of other
boxes.

Property (2) has two parts. The first part says that the log probability of a
partition element at level n containing x is comparable to the log probability of
a partition element at level n containing y m-a.e. The second part says that we
have the same comparison at x and y, even after intersecting the nth-level partition
elements with any Borel collection of horizontal disks in a box. These log probability
statements are due to Ledrappier and Young in [4] and explicated by Pesin and
coauthors in [1].

This paper is arranged as follows. In §2, we describe the data and axioms
required to construct an abstract lamination with holonomy invariant information
topology. In §3, we show how the work of Pesin, Ledrappier, and Young is used to
construct such data satisfying the axioms. Together, §§2 and 3 yield a proof of the
main result which we now state.

Theorem 1.1. Let M be a smooth compact Riemannian manifold without bound-
ary, let f be a C1+α-diffeomorphism from M to itself, let µ be an f -invariant and
ergodic Borel probability measure defined on the Borel algebra B in M and Ws/u

be the stable and unstable Pesin partitions of M , whose partition elements are the
global stable and unstable manifolds through regular points of f . Then, if the µ-
entropy hµ(f) is positive, there exist f -invariant stable and unstable laminations
Ls ↪→ Ws and Lu ↪→ Wu whose global leaves are the stable and unstable global
manifolds, which intersect transversely relative to the inherited leaf-wise Riemann-
ian metrics at µ-a.e. point ∈ M . Relative to the information topology, Ls and Lu
satisfy the following additional properties.

(1) Lu (Ls) is locally homeomorphic to open Pesin boxes of the form T ×Wu
r

(T×W s
r ), where T is a Borel subset and Wu

r (W s
r ) the local unstable (stable)

manifold of some x ∈ <.
(2) The Riemannian metrics on global leaves are transversely measurable and

continuous.
(3) The dynamics of f are diffeomorphic and expanding (contracting) in the

leaf direction, and measurable and continuous in the transverse direction.
(4) The injection Iu : Lu ↪→ Wu (Is : Ls ↪→ Ws) is continuous, commutes

with the dynamics of f and the image fills up the µ-measure.

When the measure µ is hyperbolic in the sense that the Lyapunov exponents
are nonzero, one can give a quantitative description of the lamination in terms of
the transversal measure class. If one assumes further that the transversal measure
class is holonomy invariant, then the stable and unstable laminations are measured
laminations. The author has carried out the construction for this special setting in
a separate paper (see [12] for the detailed discussion).



38 MEIYU SU

Acknowledgment

We point out that the term information topology was suggested by Young and
other experts in the field during Sullivan’s talk at the conference at Princeton in
honor of Mather’s 60th birthday. This paper can be considered as the first part
of a joint project with Dennis Sullivan on laminations for more general dynamical
systems that are surjective on manifolds.

The author also expresses her sincere appreciation to the referee for his valuable
comments.

2. Abstract construction

In this section, we explore the construction of laminations on an abstract proba-
bility space (X,B,m), where X is the underlying standard Borel space with a Borel
probability measure m defined on the Borel algebra B.

2.1. Data and axioms.

Definition 2.1. A Borel subset B ∈ B is called a box if it is provided with a Borel
isomorphism to the product T × D̄, where T is a Borel subset and D̄ is a closed
k-disk in Rk. The second factor {x} × D̄ is said to be the horizontal direction and
the vertical factor Tx =: T × {x} is called the vertical or transversal direction of
the box B.

The subset T×D is called the inside and T×∂(D) is called the vertical boundary
of the box, where D is the interior of D̄ and ∂(D) is the topological boundary of
D in Rk.

If Y ⊂ B and Dy ⊂ B is the horizontal disk containing y ∈ Y , then B(Y ) =:⋃
y∈Y

Dy ⊂ B is called the B-saturation of Y .

A subset S of a box B is called a B-saturated null subset if it is a B-saturation
of T ′ ⊂ B with m(S) = 0.

Note that boxes are closed under two operations: Vertical cutting of the form
T ×D1, D1 ⊂ D and horizontal saturation.

We assume the following data for the construction.

Data.

(1) X — A standard Borel space.
(2) B — The standard Borel structure on X .
(3) m — A Borel probability measure with no atoms supported on B.
(4) Γ — A countable collection of boxes of the form B =: T × D̄.
(5) {Pn}n≥1 — An increasing sequence of countable partitions.

We assume the following axioms for the data.

Axiom 1. The countable family Γ of boxes satisfies the following properties:

(a) For m almost every point in the support of m, there are boxes B(x) ∈ Γ
containing x of arbitrary small positive m-measures.

(b) Whenever two boxes B1 = T1×D1 and B2 = T2×D2 intersect, their overlap
Borel isomorphisms are disk-preserving homeomorphisms in the horizontal
direction.
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(c) The Vertical Boundary Covering Property: for each box B = T × D̄ ∈ Γ,
the vertical boundary can be covered by the insides of other boxes in Γ
after removing a B-saturated null set.

Axiom 2. The increasing sequence of countable partitions P1 ≺ P2 ≺ P3 ≺ · · · ≺
Pn . . . satisfies the following properties.

There exists X ′ ⊂ X of full m-measure such that:
(a) The measure m(Pn(x)) → 0, as n→∞, for every x ∈ X ′, where Pn(x)

denotes the partition element in the nth-level partition Pn containing x.
(b) {Pn} separates points in the sense that for every x 6= y ∈ X ′, Pn(x) 6= Pn(y)

eventually, as n→∞.
(c) For each pair x, y ∈ X ′,

(1) lim
n→∞

log(m(Pn(y)))
log(m(Pn(x)))

= O(1).

(d) Given anym-measurable subset Y of a box B = T×D̄ in Γ with m(B(Y )) >
0, when x, y ∈ X ′ in the same horizontal disk,

(2) lim
n→∞

log(m(B(Y ) ∩ Pn(y)))
log(m(B(Y ) ∩ Pn(x)))

= O(1).

When the data satisfy the above axioms, we claim that there is a lamination
structure injected in the underlying space.

Theorem 2.1 (Abstract construction). Suppose the Borel probability measure space
(X,B,m) is provided with an increasing sequence of countable partitions {Pn} and
a countable collection Γ of boxes covering X that satisfies the above axioms 1 and 2.
Then after removing countably many saturated null sets from X, there is a topology
on the union L of the refined boxes which satisfies the vertical boundary covering
property exactly, so that these new boxes define a topological lamination L.

The proof of Theorem 2.1 is derived by construction using the steps below.

2.2. The space L.

A. The m-density. We first borrow a useful concept from Shilov and Gure-
vich [10].

Definition 2.2. Let E be a Borel subset of X with a positive m-measure. A
point x ∈ X is called an m-density for E with respect to the sequence of partitions
{Pn}n≥1 if

lim
n→∞

m(Pn(x) ∩ E)
m(Pn(x))

= 1,

provided that the limit exists.

Lemma 2.1 (Vitali-Lebesgue theorem). The subset of m-density points of E has
full m-measure of E.

Proof. See [10, pp. 209–215]. �

Definition 2.3. A point x in a box B = T × D̄ is said to be a good point of B if
it is an m-density point of B and the axioms 1(a) and 2 hold at x.

We observe the following facts.



40 MEIYU SU

Lemma 2.2. For every box B = T×D̄ in Γ, m(B) > 0, one can remove a saturated
null set such that for every point x ∈ B there is a good point y of B with x ∈ Dy.

Proof. We claim first that m-almost every point in a box B ∈ Γ is a good point of
B. In fact, the subset of m-density points of B has full m-measure in B and the
subset of points at which the Axioms 1(a) and 2 hold also has full m-measure in B.
Hence, the intersection of the two subsets has full m-measure in B. Let E be the
subset of good points of B. Then, the B-saturation B(E) =:

⋃
y∈E

DY is a sub-box

of B as desired with m(B(E)) = m(B). �

B. The saturation process.

Proposition 2.1. After removing countably many saturated null sets, one can
obtain a union of refined boxes

⋃
B′ = L ⊂ X such that the vertical boundary

covering property is true exactly for L. Namely, for each B′, the vertical boundary
∂TB

′ can be covered by the insides of other boxes.

Proof. Denote by B0 any of the boxes in Γ. We apply Axiom 1(c) by removing
B0-saturated null sets to get a new set of boxes, denoted by B1, so that the vertical
boundary ∂TB1 of each B1 is covered by B0 exactly. Removing B1-saturated null
sets, we get a set of new boxes B2, so that the vertical boundary ∂TB2 of each
B2 can be covered by B1 exactly. This process can be done in, at most, countably

many steps and then B∞ =
∞⋂
i=1

Bi covers exactly.

Let L be the union of the insides of the countably many new boxes B∞ obtained
form the above process. Then L is as desired with m(L) = 1. �

Definition 2.4. A global leaf is an equivalence in L generated by the relation: x ∼
y if there are finitely many boxes Bi = Ti×Di ∈ Γ such that for i = 1, 2, . . . , n− 1,

(a) x = x1 ∈ B1, y ∈ Bn, and xi ∈ Bi;
(b) xi and xi+1 lie on the same “open” horizontal disk Di in a box Bi.

Proposition 2.2. A global leaf has the structure of a topological manifold that
contains the “closure” of each “open” horizontal disk which intersects it.

Proof. For each refined box B′ in L, Proposition 2.1 allows us to paste finitely
many horizontal disks of other refined horizontal disks around every horizontal disk
Dx = {x} ×D in B′.

We can then define a topology on every global leaf in L, using the sub-basis
of all open sets of local horizontal disks. Then we claim that such a topology is
Hausdorff. Indeed, if x 6= y ∈ Dx are in the same horizontal disk, they can be
separated by different open sets of the disk. Otherwise, if x ∼ y, and y not ∈ Dx,
then x and y are separated by Dx \Dy and Dy.

Observe also that Axiom 1(b) guarantees that overlap maps between horizontal
disks on a global leaf, whenever they intersect, are homeomorphisms. The remaining
statement in the proposition follows from Proposition 2.1. �

Remark 2.1. To save notation, we denote the refined boxes by B, the countable
collection of such boxes B = T × D̄ by Γ and the union of all such refined boxes
that Propositions 2.1 and 2.2 hold exactly by L again.
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C. Horizontal translations.

Definition 2.5. Let B = T ×D be a box in Γ. Take any two transversals Tx =
T ×{x} and Ty = T ×{y} of B = T ×D. Define the local horizontal translation in
B from Tx → Ty by sending points x′ ∈ Tx along horizontal disks to points y′ ∈ Ty.

Let x ∼ y be two different points on the same global leaf L(x). Then there are
finitely many boxes Bi = Ti ×Di ∈ Γ, such that for i = 1, 2, 3, . . . , n− 1,

(a) x ∈ B1, y ∈ Bn, and xi+1 ∈ Di ∩Di+1 ⊂ Bi ∩Bi+1.
(b) The local horizontal translations hi of Ti = Ti×{xi} to Ti+1 = Ti+1×{xi+1}

are well defined within the boxes Bi.
The composition h = h1 ◦ h2 ◦ · · · ◦ hn defined on the subset

T1 ∩ h−1
i (T2 ∩ h−2

2 (T3 ∩ · · ·Tn−1 ∩ h−1
n (Tn)))

of the transversal Tx = T1 × {x} to a subset of the transversal Ty = Tn × {y} is
a bijection and, whenever defined, is called a horizontal translation on L from Tx
to Ty.

Remark 2.2. The domain of the horizontal translations at this stage may reduce to
a single point. This is why we go further to define a topology.

2.3. The information topology.

A. Thickness. For each box B = T × D̄, we choose one transversal TB = T ×{x},
such that x ∈ B is a good point of B. Let Σ =:

⋃
B∈Γ

TB be the countable union of

the transversals Ti of boxes Bi ∈ Γ.

Definition 2.6. Let B be a box in Γ and let Y be a Borel measurable subset of
the chosen Σ with B(Y ) > 0. Y is said to be m-thick at a good point y in B if

(3)
log(m(B(Y ) ∩ Pn(y)))

log(m(Pn(y)))
= O(1), as n→∞.

The following statement shows that m-thickness is well-defined.

Proposition 2.3. If x ∼ x′ are both good points of the box B ∈ Γ, then Y ⊂ Tx
thick at x goes to Y ′ = h(Y ) ⊂ TY thick at x′ under the horizontal translation
Tx → Ty in the box B.

Proof. Notice that B(Y ) = B(Y ′) and the inequalities (1) and (2) in Axiom 2(c)–
(d) hold for both x and x′; we have

log(m(B(Y ′) ∩ Pn(x′)))
log(m(Pn(x′)))

=
log(m(B(Y ′) ∩ Pn(x′)))
log(m(B(Y ) ∩ Pn(x)))

· log(m(B(Y ) ∩ Pn(x)))
log(m(Pn(x)))

· log(m(Pn(x)))
log(m(Pn(x′)))

∼ C±2 · log(m(B(Y ) ∩ Pn(x)))
log(m(Pn(x)))

, as n→∞.

�
Definition 2.7. If y ∈ B is not a good point of B, then let x ∈ B be a good
point so that y ∈ Dx and let h be the horizontal translation within the box B with
y = h(x). We say that h(Y ) is m-thick at y if and only if Y is m-thick at x by
Definition 2.6.

Corollary 2.1. m-thickness is invariant under horizontal translations.



42 MEIYU SU

B. The m-topology on transversals.

Definition 2.8. Let Σ =
⋃
B∈Γ

TB be chosen as above and let Y be a Borel subset

of Σ.
(1) Y is said to be m-full at y ∈ Σ ∩ B if for any F ⊂ Σ, m-thick at y, then

Y ∩ F is also m-thick at y.
(2) Y is said to be m-open if Y is m-full at every point y ∈ Y .
(3) Define ∅ to be m-open.

Lemma 2.3. The m-openness on transversals is invariant under horizontal trans-
lation.

Proof. This follows from the invariance of the m-thickness under horizontal trans-
lations. �

Proposition 2.4. The m-openness satisfies the properties of a topology.
(i) If Y1 ∩ Y2 6= ∅ are two m-open subsets of Σ, then Y1 ∩ Y2 is also m-open.
(ii) If Yα ⊂ Σ are m-open, so is

⋃
α
Yα in Σ.

(iii) Σ =
⋃
B∈Γ

TB is m-open.

Proof.
(i) For every y ∈ Y ∩ Y ′, if A ⊂ Σ is m-thick at y, then Y ∩ A is m-thick

at y because Y is m-full at y. Since Y ′ is m-full at y, the intersection of
Y ′ ∩ (Y ∩ A) is, in turn, m-thick at y. Thus, (Y ∩ Y ′) is m-full at y and
thus is m-open.

(ii) For every y ∈
⋃
Yα, and any A ⊂ Σ, m-thick at y, there is an index α0 so

that y ∈ Yα0 . Then Yα ∩A is thick at y and so is
⋃
Yα.

(iii) By the definition of Σ =
⋃
TB, where TB = T ×{x}, x ∈ B is a good point

of B, and by (ii), we need to show that every T = TB = T ×{x} is m-open.
(a) T is m-thick at x: Since x is an m-density point of B and B(T ) = B,

we have, for any 0 < ε < 1 and n sufficiently large, (1− ε)m(Pn(x)) ≤
m(B(T ) ∩ Pn(x)) ≤ (1 + ε)m(Pn(x)). By taking the logarithm of the
above inequality we have the assertion.

(b) T is m-thick at every y ∈ T : There exists a good point y′ ∈ B
such that y = h(y′) via a local horizontal translation defined from
Ty′ = T × {y′} to T along the horizontal disks in the box B. By (a),
Ty′ is m-thick at y′, and so is the h-image T at y by the invariance of
the m-thickness under horizontal translations.

(c) T is m-full at every point y ∈ T : Indeed, ∀A ⊂ Ty, m-thick at y ∈ T ,
so is A ∩ T for m(B(A ∩ T ) ∩ Pn(y)) = m(B(A) ∩ Pn(y)).

�

C. The information topology.

Definition 2.9. A box B = T × D is said to be fine-open if its transversal T is
m-open and the horizontal disk D is open in the leaf topology.

Use all such open boxes to form a sub-basis and generate a topology on L. We
call this topology the information topology. One can check that, equipped with the
information topology, the space L is Hausdorff.
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Lemma 2.4. The inside B0 = T ×D ⊂ L of every refined box in Γ is fine-open.

Proof. By the proof of Proposition 2.4(iii), the transversal of the refined box B =
T × D̄ is m-open and thus the inside B0 = T ×D is fine-open by definition. �

2.4. The lamination on L.

Proposition 2.5. Relative to the information-topology, L is laminated by global
leaves and satisfies the following properties:

(a) L is a laminated space locally homeomorphic to fine-open boxes of the form
B = T ×D.

(b) L ↪→ X has full m-measure of X.
(c) L respects the Borel structure on X (mod 0, r.w.t. m) in the sense that

for every Borel subset A in B with a positive m-measure, ∀ε > 0, there is
a countable union of fine-open boxes of the form Bj = Tj × Dj such that
A ⊂

⋃
j≥1

Bj and m(
⋃
j≥1

Bj \A) < ε.

Proof. By Lemma 2.4, the inside B0 = T ×D of each refined box B = T × D̄ in L
is fine-open. As the countable union of all open boxes, L is fine-open.
L consists of global leaves, each of which has the structure of a topological man-

ifold. We claim that the topological structures are transversely continuous relative
to the information topology. In fact, the Borel isomorphism between the interior
of every refined box to the product T ×D becomes a continuous homeomorphism
in the transversal direction relative to the transverse m-topology. Furthermore,
whenever two fine open boxes intersect, the intersection is also fine-open and the
overlap maps become continuous homeomorphisms transversely and horizontally.
Therefore the topological structures on local disks are transversely continuous.

(a) For every point x ∈ L, there is a good point y contained in a refined box
B(y) = T × D̄ containing x ∈ Dy. Therefore, the fine-open box B(y)0 =
T ×D can serve as a fine-open box neighborhood of x in L.

(b) This follows from the construction of L and Proposition 2.1.
(c) Given a Borel subset A ∈ B with m(A) > 0 and ε > 0, we denote by A′

the subset of all the good points in A. For each x ∈ A′, by Axiom 1(a)
and Lemma 2.2, we have a refined box B(x) = T (x)×D(x) that contains
x in the interior and has an arbitrary m-measure. Hence A′ ⊂

⋃
x∈A′

B0(x).

Notice that the union here is, at most, countable and thus we can select
the B(x) in such a way that the m-measure of the union is as required.

�

We point out that the horizontal translations from transversal to transversal
on L become homeomorphisms which are commonly known as holonomy homeo-
morphisms for the lamination. We have completed the proof of the main theorem
2.1.

3. Lamination data for a diffeomorphism

In this section, we collect the lamination data for a system (M, f, µ,B), where
M is a smooth compact Riemannian manifold without boundary, f is a C1+α-
diffeomorphism of M onto itself, for 0 < α ≤ 1, and µ is an f -invariant and ergodic
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Borel probability measure defined on the Borel algebra B. We assume that the
entropy h(f) with respect to µ is positive.

3.1. Existing data. Let us begin by recalling some terms, facts, and notations
in Pesin theory. For x ∈ M , let TxM denote the tangent space to M at x. The
point x is said to be regular if there exist measurable functions k(x), λ1(x) >
λ2(x) > · · · > λk(x)(x), and a measurable decomposition of the tangent space
E(x) =:

⊕
1≤i≤k Ei(x), such that for every non-zero tangent vector v ∈ Ei(x),

lim
n→∞

1
n

log ||Dfn(x)v|| = λi(x)

and

lim
n→∞

1
n

log |Jac(Dfn(x))| =
k(x)∑
i=1

λi(x) dim (Ei(x)), i = 1, . . . , k(x).

By a theorem of Oseledec ([6]), the set < of regular points of f is of full µ-measure.
The number λi(x) is called the ith-Lyapunov exponent of f at x, i = 1, . . . , k(x).
The functions x→ k(x), λi(x), and dim Ei(x) are invariant along orbits, and thus
constants µ-almost everywhere since µ is ergodic. Define

Es(x) =
⊕
λi<0

Ei(x), Ec(x) = Ei0 (x), where λi0 (x) = 0, Eu(x) =
⊕
λi>0

Ei(x).

Let ρ be the Riemannian metric on M and set

Wu(x) = {y ∈M : lim sup
n→∞

1
n

log ρ(f−n(x), f−n(y)) < 0}

and

W s(x) = {y ∈M : lim sup
n→∞

1
n

log ρ(fn(x), fn(y)) < 0}.

Define Wu
r (x) (and W s

r (x)) to be the component of Wu(x) (and W s(x)), contain-
ing x, in the r-disk neighborhood of x. Then, carrying the inherited Riemannian
structure from M , Wu(x), tangent at x to Eu(x) (and W s(x) to Es(x)), are C1+α-
immersed sub-manifolds. The sets Wu(x),W s(x),Wu

r (x), and W s
r (x) are known as

the global and local unstable and stable manifolds through x ∈ <, respectively. The
radius r(x) of the local unstable and stable manifolds is µ-measurable and bounded
above and below exponentially along orbits. We denote by

λ = min {|λi|}, u = dimEu, c = Ec(x), s = dimEs,

and assume that u > 0.
We point out that the collection of global stable and unstable manifolds Ws =

{W s(x) : x ∈ <} and Wu = {Wu(x) : x ∈ <} form the so-called Pesin stable
and unstable partitions of M , which are commonly referred to as the “stable and
unstable foliations” of f on M . They do not, however, form real foliations or
laminations relative to the usual topology on M . In this section, we work with the
unstable partition Wu and collect the data required for a true lamination.



INFORMATION TOPOLOGY AND TRUE LAMINATIONS 45

Existing data.
• The underlying space X =: M — a boundary-free smooth compact Rie-

mannian manifold provided with a C1+α-diffeomorphism f .
• B — the standard Borel structure on M .
• µ — an f -invariant and ergodic Borel probability measure with no atoms.
• Pn — the increasing sequence of countable partitions: Let P be the count-

able partition of finite entropy constructed by Ledrappier and Young ([4])

and let Pn =:
n∨

j=−n
f−j(P) be the increasing sequence of refined partitions

under the dynamics.

3.2. The countable collection of Pesin boxes. In this subsection, we construct
an f -invariant countable collection Γ of boxes, which are called Pesin boxes in the
sequel.

Proposition 3.1. There exists an f -invariant countable family Γ of Pesin boxes
of the form B =: T ×Wu

r whose union covers the regular set < mod zero relative
to µ.

We give the proof by construction.

A. The countable decomposition of the regular set <. By standard measure
theory, there exists a countable decomposition of the regular set < =

⋃
m≥1

<m such

that for every m ∈ N, the subset <m satisfies the following properties:
∀ 0 < ε < 1, there exist constants 0 < rm < 1 and Cm > 1, independent of
x ∈ <m, such that:
(i) The radius r(x) of Wu

r(x)(x) and W s
r(x)(x) is ≥ r and µup (Wu(x, r)) ≥

1
2m and µsp(W

s(x, r)) ≥ 1
2m for r = rm

2 > 0.
(ii) The Riemannian metrics on the local stable and unstable manifolds

of radius r and the maps x 7→ Wu
r (x) and x 7→ W s

r (x) are uniformly
continuous on <m.

(iii) For y ∈ Wu
r (x),

ρ(f−nx, f−ny) ≤ Ce−nλ, y ∈ W s
r (x), ρ(fnx, fny) ≤ Ce−nλ,

and

sin (∠(Eα(x)Eβ(x))) ≥ C−1 > 0, α, β ∈ {s, c, u}.
Choose m ∈ N and Cm sufficiently large that µ(< \ <m) < ε

2 and set

Λ = {q ∈ < : fn(q) ∈ <m for infinitely many n’s}.
Then Λ is f -invariant and hence µ(Λ) = 1. We denote the set <m ∩ Λ, again,
by <m.

B. The Pesin boxes. For any µ-measurable subset E, using the increasing se-
quence of countable partitions {Pn}, we obtain a full µ-measure subset of density
points of E. We point out that the Vitali-Lebesgue theorem (see Lemma 2.1) also
guarantees that µ-almost every point x ∈ E is a Lebesgue-density point for E in
the sense that lim

r→0

µ((Dx,r)∩E)
µ((Dx,r)) = 1, where D(x, r) is a disk-neighborhood of x of

radius r > 0 centered at x. Without loss of generality, in the sequel, we will take
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the density points of E to be in the intersection of the two types without referring
to either Lebesgue-density or µ-density.

Given a Borel subset A ⊂ <m of diameter < r and given any number δ > 0, we
denote by Wu(x, δ) the component of Wu(x) in the δ-neighborhood N(A, δ) of A,
containing x. Wu(x, δ) can also be viewed as a local unstable manifold of x. Now for
a fixed 0 < ε < λ

4 , let x0 ∈ <m be a density point of <m and let A = <m∩D(x0, r),
where 0 < r < rm

2 is sufficiently small that µ(A) = (1− ε
2 )µ(D(x0, r));

C−1
m e−n(h+ε) ≤ µu/s(Wu/s(x, r) ∩ Pn(x)) ≤ Cme−n(h−ε)

holds for all x ∈ A and all n ≥ 0, where µu and µs denote the conditional measures
of µ associated to the partitions ξu and ξs subordinate to Wu and Ws, and h is
the Kolmogorov-Sinai entropy of f (see [4] for the definition and more properties
of the partitions ξu and ξs).

Definition 3.1. Define

B = B(x0) =:
⋃
x∈A

Wu(x, r)

and call B a Pesin box for the unstable partition Wu, of radius r generated by A,
where Wu(x, r) is the closed local unstable manifold of x in the r0-neighborhood
of A with respect to the relative topology on the global unstable manifold Wu(x).

Such Pesin boxes possess the following properties.

Lemma 3.1. The Pesin box B(A) is homeomorphic to the product T ×Wu(x, r).

Proof. According to Ledrappier and Young [4, p. 528], there exists a specified
smooth sub-manifold Σ which intersects every local unstable disk Wu(x, r) ⊂ B
transversely at a unique point and satisfies:

(a) Σ can be viewed as the graph of a smooth function from a small disk in
Rc+s to a small disk in Ru with slope ≤ 1

3 ; and
(b) for every x ∈ A, there exists Σ(x) homeomorphic to Σ such that W s(x, r) ⊂

Σ(x).

�

Lemma 3.2. Every <m can be covered by countably many Pesin boxes:

<m ⊂
⋃
i≥1

B(Ai)

of the form Ti ×Wu
r (xi) as defined in Lemma 3.1, around a µ-density point xi.

Therefore, the regular set < can be covered by countably many Pesin boxes of arbi-
trarily small µ-measure (mod zero relative to µ).

Proof. Fix r = rm
2 ≤ e−n0(λ+ε). The set <m can be covered by countably many

Ai = <m∩D(xi, r2 ) with xi ∈ <m. Let B(Ai) be the Pesin box of radius r generated
by Ai, i = 1, 2, . . . . Then <m ⊂

⋃
i≥1

B(Ai). �

We denote by Γ0 the countable collection of Pesin boxes whose union covers <
(mod zero relative to µ).
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Definition 3.2. A µ-measurable subset B is called a Pesin box in the general sense
for the unstable partition Wu if B is homeomorphic to the product of the form
T (x)×Wu

r (x), where T (x) is µ-measurable so that T (x) ∩ ξs(x) is µs-measurable,
and Wu

r (x) the closure (in the leaf topology) of the local unstable manifold for some
point x ∈ B ∩ <.

For any subset Y of a Pesin box B = T ×Wu
r , the subset B(Y ) =:

⋃
y∈Y

Wu(y, r)

of B is called the B-saturation of Y , where Wu(y, r) ⊂ B is the closure (in the leaf
topology) of the local unstable leaf in B containing y.

One can also check the following fact.

Lemma 3.3. Let B = B(Ai) ∈ Γ0 be the Pesin box generated by Ai = <m ∩
D(xi, r) 3 xi. Then f(B) is also a Pesin box homeomorphic to the product f(Ti)×
f(D(xi, r)).

Proof. This follows because f is a C1+α-diffeomorphism f on M . �
We define Γ to be the countable collection of all Pesin boxes of the form Ti×Wu

i

in Γ0, together with their forward and backward images under the dynamics of f .
Then Γ is f -invariant and the union of the Pesin boxes in Γ covers < (mod 0 rel. µ).

This completes the proof of Proposition 3.1.

4. The axioms for a diffeomorphism

We show, in this section, that the Pesin boxes constructed in the previous section

and the sequence of the partitions {Pn =:
n∨

k=−n
f−k(P)} satisfy Axioms 1 and 2

stated in Section 2.

4.1. Γ satisfies Axiom 1.

Proposition 4.1. Let Γ be the countable collection of Pesin boxes constructed in
the previous section.

(a) For every density point x0 ∈ <m, there exists a decreasing sequence rmi →
0, as mi →∞, and Pesin boxes Bmi(x0) = T (x0)×Wu

rmi
(x0) ∈ Γ of radii

rmi such that the union of the Pesin boxes Bmi(x0) covers the local stable
manifold W s

rm(x0) up to a µsx0
-measure zero. In particular, Axiom 1(a)

holds for Γ.
(b) Whenever two Pesin boxes in Γ intersect, the overlap maps are Borel mea-

surable in the transversal direction and C1+α smooth in the disk direction.
Furthermore, the Riemannian structure on the local unstable manifolds is
uniformly continuous in the transversal direction.

(c) [Vertical Boundary Covering Property]. For every Pesin box B = T×Wu
r ∈

Γ, the vertical boundary ∂TB = T×∂Wu
r of B can be covered by other Pesin

boxes in Γ, up to a B-saturated null subset of the form Y ×Wu
r ⊂ B for

some Y ⊂ T .

Proof. (a) From the construction of <m, one observes that the regular set < =
⋃
<m

is an increasing union <1 ⊂ · · · ⊂ <m ⊂ . . . . Then for every density point x0 ∈ <m,
one can shrink the radii rm of the unstable and stable manifolds uniformly with
rm → 0, as m→∞ such that Am(x0) = <m∩D(x0, rm) covers a bigger proportion
of the µ-measure of D(x0, rm) and the transversal Tm ∩W s(x0, rm) covers a bigger



48 MEIYU SU

proportion of the µs-measure of W s(x0, rm), as m→∞. In particular, Axiom 1(a)
holds.

(b) Since the dimension u of the unstable manifold Wu(x) is almost constant
for x ∈ <, we may assume that it is constant at every point x ∈ <m. From the
definition of Pesin boxes B(xi) generated by Ai = <m ∩D(xi, rm), the horizontal
disks are in fact the local unstable manifolds through the points in Ai which are
C1-close in the transversal direction. Whenever two such Pesin boxes intersect,
the overlap maps can be chosen as overlap maps of the local unstable manifolds.
These overlaps are Borel in the transversal direction. Moreover, by the definition of
<m, the Riemannian structures of the local unstable disks in B(Ai) are uniformly
continuous in the transversal direction. Such properties are clearly preserved by
the dynamics of f in both the forward and backward iterations.

(c) Without loss of generality, we may assume that B = B(Ai) is the Pesin box
generated by Ai = <m ∩ D(xi, r), for some density point xi ∈ <m with µ(B) ≥
µ(Ai) > (1 − ε)µD(xi, r). Choose E ⊂ T, such that B(E) =: E ×Wu(xi, r) ⊂ B
has positive µ-measure. Since µ is ergodic, f−n(x) returns to B(E) for infinitely
many n for µ-a.e. x ∈ B(E). Choose n large enough so that Ce−nλ < r. It is
evident that F =: f−n(B(E)) ∩ B(E) has positive µ-measure. The local unstable
disks of f−n(B(E)) are compactly contained in the local unstable disks of B(E)
whenever they intersect. Thus fn(f−n(B(E)) ∩ B(E)) is compactly contained
in (fn(B) ∩ B) in the leaf direction. That is, the part of the vertical boundary
∂TB(F ) ⊂ E × ∂T (Wu(xi, r)) can be covered by the Pesin box fn(B) ∈ Γ.

Continue this process to cover the remaining part of the vertical boundary B(E)
by other Pesin boxes of form f `(Bj) for some Bj ∈ Γ, by deleting the vertical
boundary of a B-saturated null subset of the form Y ′ ×Wu(xi, r). This covering
process is at most countable. �

4.2. The sequence of partitions {Pn}n≥1 satisfies Axiom 2. We may require
that the special sequence {Pn} of countable partitions of Ledrappier and Young
refine every Pesin box in the countable collection Γ.

Proposition 4.2. The sequence {Pn} of countable partitions satisfies all the prop-
erties stated in Axiom 2 (see Section 2.1).

Proof. For the special countable partition P of finite entropy, according to Ledrap-
pier and Young, given any ε > 0, there exists a subset Λ ⊂ <, a constant C > 1,
and an integer n0, independent of x ∈ Λ, such that for every x ∈ Λ and n ≥ n0.

(i) Pn(x) ⊂ D(x, 2e−n) (see [4, pp. 568–569]).
(ii) Pn(x) ∩ ξu(x) ⊂ Du(x, e−n(λ−ε)) (see Lemma 10.2(3) [4, p. 560] for i = u).
(iii) C−1e−2n(h+ε) ≤ µ(Pn(x)) ≤ Ce−2n(h−ε) (see Estimate (4) [4, p. 568]).
(iv) C−1e−n(h+ε) ≤ µu(Pn(x) ∩ ξu(x)) ≤ Ce−n(h−ε) (the estimate from below

is Lemma 10.2(4), for i = u [4, p. 560]. For the estimate from above, one
knows that hµ = h (see Corollary 10.2(2) [4, p. 543]).

We may assume that for each m, every point x is a density point in <m, and the
above inequalities hold for all x ∈ <m. Otherwise, we can take a smaller version of
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<m. Let X ′ =
⋃
<m. Then we obtain the following.

Axiom 2(a)–(b). It follows from (i) and (ii) above that diam(Pn(x)) → 0 and
µ(Pn(x)) ≤ Ce−2n(h+ε) → 0, for every x ∈ X ′, as n→∞.

Axiom 2(c). One can obtain, from (ii) above, that log (µ(Pn(x)))
log (µ(Pn(y))) ≤ C′ h+ε

h−ε ,

for some C′ independent of all x and y ∈ X ′.
Axiom 2(d). Let B = B(Ai) = Ti ×Wu

r (xi) be the inside of a Pesin box,
generated by Ai = <m ∩ D(xi, r) for some point xi ∈ <m, in
the countable collection Γ of Pesin boxes constructed in the
previous section. We observe the following fact and give its
proof later.

Lemma 4.1. For any Y ⊂ T and z ∈ B, the B-saturation B(Y ) satisfies B(Y ) ∩
P (z) =

⋃
q∈B(Y )

(Dq ∩ Pn(z)).

Now, for any Y ⊂ T and z ∈ {x, y}, let Yz = B(Y ) ∩ Tz. Then B(Y ) = B(Yz).
Use a generalized Fubini result to “disintegrate” the measure µ as follows:

µ(E) =
∫
µuy (E ∩Dy) dη,

where η is the “push forward” measure on B(E) defined by η(E) = µ(B(E)) for
any measurable subset E ⊂ B. Then

µ(B(Y ∩ Pn(x))) = µ(
⋃

q∈B(Y )

Dq ∩ Pn(x))

=
∫

B(Y )

µuz (Wu(z, r) ∩ Pn(z)) dη

≤ Ce−n0(h−ε) · µ(Tx ∩ Pn(x)).

Notice again that the partition Pn refines the Pesin box B, Pn(q) = Pn(x) for
every q ∈ B(Y ) ∩ Pn(x), and denote µuq (Pn(x)) = µuq (Pn(q) ∩ ξu(q)). Using the
above estimate (ii), we obtain the inequalities

µ(B(Yx) ∩ Pn(x)) =
∫

B(Yx)

µuq (Wu(q, r) ∩ Pn(x)) dη

≤ η(B(Yx)) · Ce−n(h−ε) = C · µ(B(Yx)) · e−n(h−ε)

and

µ(B(Yy) ∩ Pn(y)) =
∫

B(Yy)

µuq (Wu(q, r) ∩ Pn(y)) dη

≥ η(B(Yy)) · Ce−n(h+ε) = C · µ(B(Yy)) · e−n(h+ε).

Combining these two inequalities, we obtain Axiom 2(c). �

Proof of Lemma 4.1. For every p ∈ B(Y )∩Pn(z), there is a q ∈ Y such that p ∈ Dq

and p ∈ Pn(x). Hence, p ∈ Dq ∩ Pn(z) and then p ∈
⋃
Dq ∩ Pn(z). On the other

hand, for every p contained in the union
⋃
Dq ∩ Pn(z), there is a q ∈ B(Y ) such

that p ∈ Dy ∩ Pn(z), which implies that p ∈ B(Y ) ∩ Pn(z). �
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Applying Proposition 2.1, we obtain a subset Lu ⊂ Wu of global unstable mani-
folds which can be covered by the insides of refined Pesin boxes in ∈ Γ. Introducing
the µ-topology on transversals and the information topology on M , we have a true
lamination Lu that satisfies the following additional properties.

Proposition 4.3. The lamination Lu obtained above is f -invariant and, relative
to the information topology, it possesses the following additional properties.

(a) The Riemannian structure on global leaves is transversely measurable and
continuous.

(b) The dynamics of f is an expanding diffeomorphism in the leaf direction and
continuous in the transversal direction.

(c) The image of the injection Iu : Lu ↪→Wu fills up the µ-measure.

Proof. This is evident from the construction of the Pesin boxes in Γ. �
Remark 4.1. Replacing u by s (or s by u), unstable by stable (or stable by unstable),
we obtain an f -invariant lamination Ls continuously injected in the stable partition
Ws so that the image of the injection intersects Ws in a full µ-measure. The
restriction of f to Ls is a contracting diffeomorphism in the leaf direction.

Remark 4.2. From the construction, one can derive that Ls and Lu intersect trans-
versely at every intersection point and this intersection fills up the µ-measure of
the regular set.

Proposition 4.4. The dynamical triple (Lu, Ls, f) is well defined by the properties
listed in Theorem 1.1, up to measure theoretic isomorphisms which are smooth in
one of the leaf directions, and measure preserving and continuous in the transversal
direction, respectively.

Proof. Suppose that there is another triple (L′u, L′s, f) satisfying the properties
stated in the main theorem. To save notation, we let L′ = L′u/s. Then there is a
continuous injection J : L′ → M so that the image J(L′ ), contained in W , has
full µ-measure. Take the intersection S = J(L′ ) ∩ L. Then S has full µ-measure
and so is the f -invariant saturation S̄ =

⋃
fn(S). Moreover, the composite map

Φ =: J−1 ◦ I : I−1(S̄) → J−1(S̄) is smooth in the leaf direction and continuous in
the transversal direction for the information topology. �

We complete the proof of Theorem 1.1.

5. The nested family of unstable laminations

Now for every i ∈ {1, 2, . . . , u} with λi > 0, define

W i(x) = {y ∈M : lim sup
n→∞

1
n

log (ρ(f−n(x), f−n(y))) ≤ −λi}.

Then W i(x) is a C2 (Σj≤i dimEj) dimensional immersed sub-manifold of M tan-
gent to

⊕
j≤i

Ei(x) at x ∈ <. It is known as the ith-unstable manifold of f at

x. The collection Wi = {W i(x) : x ∈ <} is sometimes referred to as the ith-
unstable “foliation” on M . Using this language, one has a nested family of “a.e.-
foliations”: W1 ⊂ W2 ⊂ · · · ⊂ Wu corresponding to the distinct Lyapunov expo-
nents λ1 > λ2 > · · · > λu of f .

If the conditional entropy hi is positive for each i, we may employ the same
techniques and obtain a nested family of true laminations.
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Theorem 5.1. Let (m, f, µ,B) be the Pesin system as in Theorem 1.1. If the
conditional entropy hi is positive for each i, then there exists a nested family of
f -invariant laminations Li ↪→ Wi with L1 ⊂ L2 ⊂ · · · ⊂ Lu which satisfies the
following additional properties.

(1) Each Li is locally homeomorphic to the Pesin box product chart of the form
B = T ×W i(x, r) whose global leaves are the i th-unstable manifolds W i(x)
through points x ∈ Li.

(2) The Riemannian metrics on global leaves are continuous in the transverse
direction.

(3) The dynamics of f is C1+α-diffeomorphic and expanding in the leaf direc-
tion and continuous in the transverse direction.

(4) The inclusion Ii : Li ↪→ Wi is continuous and its image fills up the µ-
measure of Wi.

Proof. The proof is similar to that of Theorem 1.1 when we use our new ingredients
of the Pesin boxes and the entropy topology. By changing the symbols from u to i
or i− 1, we obtain a nested family of true laminations. �
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