CONFORMAL GEOMETRY AND DYNAMICS
An Electronic Journal of the American Mathematical Society
Volume 10, Pages 288–325 (October 10, 2006)
S 1088-4173(06)00134-2

THE CORE CHAIN OF CIRCLES OF MASKIT’S EMBEDDING
FOR ONCE-PUNCTURED TORUS GROUPS
IRENE SCORZA

Abstract. In this paper, we describe the limit set Λn of a sequence of manifolds Nn in the boundary of Maskit’s embedding of the once-punctured torus.
We prove that Λn contains a chain of tangent circles {Cn,j } that are described
from the end invariants of the manifold. In particular, we give estimates in
terms of n of the radii rn,j of the circles and prove that rn,j decrease when n
tends to inﬁnity. We then apply these results to McShane’s identity, to obtain
an estimate of the width of the limit set in terms of n.

1. Introduction
Let G be a once-punctured torus group, i.e. a free, discrete two-generator group
of Möbius transformations such that the commutator of the two generators a, b
is parabolic. Let N be the hyperbolic 3-manifold obtained as the quotient of hyperbolic space by G. Then G can be seen as ρ(π1 (S)) where S is a hyperbolic
once-punctured torus and
ρ : π1 (S) −→ P SL2 (C)
is a representation. For a generic N , the limit set Λ is a very complicated subset of
the complex plane: For Fuchsian groups, Λ is a circle; for quasi-Fuchsian groups,
Λ is topologically a circle, but on the boundary of a quasi-Fuchsian space, Λ can
be a complicated non-embedded Peano curve and it can also degenerate to the full
complex plane. Under some assumptions, Bowditch [6], Minsky [21] and McMullen
[18] proved that the limit set Λ is the image of the limit set Λ0 of a Fuchsian group
by a continuous ρ-equivariant map called the Cannon–Thurston map for G.
In this paper, we describe and study the limit set Λn of a sequence of manifolds
Nn in the boundary of the quasi-Fuchsian space. They are geometrically ﬁnite
and have two accidental parabolics: 10 and pqnn . The end invariants for Nn are
the rational points 10 and pqnn . The deﬁnition of the rational numbers pqnn will be
precisely explained in Section 4: The sequence pqnn converges to an irrational number
ξ, deﬁned later.
For the existence of accidental parabolics, the limit set Λn is made by inﬁnite
many tangent circles in the complex plane where the tangency points are ﬁxed
points of parabolics. We prove that every point in the limit set can be written as
an inﬁnite product of the generators a and b and their inverses. Therefore the limit
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set can be divided into four regions Λa , Λb , Λa−1 and Λb−1 , according to the ﬁrst
letter of the representation as an inﬁnite product.
Among all tangent circles in Λn , we choose a chain of tangent circles Cn,j . These
circles separate Λa from the regions Λb , Λa−1 , Λb−1 . The reader can look at Figure 1
and Figure 2 for two examples of the chain. The purple circles represent the circles
Cn,j , the red points are those which can be represented by an inﬁnite word beginning
with b−1 , the green points start with a−1 , the yellow points start with b and the
blue points start with a. From Figure 1 and Figure 2, it is evident that the limit set
Λn is very complicated and therefore it is hard to describe. The aim of this work is
to analyze it from both an algebraic and geometric point of view. To describe the
limit set Λn with an algebraic language, we prove, in the following theorem, that
tangency points between consecutive circles in the chain can be described in terms
of the Cannon–Thurston maps ψn for Gn .

Figure 1. The core chain of circle for G =

1

2
0, 5
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Figure 2. The core chain of circle for G =

1

55
0 , 144



Theorem 1.1. The core chain of circles separates the complex plane into the four
regions consisting of words starting with a, b, a−1 , b−1 . In particular, the tangency
points zi between Cn,i and Cn,i+1 are of the form:
zi = ψn ◦ (Xi ) = ψn ◦ (Yi ),
where Xi , Yi ∈ Σ, e1 (Xi ) = b−1 and e1 (Yi ) = b−1 , where Σ is deﬁned in Section 3.2
and e1 (W ) is the ﬁrst letter of the word W .
This is a good description of the limit points of Λn in terms of the elements of the
group Gn . Unfortunately, this result does not describe the limit set geometrically.
From what we said previously, we know that the limit points are arranged in circles,
but we do not know how big these circles are. Moreover, we can’t compare diﬀerent
limit sets Λn , varying the number n. To answer these questions, we prove that the
radii of the circles in the circle chain depend only on n, the number of elements
in the continued fraction expansion of pqnn . First, we prove this result for the ﬁrst
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circle in the chain, and then we use some symmetries to extend the results for each
circle in the chain.
Let f (x) and g(x) be two functions of x ∈ R and a ∈ R. We say that f and g
have the same order w.r.t. a (denoted f ∼a g) if there exists a constant k = 0 such
that fg → k as x → a. We will omit a when it is clear from the context. Then we
prove the following theorem:
Theorem 1.2. The radius rn,0 of Cn,0 satisﬁes rn,0 ∼
to 0 when n → ∞.

1
n.

In particular, rn,0 tends

Corollary 1.3. The radius rn,j of the circle Cn,j tends to 0 when n → ∞ for all j.
To prove theorem 1.2, we use the model manifold introduced by Minsky in [22],
some results about Margulis tubes that can be found in Section 2.2 and estimates
of the lengths of geodesics in the manifold.
An immediate consequence of theorem 1.2 is an application to McShane’s identity. This identity was introduced by McShane in [19] and involves the lengths of
simple closed curves on a punctured torus. It was extended by Bowditch in [7] to
hyperbolic 3-manifolds and it was used by Akiyoshi, Miyachi and Sakuma in [1] for
the width of the limit set. Using Jørgensen’s normalisation of the once-punctured
torus groups, the limit set of the group is contained in a band of a certain height
(twice the width). In [1], Akiyoshi, Miyachi and Sakuma proved that the width
of the limit set is related to McShane’s identity. We prove that this height is
proportional to n.
Corollary 1.4. Let ω(Λn ) be the width of the limit set. Then


1
1
= −
∼ n.
ω(Λn ) = 
λ(γ)
1
+
e
1
+
eλ(γ)
γ∈S
γ∈S
L

R

Results such as theorem 1.2 and corollary 1.3 are also used in [25] for studying
the limit set of the limiting manifold N∞ .
At the end of the paper, we analyze the particular case of n = 3, that is, the
manifold Nq with end invariants 10 and 1q . This case is interesting because the
simplicity of the combinatorics allows us to give an estimate about the radius of
every circle in the chain.
Theorem 1.5. The radius of Ck such that 4 < k ≤ q2 satisﬁes rk ∼
 2 2

π (k − 1)
4k
√
V1 =
+ log
.
2c4
k2 − 1

1
eV 1

where

The constant c4 is universal. In particular, the radius of C q2 satisﬁes r q2 ∼ ( q42 ).
Moreover, r mq tends to 0 when q → ∞.
Moreover, we show that Nq is an example of a sequence of manifolds for which
the algebraic limit is diﬀerent from the geometric limit.
The paper is structured as follows.
In Section 2 we give deﬁnitions and prove some preliminary facts. We introduce
once-punctured torus groups and, in particular, we describe Maskit’s embedding.
We prove some properties about Margulis tubes of 3-manifolds that we will use in
the following part of the paper.
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In Section 3, we deﬁne the core chain of circles in the limit set of the manifold.
We describe points in the limit set as inﬁnite reduced words in the generators of
the group and we relate these matters with Cannon–Thurston maps.
Section 4 is a short description of the limit manifold N∞ .
In Section 5, we prove the main theorem of this paper, i.e. the estimates of the
radii of the circles and consequently their convergence.
In Section 6, we apply the previous results to relate the number n with McShane’s
identity and the width of the limit set.
In Section 7, we describe the particular case of n = 3.
2. Definitions, notation and preliminary facts
2.1. Once-punctured torus groups. In this paper, we consider once-punctured
torus groups G, i.e. free, discrete two generator groups of Möbius transformations
such that the commutator of the two generators is parabolic.
The group G can be seen as ρ(π1 (S)) where S is a hyperbolic once-punctured
torus and
ρ : π1 (S) −→ P SL2 (C)
is a faithful representation.
Let N be the hyperbolic 3-manifold given by N = H3 /G. The loop around the
puncture of the torus determines a cusp (which we will call the “main cusp”) in N
and therefore the representation is type-preserving.
Bonahon [5] proved that N is homeomorphic to the product S × (−1, 1) and it
has two ends that we call e+ and e− .
Let Λ ⊆ Ĉ be the limit set, i.e. the set of accumulation points of the orbit of a
point x ∈ H3 ∩ Ĉ. Let Ω = Ĉ \ Λ be the ordinary set. The group G acts properly
discontinuously on Ω.
From Ahlfors’ ﬁniteness theorem, the boundary Ω/G of (H3 ∪Ω)/G is a Riemann
surface.
Any component of Ω/G is reached by going towards one of the two ends, and
this divides it into two disjoint pieces Ω+ /G and Ω− /G (where Ω+ and Ω− are the
possibly empty corresponding invariant subsets of the ordinary set Ω). Since there
is a nearest point retraction from Ω to the boundary of the convex hull CH(Λ) of
the limit set Λ, there is a one-to-one correspondence between the components of
Ω/G and the components of the boundary of the convex core C(N ) = CH(Λ)/G.
Therefore ∂C(N ) is naturally divided into two possibly empty parts ∂+ C(N ) and
∂− C(N ), that are convex pleated surfaces in N with an induced hyperbolic metric.
To classify once-punctured torus groups, we have to understand the two end
invariants ν+ and ν− that are deﬁned by the two components Ω+ /G and Ω− /G of
Ω/G. In [15], Maskit classiﬁed all the possible components of Ω/G for a general
surface. Let us see the classiﬁcation for the once-punctured torus groups. Let s
denote either + or −. There are three possibilities for Ωs /G:
(1) Ωs is a topological disk, Ωs /G and ∂s C(N ) are punctured tori. The punctured torus Ωs /G determines a point νs in the Teichmüller space T (S) of
S. In this case es is geometrically ﬁnite.
(2) Ωs is an inﬁnite union of disks, Ωs /G and ∂s C(N ) are thrice-punctured
spheres and ∂s C(N ) is totally geodesic. Ωs /G is obtained from the corresponding boundary of S × (−1, 1) by deleting a simple closed curve γs .
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We deﬁne νs ∈ Q̂ as the slope of γs . The conjugacy class of γs in G is
parabolic. Also, in this case, es is geometrically ﬁnite.
(3) Ωs is empty. In this case Bonahon [5] and Thurston [27] proved that there
is a sequence of simple closed curves γn whose geodesic representatives in
N are eventually contained in any neighbourhood of the end es and whose
rational slopes converge to an irrational number νs ∈ R \ Q̂, independent
of the sequence γn . We say that γn exit the geometrically inﬁnite end, and
νs is called the ending lamination.
Since the natural boundary of the Teichmüller space T (S) of the punctured torus
S is R̂, for each component Ωs /G, in all three cases, we have deﬁned a point in the
closure of the Teichmüller space T (S).
Therefore the couple (ν− , ν+ ) parameterizes the punctured torus groups and the
two elements ν+ and ν− are called end invariants.
Let ∆ be the diagonal of the product T (S) × T (S). We can notice that the end
invariants cannot be the same (otherwise the manifold does not admit a hyperbolic
structure).
If both end invariants are rational, i.e. when (ν− , ν+ ) ∈ Q̂ × Q̂, then G is called
a double-cusp group.
Now we have all the ingredients for stating the following theorem proved by
Minsky in [22].
Theorem 2.1 (Ending lamination theorem). A marked punctured-torus group ρ :
π1 (S) −→ P SL2 (C) is determined by its end invariants (ν− , ν+ ) ∈ (T (S)×T (S))\∆,
uniquely up to conjugacy in P SL2 (C).
(Marked punctured-torus group means that we keep the representation ρ in
mind.) In other words, the map
ρ → (ν− , ν+ )
is injective. It can also be shown to be surjective [22], as a consequence of Bers’ simultaneous uniformization theorem [4] and of Thurston’s double limit theorem [26].
2.2. The Margulis tubes. In this section we want to describe more precisely the
geometry of the Margulis tubes and, in particular, we want to ﬁnd some estimates
for the length of a curve inside the tube depending on the distance between this
curve and the core.
The -thin part of a manifold N (denoted by Nthin ), is the subset of N where
the injectivity radius is less then /2. The Margulis lemma implies that for each
dimension n there is a value of , known as the Margulis constant, below which
the -thin part of a hyperbolic n-manifold is of a standard type. In dimension
3 we denote this constant 0 . In this dimension, in the orientable case, every
component known as a Margulis tube, is either a tubular neighbourhood of a closed
geodesic or a quotient of a horoball by an abelian parabolic group. Let T0 (g) be
the 0 -Margulis tube in N = H3 /G for a conjugacy class g ∈ G. With a ﬁxed
representation ρ : π1 (S) −→ P SL2 (C) and a conjugacy class α ∈ π1 (S), let T0 (α)
denote T0 (ρ(α)).
Let r(α) be the radius of T0 (α), that is, the distance from the geodesic core to
the boundary of the tube.
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We now prove a proposition that will be very useful in our calculations.
Proposition 2.2. If

√

√
3
[log( 2 + 1)]2 ,
4π
then there exists a constant k such that


1
k
r(α) ≥ log
.
2
l(α)
l(α) <

√
√
Proof. From a theorem of Meyerhoﬀ [20], if l(α) < 4π3 [log( 2 + 1)]2 , then there
exists an embedded solid tube around α whose radius r satisﬁes:

√
1 − 2ζ
1
2
−1
sinh r =
2
ζ

where


ζ = cosh

4πl(α)
√
3


− 1.

The existence of this solid tube is proved by using Jørgensen’s inequality. Since
2
cosh(x) has the following Taylor expansion: cosh(x) ∼ 1 + x2 , then
ζ∼
4π
where c = √
.
3
Therefore

1
sinh r =
2
2



cl(α)
2


2 1 − cl(α)
−1 ∼
cl(α)

1 − cl(α)
1
∼
,
cl(α)
l(α)

as l(α) −→ 0.
√
Using sinh(x)−1 = log(x + x2 + 1), we obtain the estimate:





1
1
1
−1
r = sinh
+1
= log
+
l(α)
l(α)
l(α)




1
1
1
∼ log
= log
.
2
l(α)
l(α)
This implies that there exists a constant k such that


1
k
.
r(α) ≥ log
2
l(α)



Proposition 2.3. Let λ(α) = l(α) + iθ(α) be the complex translation length of α.
Let L(h) be the length of a curve homotopic to α at distance h from the core of the
Margulis tube.
Then L(h) satisﬁes the following equation:
sinh2 h =

cosh(L(h)) − cosh(l)
.
cosh(l) − cos(θ)
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Figure 3. The Margulis tube around a pivot

Proof. In Figure 3 we describe the Margulis tube T0 (α).
The imaginary axis represents the axis of α. Following the labels of the picture,
the point A is sent by α to B and therefore d(A, B) = l(α) is the translation
length of α. The three geodesics passing through the points A, C, the points B, D
and the points B, E are perpendicular to the axis of α. It is easy to check that
d(A, C) = d(B, D) = d(B, E) = h, since the points C, D, E belong to lines passing
through the origin with the same angle φ from the complex plane.
We can calculate L(h) introducing coordinates. Let the points A, B, C, D, and
E be as in the picture. We can suppose that A = j and B = bj (using quaternions).
Since d(A, B) = log(b) = l, then B = el j.
In coordinates we can write C = c1 + c2 i + c3 j and E = e1 + e2 i + e3 j. Simple
geometry shows that C = cos φ+sin φj and E = el (cos φ cos θ +cos φ sin θi+sin φj).
1
Moreover, from the Angle of Parallelism in hyperbolic geometry, sin φ = cosh
h
(see [3]).
Using a well-known formula for the hyperbolic distance between two points (for
more details see Beardon [3]),
|c1 + c2 i − e1 − e2 i|2 + c23 + e23
2c3 e3
l
l
|a cos φ − ae cos φ cos θ − ae cos φ sin θi|2 + a2 sin2 φ + a2 e2l sin2 φ
=
2a2 el sin2 φ
1 + e2l
1 + e2l − 2el cos2 φ cos θ
=
=
cosh2 (h) − cot2 φ cos θ.
2
2el
2el sin φ
cosh(d(C, E)) =
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Using that cot2 φ = cosh2 h − 1 and that cosh l =
equation:

e2l +1
,
2el

we obtain the following

cosh(L(h)) = cosh(d(C, E)) = cosh(l) cosh2 (h) − cos θ(cosh2 (h) − 1)
= cosh(l) + cosh(l) sinh2 (h) − cos θ sinh2 (h),
and therefore
sinh2 h =

cosh(L(h)) − cosh(l)
.
cosh(l) − cos(θ)



2.3. Convergence of groups. In this section we will explain the diﬀerence between geometric limit and algebraic limit for once-punctured torus groups acting
on H3 .
Let H(S) denote the quotient H(S) = D(S)/P SL2 (C), acting by conjugation,
where D(S) is the space of discrete, faithful representations. On H(S) we can
deﬁne the following “natural” algebraic topology:
alg

[ρn ] −→ [ρ]
if there are representatives of each equivalence class such that
ρn (g) −→ ρ(g),
for each g ∈ π1 (S). Then AH(S) is H(S) endowed with the algebraic topology.
We now give a notion of geometric convergence. We say that a sequence of
manifolds with baseframes (Ni , ωi ) converges to a manifold with baseframe (N, ω),
denoting
geo
(Ni , ωi ) −→ (N, ω),
if and only if for each compact submanifold K ⊆ N containing the baseframe ω,
there are smooth embeddings fi : K −→ Ni , deﬁned for all i suﬃciently large, such
that fi sends ω to ωi and fi tends to an isometry in the C ∞ -topology.
The algebraic convergence and the geometric convergence are not equivalent and
the reader can see [17], [10], [27], and [12] for some examples. Nevertheless, there
are many theorems (see [8], [2]) in which, with some appropriate conditions, the
algebraic convergence implies the geometric convergence. One such condition is
that the limit manifold has no accidental parabolics.
Deﬁnition 2.4. We say that
(Ni , ωi )

strongly

−→ (N, ω)

if the convergence is algebraic and geometric.
2.4. Maskit’s embedding. If (α, β) is a marking of S, and if a = ρ(α) and
b = ρ(β), then the commutator K = b−1 a−1 ba is parabolic.
Among all once-punctured torus groups, we consider the ones where one generator (we can suppose a) is parabolic. The group depends only on one complex
parameter tr(b). This group is called Maskit’s embedding of the once-punctured
torus for the name of the mathematician who ﬁrst studied these groups (see [16]).
We can normalize the group (see [28]) such that


1 2
a=
0 1
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−iµ −i
.
bµ =
−i
0
Therefore a is the translation deﬁned by the equation a(z) = z +2, that is parabolic
and its
with ∞ as a ﬁxed point and bµ is the Möbius transformation bµ (z) = µz+1
z
trace satisﬁes tr(bµ ) = −iµ.
The commutator K = b−1 a−1 ba is


1
2
K=
,
−2 −3

and



z+2
its trace is −2 and K acts on the complex plane as K(z) = −2z−3
with ﬁxed
point −1.
Sometimes we denote G(µ) as the group G, since it only depends on the complex
parameter µ.
From the point of view of the end invariants and Teichmüller parameters, among
all discrete torsion-free groups G(µ), we want to consider those with end invariants
ν − = 10 and ν + ∈ H2 . The Maskit embedding is the induced map:

T (S) −→ C,
ν+
−→ µ.
Maskit proved [16] that this map is a holomorphic bijection.
From what we have seen in Section 2, Ω− /G is a thrice-punctured sphere.
Now we describe the relation between the elements of a group G with generators
a and b and the curves on the punctured torus S = H2 /G.
Deﬁnition 2.5. Any element g ∈ G that corresponds to a non-trivial, nonperipheral simple closed curve on the once-punctured torus is called generator.
We say that two generators g and h are neighbours if the corresponding simple
closed curves have intersection number 1.
Any pair of neighbours are deﬁned up to conjugation of both elements, interchanging the order and taking inverses of either element (see [24].) Any pair of
neighbours g and h generates G [24].
Deﬁnition 2.6. Given a pair of generators (g, h), a Nielsen move sends the couple
(g, h) to one of (g, gh), (g, g −1 h), (gh, h) or (gh−1 , h).
Topologically these Nielsen moves correspond to performing a Dehn twist about
the curve corresponding to either g or h.
Deﬁnition 2.7. If g and h are neighbours, the set (g, h, gh) is called a generator
triple.
The generator triple is deﬁned up to interchanging the order, taking the inverse
and conjugation.
In what follows, we are going to identify the Teichmüller space T (S) of the
punctured torus S with the hyperbolic plane H2 and we can see its compactiﬁcation
as the circle R̂ = R ∪ ∞. In this view, the set of (non-peripheral) simple closed
curves on S is naturally identiﬁed with Q̂. Let us describe this identiﬁcation.
Fixing a marking (α, β) of the torus S, we can associate to this marking the
lattice generated by 1 and z ∈ H2 , whose quotient is a torus with induced conformal
structure z. An orientation-preserving identiﬁcation of the ﬁxed torus S with this
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torus is determined by taking the curve α to the image of [0, 1] and β to the image
of [0, z]. The position of the puncture is irrelevant since the torus has a transitive
family of conformal automorphism. Any free homotopy class of unoriented simple
non-peripheral curves on S is a combination pα + qβ of the two generators α and β.
Therefore we associate for each element in H1 (S) its slope − pq ∈ Q̂ and we associate
for each generator g its slope − pq .
Using projective measured laminations P M L(S) on the torus, Thurston [27] generalised the correspondence between simple closed curves and rational points, since
he proved that P M L(S) is homeomorphic to S 1  R ∪ ∞. In this interpretation,
laminations with inﬁnite leaves correspond to irrational points.
Two generators are neighbours if the corresponding rational numbers pq and rs
satisfy ps − qr = ±1.
Since the generators correspond to rational points and because of the relationship
between neighbours and slope, the Farey graph is a good geometric model for this
set (the Farey graph is a 1-skeleton where the vertices correspond to generators and
two vertices are connected by an edge if they are neighbours).
Now we want to explicitly describe the elements of the group in terms of the
slopes of the corresponding curves on S.
Using induction, we deﬁne the words W pq corresponding to the curve of slope pq :
W n1 = a−n b, W 01 = b and
If ( pq , rs ) are Farey neighbours with

p
q

W 11 = a−1 b.

< rs , then

W p+r = W rs W pq .
q+s

The following two lemmas are proved in [14].
Lemma 2.8. For 0 ≤ pq ≤ 1 we have W pq = a−1 bn1 a−1 bn2 . . . a−1 bnp with
= q and |ni − nj | ≤ 1 where 1 ≤ i, j ≤ p.
Lemma 2.9. For each pair of Farey neighbours ( pq , rs ) with 0 ≤
W pq , W rs

p
q

<

p
i=1

r
s

ni

≤ 1,

generates the group G, and
K = [b−1 , a−1 ] = [W r−1 , W pq ].
s

The following proposition about the trace of the
induction.

p
q -word

is proved in [14] by

Proposition 2.10. The trace of W pq is a polynomial of the form:
tr W pq

= (−i)q (µq − 2pµq−1 + bq−2 µq−2 + · · · + b0 ), bi ∈ Z.

Let us consider D, the space of parametrisation for G(µ). Many studies and
many approximations with the computer have been made to ﬁnd the shape of D
and of its boundary ∂D.
An element µ outside D corresponds to a non-discrete or non-free group and µ in
the interior of D corresponds to a single-cusp group, i.e. a group for which Ω+ /G is
a once-punctured torus and Ω− /G is a thrice-punctured sphere. On the other hand,
a point µ ∈ ∂D corresponds to a double-cusp group or a singly degenerate group.
Let us see this in more detail in the following two theorems. The ﬁrst theorem was
Maskit’s conjecture: The existence of µ pq is proved by Maskit in [16] whereas
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the uniqueness is proved in [13]. The second theorem is a strong version of the Bers
conjecture for Maskit’s embedding of the once-punctured torus and it is proved by
Minsky in [22].
Theorem 2.11. For each
tr W pq

= ±2 in G µ

Moreover, in G µ

p
q
p
q

∈ Q, there exists a unique µ

p
q

p
q

∈ ∂D such that

.



, tr W rs = ±2 for all rationals

Theorem 2.12. The mapping,
p
−→ µ
q

r
s

= pq .

 
p
,
q

extends to a homeomorphism of R onto the boundary of D:
R
r
Each point µ

p
q

−→ ∂D,
−→ µ (r) .

∈ ∂D (given in Theorem 2.11) corresponds to a double-cusp

group G pq with end invariants 10 , pq , that is, a group in which W pq is accidentally
parabolic. Then Ω+ /G pq is a thrice-punctured sphere and Ω+ is a countable union
of disks, tangent at the ﬁxed points of the new accidental parabolics.
When ξ∈ R\ Q, then µ(ξ) corresponds to a singly degenerate group with end
invariants 10 , ξ .
Theorem 2.12 also proves that cusps are dense in ∂D.
To understand the shape of D and ∂D, it is useful to see some symmetries (whose
proof can be found in [28]):
Proposition 2.13. The space D of parametrisation for G(µ) satisﬁes the following
properties:
(1) ∂D
 {µ ∈ C : 1 ≤ (µ) ≤ 2}.
 ⊂
(2) µ 01 = 2i.
(3) There is a reﬂectional symmetry in the imaginary axis (µ) = 0.
(4) D is invariant under the translation by 2: If µ ∈ D, then µ + 2 ∈ D.
From the previous proposition, it is enough to work in [0, 1].
3. Description of the core chain of circles Cj
In this section we deﬁne and describe the main object that we will study in the
following, that is, the core chain of circles Cj .
3.1. The core chain of circles. We remind the reader that in G pq = G µ pq ,
the invariant subset Ω+ of the ordinary set is an inﬁnite union of tangent disks.
In this section we deﬁne the circle chain Cj , that is, a subset of the limit set
for the cusp-group G pq (the once-punctured torus group in which a and W pq are
parabolic).
First we can notice that from lemma 2.9, we have that
tr KW pq

= tr W pq .
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Since W pq and K are parabolic, then the subgroup Γ0 = W pq , K , generated by
W pq and K, is Fuchsian (because the traces of generators and of generators product
are real). Therefore Γ0 has an invariant circle C0 = Λ(Γ0 ).
We will deﬁne the circle chain Cj as the images of the circle C0 by some elements
in the group G pq .
Deﬁnition 3.1. A pq -circle chain is a sequence {Cj }j∈Z of tangent circles in C
with the following properties:
(1)
(2)
(3)
(4)

C0 and Cq are tangent to R at −1 and 1, respectively.
W pq (C0 ) = C0 .
Cr+p = b(Cr ) for 0 ≤ r < q (b pushes forward by p).
Cr+q = a(Cr ) ∀r ∈ Z (a pushes forward by q).

The existence of the chain is proved in [28].
There is an alternative inductive procedure (see [14]) to deﬁne the circle chain,
given the rational number pq that we describe in what follows.
For 0 ≤ r < q, let nr = rp mod q for 0 ≤ nr < q and set nq = q.
For 0 ≤ i ≤ q, deﬁne words Ei by
E0 = id,
Enr+1 = bEnr
Enr+1 = a

−1

if 0 ≤ p + nr < q,

bEnr

if p + nr ≥ q.

Now deﬁne Ci = Ei (C0 ) for 1 ≤ i < q. If k ∈ Z and k = rq + s with 0 ≤ s < q,
deﬁne Ck = ar Cs . In particular, for k = −1, C−1 = a−1 Cq−1 and E−1 = a−1 Eq−1 .
For the proof of the following lemma, one can see [14].
Lemma 3.2. Suppose that W pq = W dc W ab . Then E1 = W ab , E−1 = W dc and
Eq = W pq .
After deﬁning the chain, we see how the elements of the group act on the circles
(whose proof can be found in [14] and [28]):
Proposition 3.3.
(1) K(C0 ) = C0 , K(−1) = −1, K(R̂) = R̂, K acts on the boundary of C0 in a
counterclockwise sense.
(2) W pq (C0 ) = C0 , W pq (C1 ) = C1 , W pq (z0 ) = z0 where z0 = C0 ∪ C1 .
(3) Ci is the invariant circle of the Fuchsian group Ei W pq , KEi−1 .

Since C0 is the invariant circle of the Fuchsian group W pq , K and for (3) above,
then Ω+ is the union of the images, by the elements of the group G pq , of the open
disks bounded by the circle chain (see [28]).
For the proof of the next theorem, the reader can see [28].
Theorem 3.4. For each non-negative rational number pq ≤ 1 (in lowest terms),
the circles Cj , 0 ≤ j ≤ q − 1, satisfy the following properties:
(1) All the closed disks bounded by the circles Cj are mutually disjoint with
the following exception: For any integer j, Cj ∩ Cj+1 consists of a single
point zj .
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(2) All the circles are strictly contained in HU (the upper half plane) with the
exception of the circles Cql , for all integers l, which are contained in HU
and tangent to R̂ at 2l − 1.
(3) There are no limit points inside the open disks bounded by the circles Cj .
3.2. Limit set as inﬁnite words. Since the core chain of circles is made by limit
points, we now want to describe points in the limit set as inﬁnite products of
the generators of the group and their inverses. More precisely, we want to ﬁnd a
surjective map from the set of inﬁnite reduced words to the limit set Λ G pq , and
we want to see which are the words that correspond to the same limit point.
In Section 2, we deﬁned the limit set as the set of accumulation points of the
orbit of a base point x. The limit set is invariant under the group and the deﬁnition
does not depend on x.
Let Σ be the set of inﬁnite reduced words in the generators
Γ0 = {a, b, a−1 , b−1 },
where a word is reduced if it does not contain canceling sequences like aa−1 or bb−1 .
Let ΣF be the set of ﬁnite reduced words in Γ0 .
Let us ﬁx a Fuchsian group G0 for the once-punctured torus, G0 = ρ0 (π1 (S)).
Let R be a fundamental domain in the Poincaré disk, containing 0, with four ideal
vertices and four sides γa , γb , γa−1 , γb−1 . The four circular arcs are perpendicular
to the unit circle S 1 and a, b satisfy:
a(ext(γa )) = int(γa−1 ),
b(ext(γb )) = int(γb−1 ),
where int(γg ) is the region in the Poincaré disk, that is, inside the circle which
contains the arc γg and ext(γg ) is the region in the Poincaré disk, that is, outside
the circle which contains the arc γg .
Let G(G0 ) be the Cayley graph of G0 . This can be realized in the Poincaré disk
as follows: The vertices are points g(0) (labeled g) with g ∈ G0 , and the edges are
directed lines joining vertices g(0), g  (0) for which g −1 g  is one of the generators
(see Figure 4).
If we consider the Poincaré disk with the Cayley graph G(G0 ) and the fundamental region of G0 and its images, we can notice that the arc γg intersects the
edge joining e1 . . . en−1 (0) with e1 . . . en (0) where g = (e1 . . . en )−1 .
There exists a bijection F from the ﬁnite reduced words ΣF to the image of 0
by the elements of G0 , deﬁned as follows:
F :

ΣF
(e1 . . . en )

−→
G0 (0),
−→ e1 . . . en (0).

This factors through a bijection ΣF −→ π1 (S).
It is possible to extend F to the boundary: There exists a map
:

Σ
−→ Λ(G0 ),
(e1 . . . en . . .) −→ (e),

where (e) is the accumulation point of 0, e1 (0), e1 e2 (0), . . . , e1 e2 . . . en (0), . . . .
Let us denote by g, the inﬁnite word ggggg . . . in Σ. If g is parabolic, then the
attracting ﬁxed point coincides with the repelling ﬁxed point and therefore
g = g −1 .
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aa
ab−1

ab

a
ba

b−1 a

b−1

b−1 b−1

1

b−1 a−1

ba−1

a−1

a−1 b−1

a−1 a−1

bb

b

a−1 b

Figure 4. The graph for the group with generators a and b
Moreover,  is surjective and not injective because the commutator of the two
generators is parabolic. The points x in Λ(G0 ) that are images of two elements in
Σ are the ﬁxed points of the commutator, and all its conjugates. For more details,
the reader can look at [25].
3.3. Cannon–Thurston maps. Now we see how to construct a map ψ pq from
the limit set of a ﬁxed Fuchsian group, to the limit set of the group G pq , that is,
the group in which a and W pq are accidentally parabolic. We will see that this
construction can be done in a more general setting (for any group G) and the map
ψ is called the Cannon–Thurston map.
Let us ﬁx a Fuchsian representation ρ0 for the once-punctured torus. Let us
denote the image of π1 (S) by ρ0 by G0 .
Deﬁnition 3.5. Given a group G with representation
ρ : π1 (S) −→ G ⊂ P SL2 (C),
we say that a map ψ is a Cannon–Thurston map for (G, ρ) if ψ is a continuous map
ψ : Λ(G0 ) −→ Λ(G)
which satisﬁes the following equivariance:
(1)

ρ(g) ◦ ψ(z) = ψ ◦ ρ0 (g)(z) ∀g ∈ π1 (S) and ∀z ∈ S 1 .
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The following lemma is proved by McMullen in [18] and asserts that the Cannon–
Thurston map for once-punctured torus groups exists and it is unique.
Lemma 3.6. Let G be a once-punctured torus group, with a discrete faithful representation ρ : G −→ P SL2 (C).
Then there exists a Cannon–Thurston map for (G, ρ). Moreover, if two continuous maps ψ1 and ψ2 satisﬁes the equivariance (1), then
ψ1 = ψ2 .
The existence of Cannon–Thurston maps has been proven by many authors
([6], [9], and [23]) for various classes of Kleinian groups.
Let us consider the group G pq .
Let ψ pq be the Cannon–Thurston map for G pq :
ψ pq : Λ(G0 ) −→ Λ(G pq ).
Let us consider the set λ pq of leaves whose endpoints are ﬁxed points of W pq and
its conjugates (then λ pq corresponds to the geodesic in the once-punctured torus
with slope pq ).
Since, in the group G pq , the element W pq is an accidental parabolic, then the map
ψ pq : Λ(G0 ) −→ Λ(G pq )
collapses the endpoints of the leaves of λ pq .
For the same reason, since a is accidentally parabolic, the map ψ pq collapses the
ﬁxed points of a and all its conjugates. Floyd, in [9], proved that there is no more
collapsing.
Let us denote by  pq the composition map between  and ψ pq :
 pq = ψ pq ◦  : Σ −→ Λ(G pq ).
This map represents the relation between the inﬁnite reduced words and the limit
set of G pq .
Now we want to characterise the tangency points between circles in the core
chain.
By deﬁnition, the ﬁrst tangency point z0 between C0 and C1 is the ﬁxed point
of W pq because W pq (C0 ) = C0 and W pq is parabolic. Therefore,
z0 =  pq W pq

=  pq W p−1 .
q

Since Ci = Ei (C0 ), then the tangency point zi between Ci and Ci+1 is the ﬁxed
point of Ei W pq Ei−1 . Therefore,
zi =  pq Ei W pq

=  pq Ei W p−1 .
q

From lemma 2.8, the word W pq has the form:
W pq = a−1 bn1 a−1 bn2 . . . a−1 bnp .
Therefore z0 has two diﬀerent representations in Σ, one starting with a−1 and the
other starting with b−1 .
From the construction of Ei , Ei W p−1 (as reduced word) always starts with b−1
q

and Ei W pq always starts with a letter diﬀerent from b−1 . Therefore, zi has two
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diﬀerent representations in Σ, one starting with b−1 (corresponding to Ei W p−1 )
q
and the other starting with a diﬀerent letter. Therefore,
zi = ψ pq (xi ) = ψ pq (yi ),
where xi and yi are endpoints of a leaf li of λ pq , intersecting the side γb−1 of the
fundamental domain.
With the previous arguments, we obtain the following theorem:
Theorem 3.7. The core chain of circles separates the complex plane into the four
regions consisting of words starting with a, b, a−1 , and b−1 . In particular, the tangency points zi between Ci and Ci+1 are of the form:
zi =  pq (Xi ) =  pq (Yi ),
where Xi , Yi ∈ Σ, e1 (Xi ) = b−1 and e1 (Yi ) = b−1 .
Figure 1 and Figure 2 visualize this theorem.
4. The manifolds Nn and their limit N
In this section we want to introduce a sequence of double-cusp groups Gn .
Let ξ ∈ R \ Q be an irrational number. We want to deﬁne a sequence of rational
numbers pqnn tending to ξ. If ξ is written as an inﬁnite continued fraction,
ξ=

then

pn
qn

1
α1 +

:= [α1 , α2 , α3 , α4 , . . .],

1
α2 +

1
1
α3 +
α4 + 1
...

is the rational number given by the ﬁnite continued fraction,
pn
= [α1 , α2 , α3 , α4 , . . . , αn ].
qn

Let Gn be the double-cusp group with end invariants ( 01 , pqnn ). Following the
previous notation, Gn = G pqn , but for simplicity now we just denote Gn , considering
n
ξ ﬁxed.
In this group, the elements corresponding to the rationals 10 and pqnn are accidental
parabolics.
It is proved in [22] that the pivot sequence of the group Gn is determined by the
continued fraction expansion for the number pqnn , therefore it is possible to deﬁne
the rationals pqnn by the Farey triangulation.
Let Nn = H3 /Gn be hyperbolic 3-manifold.
We denote by Λn the limit set and by Ωn = Ĉ \ Λn the ordinary set. Since both
end invariants 10 and pqnn are rational, then the group is geometrically ﬁnite. Each
component of Ωn /Gn is a thrice-punctured sphere Sn . Topologically one can think
of the geometrically ﬁnite end related to pqnn as
Sn × [−1, 1] − {a simple closed curve corresponding to

pn
} × {1}.
qn

Now we can consider Gn as a sequence of groups, that is, we ﬁx ξ and vary the
number n of elements in the continued fraction. Then from Theorem 2.12 we have
the following proposition.
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Proposition 4.1. Let Gn be as above. Then
alg

Gn −→ G∞ ,
where G∞ = ( 01 , ξ).
Let N∞ = H3 /G∞ be the limiting hyperbolic 3-manifold. Since the end invariants of G∞ are ( 10 , ξ), then the group G∞ is geometrically inﬁnite (because
ξ ∈ R \ Q). Let Λ be the limit set of G∞ and Ω = H2 \ Λ.
N∞ is singly degenerate because Ω/G∞ has just one component that is a thricepunctured sphere S. Topologically (H3 ∪ Ω)/G∞ is the product S × [0, 1).
The next theorem is a consequence of the ending lamination theorem for oncepunctured tori (proved in [22]) and of the Canary–Thurston covering theorem.
Theorem 4.2. Let Nn and N∞ be as above. Then
geo

Nn −→ N∞ .
5. Behaviour of the circles
5.1. The ﬁrst circle of the chain. Let Cn,j be the circle chain for the group Gn
with end invariants 10 , pqnn . We want to prove that the radius of the ﬁrst circle of
the chain decreases when n tends to inﬁnity.
Theorem 5.1. The radius rn,0 of Cn,0 satisﬁes rn,0 ∼
to 0 when n → ∞.

1
n.

In particular, rn,0 tends

Proof. Let us consider the manifold Nn given by H3 /Gn . Let Xn be the convex
core of Nn . Let Λn be the limit set and let Ωn be the ordinary set.
Since Nn is a double-cusp group, Ωn /Gn is divided into 2 thrice-punctured
−
+
−
spheres Ω+
n /Gn and Ωn /Gn , and each Ωn and Ωn is an inﬁnite union of disks
in the complex plane. Since each component of the boundary of the convex hull
∂CHn (Λ) corresponds to a component of Ωn , the boundary of the convex core Xn
has two components ∂Xn− and ∂Xn+ that are 2 thrice-punctured spheres. Notice
that the main cusp in ∂Xn− is exactly the same as the one in ∂Xn+ (since the commutator K of the 2 generators a and b is also the commutator of the elements W pqn
n
and W pn+1 ).
qn+1

Between the inﬁnite union of tangent circles corresponding to Ω−
n in the complex
plane, let us consider the disk R that is tangent to Cn,0 in −1. The Fuchsian group
generated by a and K stabilizes R. With the normalisation described previously for
deﬁning the group Gn , R is the half plane in C given by {z = z1 + iz2 ∈ C : z2 ≤ 0}
(in fact K(R̂) = R̂ and a(R̂) = R̂). Notice that R does not depend on n.
Using [22], the manifold Nn is quasi-isometric to the model manifold Mn . The
construction of Mn only depends on the end invariants of Nn . More precisely, given
the end invariants we can easily construct the so-called pivot sequence (from the
Farey triangulation) and then build Mn by piling up blocks one-by-one, each of
these with a metric depending on the pivot sequence. In particular, there exists a
quasi-isometry
f˜ : M̃n −→ N˜n
between their universal covers and therefore there exist universal constants k, δ such
that ∀x1 , x2 ∈ Mn we have
1
d(
x1 , x
2 ) + δ ≤ d(f˜(
x1 ), f˜(
x2 )) ≤ kd(
x1 , x
2 ) + δ.
k
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For more details about the construction of the model manifold Mn , one can
see [22].
We shall work with Mn and then transfer the result in Nn by f .
Let us consider a point x ∈ ∂Xn− in Mn such that x ∈ Bσe ( 14 , p) \ Bσe ( 81 , p) in
∂Xn− where p is the main cusp and Bσe (b, p) is the σ e -neighbourhood of radius b
of p (the metric σ e is the metric in the model deﬁned in [22]).
Then f (x) has a lift x̃ in the hemisphere HR over R in H3 such that x̃ is far
from the main cusp (this means that x̃ is far from −1). Using the coordinates
a = a1 + a2 i + a3 j for a point a in H3 , we can suppose that x̃ = −1 + 16 j.
Let γ be the vertical path in Mn starting from x and let y be the endpoint of γ in
∂Xn+ . Then y ∈ Bσe ( 41 , p) \ Bσe ( 81 , p) and γ is in the boundary of the Margulis tube
corresponding to the parabolic commutator K. Since f sends Margulis tubes to
Margulis tubes by construction, then f (γ) ∈ Nn is in the boundary of the Margulis
tube TK in Nn . From the deﬁnition, f˜ is a quasi-isometry and it is far to be an
isometry, especially near the boundary of the main cusp of the model. Hence, by
the construction of the model manifold and since the path γ is in the boundary of
the Margulis tube corresponding to K, then
lMn (γ) ∼ lNn (f (γ)).
Let γ̃ be the lift of f (γ) starting from x̃ and let ỹ be the endpoint of γ̃ in the
hemisphere HCn,0 over Cn,0 in H3 (we have that ỹ ∈ HCn,0 for the choice of γ).
Since x and y are in the same neighbourhood of the cusp p, then ỹ belongs to the
horosphere H( 16 , −1) of Euclidean radius 16 and tangent to C at −1.
Since γ is a vertical path joining points in the two boundaries of the convex core,
then lMn (γ) = n + 1 (in the product metric of Mn , the vertical distance between
the two boundaries of the convex core is n + 1 since the model manifold is made
by n + 1 blocks each of which has height 1). Therefore the hyperbolic length of the
path f (γ) is
lNn (f (γ)) ∼ n + 1.
Using lNn (f (γ)), we want to ﬁnd the hyperbolic distance between x̃ and ỹ, i.e.
the length of the geodesic ˜ between x̃ and ỹ.
Lemma 5.2. The hyperbolic distance between i and i + n is
d = dH2 (i, i + n) ∼ 2 ln n,
when n tends to inﬁnity.
Proof. Using the well-known formula
cosh d(z1 , z2 ) = 1 +

|z1 − z2 |2
,
2z1 z2

we obtain that
cosh d = 1 +

n2
2

and therefore
ed + e−d
n2
=1+
.
2
2
When n tends to inﬁnity, then d ∼ 2 ln n.
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Using the previous lemma, we obtain that
lH3 (˜
) ∼ 2 ln(lNn ) ∼ 2 ln(n + 1) = ln(n + 1)2 .
Therefore the hyperbolic distance between x̃ and ỹ is of the order of ln(n + 1)2 .
Lemma 5.3. Let x̃ and ỹ be as above. Then the radius rn,0 ∼ ( n1 ).
Proof. Let us consider the plane P in H3 perpendicular to the boundary Ĉ and
containing the geodesic ˜.
Let IR be the intersection between P and HR and let ICn,0 be the intersection
between P and HCn,0 . Then IR is a geodesic half-line perpendicular to the boundary
of P in 0 and ICn,0 is a geodesic semi-circle perpendicular to P in 0 (see Figure 5 ).
To simplify the calculation we can apply a translation that sends −1 to 0.
Considering P as the hyperbolic plane, in these new coordinates, we have that
x̃ = 16 i and ỹ = y1 + iy2 .
Let c be the centre of ICn,0 of radius r.
The order of r is the same as the order of rn,0 since ỹ is in a neighbourhood of the
highest point z̃ of HCn,0 . In fact we chose ˜ to be the shortest path between x̃ and
ỹ and therefore ˜ has to end in the closest lift of y to x̃, that is, in a neighbourhood
of z̃. Therefore, we want to estimate r.

x̃

γ̃

IR
1 , − 1 i)
H( 12
12

ỹ

ICn,0

0
Figure 5. The plane P
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Since 0 ∈ ICn,0 , then
(2)

r = c.

For ỹ ∈ ICn,0 , then
(3)

(y1 − c)2 + y22 = c2 .

1
1
1
1
, 12
i) be the horodisk in P of centre 12
i and radius 12
.
Let H( 12
1
1
1
Since y is in the boundary of the 6 -neighbourhood of p, then ỹ ∈ H( 12
, 12
i) and
then

2
1
1
.
=
(4)
(y1 )2 + y2 −
12
144

Since lH3 (˜
) = ln(n + 1)2 , then
(5)

cosh(ln(n + 1)2 ) = 1 +

(y1 )2 + ( 61 − y2 )2
|x̃ − ỹ|2
=1+
.
y2
2x̃ỹ
3

Combining Equation (4) and Equation (5), we obtain
y2
1
1
1
(cosh(ln(n + 1)2 ) − 1) = −y22 + y2 + y22 − y2 + .
3
6
3
36
This equation in y2 of the ﬁrst degree has the following solution:
1
y2 =
.
12 cosh(ln(n + 1)2 ) − 6



1
y2 ∼
.
n2
Using Equations (3), (2) and (4) we obtain that
 
1
rn,0 ∼
.

n
 
From the lemma, rn,0 ∼ n1 then obviously the radius of Cn,0 tends to 0 when
n → ∞ and therefore the theorem is proved.

Therefore

5.2. A bit of symmetry. In this section we prove that not only the radius of the
ﬁrst circle tends to zero, but also the radii of the other circles decrease.
Proposition 5.4. Let rp be the radius of Cn,p and rq be the radius of Cn,q . Then
rp = r q = r 0 .


−2i 2iµ
Proof. Let ϕ̂ be the Möbius transformation given by ϕ̂ = ab − ba =
.
0
2i
It is easy to see that the trace of ϕ̂ is 0 and that ϕ̂ satisﬁes the following relations:
ϕ̂aϕ̂ = a−1 and ϕ̂bϕ̂ = b−1 . This transformation was introduced by Jørgensen
in [11].
We
the determinant of ϕ̂ to be 1, to obtain the transformation
 can normalize

−i iµ
ϕ=
, so that ϕ acts on the complex plane C as ϕ(z) = −z + µ. Then
0
i
ϕ is the hyperelliptic involution with ϕ2 = I, ϕaϕ = a−1 , ϕbϕ = b−1 and the trace
of ϕ is 0. Solving the equation ϕ(z) = z we can notice that ϕ has two ﬁxed points:
µ
2 and ∞.
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Moreover, ϕ and a(z) = z + 2 are Euclidean isometries since a is a translation
and ϕ is a rotation of π around the ﬁxed point µ2 .
By the deﬁnition of the circle chain Cj , Cq = a(C0 ) and Cp = a−1 (Cp+q ) =
−1
a ϕ(C0 ). Therefore r0 = rp = rq (because distance is preserved by a and ϕ). 
Corollary 5.5.
(1) rp ∼ n1 , in particular, rp tends to 0 when n → ∞.
(2) rq ∼ n1 , in particular, rq tends to 0 when n → ∞.
 
Proof. From lemma 5.3 we know that r0 ∼ n1 and
 from the previous proposition
we know that rp = rq = r0 , therefore rp = rq ∼ n1 , and then rp = rq tends to 0
when n → ∞.

Let us denote by rj the radius of the circle Cn,j .
From the following proposition we have to study only the circles Ci for 0 ≤ i ≤


.
and p ≤ i ≤ q−p
2
Proposition 5.6.
(1) For 0 ≤ l < p2 we have rp−l = rl .


we have rq−l = rp+l .
(2) For 0 ≤ l < q−p
2

p
2




−i iµ
Proof. As in the previous proposition, we deﬁne ϕ =
, that is, ϕ(z) =
0
i
µ
−z + µ. Since ϕ is a rotation of angle π around the point 2 (the tangency point
between the circles C[ q−p ]+p and C[ q−p ]+p+1 ), and since ϕ satisﬁes ϕ2 = I, ϕaϕ =
2
2
a−1 , ϕbϕ = b−1 , then ϕ creates a rotation symmetry, as stated, between the circles.

Corollary 5.7. The radius rn,j of the circle Cn,j tends to 0 when n → ∞ for all j.
Proof. Let x̃ and ỹ be points in the two boundaries of the convex core as in Theorem 5.1, and let γn,j be the curve joining x̃ and ỹ in the homotopy class of En,j
where
Cn,j = En,j (Cn,0 ).
Let γ be the “vertical” path (deﬁned in Theorem 5.1) joining x̃ with ỹ.
Among all the curves (in any homotopy class) joining x̃ to ỹ, the path γ is the
shortest since it is the one crossing each block in the shortest way (the vertical
one) and each path joining the two boundaries of the convex core has to cross each
block.
Therefore, we obtain that
l(γ) ≤ l(γn,j ).
Therefore, rn,j ≤ rn,0 and since rn,0 −→ 0 when n → ∞, then
rn,j −→ 0.



6. Application of McShane’s identity
In this section, we use the results of Theorem 5.1 to ﬁnd an application of
McShane’s identity. This identity was introduced by McShane in [19] and it involves
the lengths of simple closed curves on a punctured torus. It was extended by
Bowditch in [7] to hyperbolic 3-manifolds and it was used by Akiyoshi, Miyachi,
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and Sakuma in [1] for the width of the limit set. We will refer to some deﬁnitions
and results of [1].
Using Jørgensen’s normalisation of the once-punctured torus (K(z) = z − 2), the
limit set of the group is contained in a band of a certain height (twice the width).
We prove that this height is proportional to the number n of the pivots. Figure 6
shows evidence of this result. In the ﬁgure, we superimpose ﬁve diﬀerent chains
of circles (each of them has a diﬀerent colour), each time increasing by one the
number of pivots.
6.1. The width of the limit set. We begin with some deﬁnitions and a theorem
that can be found in [1]. The proposition is the ﬁrst consequence of our work in
this setting.
Let SCC be the set of homotopy classes of (non-peripheral) simple closed curves
on a punctured torus T (S). We have already seen in Section 2 that SCC is identiﬁed
with Q̂. Let λ(γ) be the complex translation length of an element γ ∈ SCC.
McShane’s identity, proved by Bowditch for quasi-Fuchsian punctured torus
groups in [7], is the following:

1
1
= .
(6)
2
1 + eλ(γ)
γ∈SCC

Let ( 01 , pqnn ) be the end invariants of the manifold Nn = H3 /Gn . Then S 1 −

1 pn
has two components FL and FR . Let SL = FL ∩ Q̂ and SR = FR ∩ Q̂ be
0 , qn
the intersections of the two components FL and FR with Q.
It follows immediately from Equation (6) (see [1]) that:


1
1
= −
.

λ(γ)
1+e
1 + eλ(γ)
γ∈S
γ∈S


L

R

Now we want to relate this equality with the width of the limit set. For every
parabolic element p ∈ Gn , we can deﬁne the width ωp (Λ) of the limit set related
to p.
Let C(Nn ) be the convex core of the manifold Nn . Choosing a cusp neighbourhood Tp of p, let Ap = ∂Tp ∩ C(Nn ) be an Euclidean annulus (the Euclidean metric
is deﬁned up to scaling). Then the width ωp (Λ) related to p is equal to the modulus
of Ap , that is:
ωp (Λ) =

(Euclidean distance between the components of ∂Ap )
.
(Euclidean length of a component of ∂Ap )

Theorem 6.1 (Theorem 5.1 of [1]). Let K be the parabolic commutator of the two
generators a and b.
Then for any geometrically ﬁnite punctured torus group, the width ωK (Λ) of the
limit set Λ related to K is given by the following identity:


1
1
= −
.
ωK (Λ) = 
λ(γ)
1
+
e
1
+
eλ(γ)
γ∈S
γ∈S
L

R

It is possible to give an equivalent deﬁnition of ωp (Λ) in terms of the choice of
coordinates. Let us choose a normalisation such that the parabolic transformation
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Figure 6. Jørgensen’s normalisation
p is a translation by 2 and therefore the ﬁxed point of p is ∞. Then the width
ωp (Λ) of the limit set satisﬁes the following equation:
(7)

ωp (Λ) =

1 +
(m (Λ) − m−
p (Λ)),
2 p

where
m+
p (Λ) = max{z such that z ∈ Λ ∩ C}
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and

m−
p (Λ) = min{z such that z ∈ Λ ∩ C}.
For the proof of the equality (7), one can see [1].
Proposition 6.2. Let us choose the normalisation such that a(z) = z + 2 and
bµ (z) = µz+1
z . Then
(µ)
.
ωa (Λ) =
2
Proof.
such 
that the two generators had the expression
 We ﬁxed
 a normalisation

1 2
−iµ −i
a=
and bµ =
. Therefore, the parabolic commutator K
0 1
−i  0

1
2
is K = b−1 a−1 ba =
and its ﬁxed point is −1. With this choice of
−2 −3
coordinates, a(z) = z + 2 and a(∞) = ∞.
Using the deﬁnition of the width of the limit set in terms of the normalisation,
we can easily ﬁnd ωa (Λ).
The distance between the two lines containing the limit set is (µ) (in fact, in this
−
normalisation, Cp is tangent to the line (z) = (µ)), i.e. m+
a (Λ) − ma (Λ) = (µ),
then ωa (Λ) = (µ)

2 .
6.2. McShane’s identity in terms of the pivots. In this section, we want to
ﬁnd a relation between McShane’s identity and the radius r0 of the circle C0 and
our estimates in terms of the number of the pivots. For this aim, we calculate the
width of the limit set related to the commutator K = b−1 a−1 ba.
Theorem 6.3. Let K be the commutator of the two generators a and b and let r0
be the radius of C0 .
Then
1
.
ωK (Λ) =
4r0
Proof. To calculate ωK (Λ), we have to ﬁnd a normalisation ã, b̃ such that the new
commutator K̃ = b̃−1 ã−1 b̃ã : z → z − 2.
Since
z+2
K(z) =
,
−2z − 3
then K has −1 as a ﬁxed point. Therefore, we have to ﬁnd a Möbius transformation
that sends −1 to ∞.
Let v be the transformation sending −1 to ∞ and satisfying
z
.
v(z) =
z+1




1 0
1 0
Then v =
, and v −1 =
.
1 1
−1 1
Using the matrix v, we deﬁne the new generators ã and b˜µ .
The transformation ã = vav −1 satisﬁes
−z + 2
.
ã(z) =
−2z + 3
The transformation b̃µ = vbv −1 satisﬁes
(−1 + µ)z + 1
.
b˜µ (z) =
µz + 1
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Finally, the commutator K̃ = vKv −1 satisﬁes
K̃(z) = z − 2.
Since v has real entries and since the image of a line by a Möbius transformation
is a line or a circle, then v(R) = R.
The circle C0 and the line R are tangent at the point −1 and v(−1) = ∞, then
v(C0 ) and v(R) are tangent at ∞, and hence v(C0 ) is a horizontal line.
Then the limit set is contained in the band between v(C0 ) and v(R). Therefore,
to ﬁnd the width of the limit set we just have to ﬁnd the equation of the horizontal
line v(C0 ).
v(E)
v(C0 )

limit set
2ωK (Λ)
E

C0

R = v(R)
−1

Figure 7. The width of the limit set
For example, let E be the point in C0 of coordinates E = −1 + 2ir0 , then
v(E) ∈ v(C0 ) and v(E) = v(−1 + 2ir0 ) = 1 + 2ri 0 . Therefore, v(C0 ) is deﬁned by
the equation in the complex plane y = 2r10 and
d(v(C0 ), v(R)) =
Since
ωK (Λ) =

1
.
2r0

1 +
1
(m (Λ) − m−
K (Λ)) = (d(v(C0 ), v(R))),
2 K
2

then
ωK (Λ) =

1
.
4r0



Corollary 6.4. Let n be the number of pivots for the end invariants ( 01 , pqnn ) of the
manifold Nn = H3 /Gn , then


1
1
= −
∼ n.

λ(γ)
1
+
e
1
+
eλ(γ)
γ∈S
γ∈S
L

R
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Proof. This corollary is a straightforward consequence of the previous theorem and
of Theorem 5.1.
Since


1
1
= −
ωK (Λ) = 
λ(γ)
1
+
e
1
+
eλ(γ)
γ∈S
γ∈S
L

R

and since
1
,
4r0
then we can use the estimate (proved in Theorem 5.1)
ωK (Λ) =

r0 ∼

1
n

to obtain that
ωK (Λ) ∼ n.



7. The case n = 3
In this section we focus our attention on the case in which p = 1. Therefore, we
study the double-cusp group G = ( 10 , 1q ), with more interest in the situation where
q is large.
The choice of this example is due to the fact that if p = 1, then the combinatorics
of the circle chain is very simple and the pivot sequence is short. In this case n = 3,
therefore, the estimates in Section 5 do not make sense for G. Nevertheless, we ﬁnd
other results for the radii of the circles Cj .
7.1. The model manifold and the estimates for the Margulis

 tubes. When
1 0 1
p = 1, the Pivot sequence is made by 3 elements (n = 3) 0 , 1 , q corresponding
to the three words W 10 = a, W 01 = b, and W q1 = a−1 bq .
In Figure 8 we depict part of the Farey triangulation of the Poincaré disk for
the case q = 6. Notice that there are q − 2 edges starting from the pivot 01 and
separating the two end invariants 10 and 1q . Therefore, the width ω(b) of the pivot
b is q − 1 = 5 (in fact 16 = D50 ( 01 )).
1
2
The model manifold M = n=0 Bn has three blocks Bn (see Figure 9), two
boundary blocks B0 and B2 and one internal block B1 , where B0 = Ba,b , B1 =
Bb,a,a−1 bq and B2 = Ba−1 bq ,b .
In each block we can put the metric σ e described in [22]. This means that the
ﬁrst block B0 contains the boundary Margulis tube Ta of the pivot a and outside
Ta the length of a and b has order 1. The same happens for B2 , interchanging a
with a−1 bq . In the internal block B1 , we have the Margulis tube Tb of b and outside
it the length of the three pivots has order 1.
With the Pivot Theorem [22], Minsky gives an estimate of the complex length
.
.
2πi
= ω(αn ) + i (the symbol = means a
of a pivot αn knowing the width of αn : λ(α
n)
bound on hyperbolic distance in H2 between the left and right sides, independent
of the pivot sequence). In our case, the width ω(b) of b is q − 1. Therefore,
.
λ(b) = l(b) + iθ(b) =

2πi
2πi
=
.
ω(b) + i
q−1+i
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1
0

1
2

1
3

1
4
1
5
1
6
0
1

Figure 8. The Farey triangulation for q = 6
We therefore obtain that universal constants c1 , c2 , c3 exist such that
c1
c2
(8)
≤ l(b) ≤ 2 ,
2
q
q
and
(9)





q − 2π  ≤ c3 .

θ(b) 

Equation (9) implies that
2π
2π
≤ θ(b) ≤
,
q + c3
q − c3
and when q → ∞,
(10)

qθ(b) −→ 2π.

Applying Proposition 2.2, we obtain the following estimate for the radius r(b) of
the Margulis tube Tb around b:


1
1
r(b) ∼ log
.
2
l(b)
To deﬁne the core chain of circles, we have to calculate the words Ei by induction.
This case is very simple since p = 1 and therefore, following the inductive formula in
Section 2, Ei = bi . Therefore, the tangent circles Ci are deﬁned by Ci = Ei (C0 ) =
bi (C0 ).
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Ta−1 bq
B2

S0 ×

g1

g3

Tb

g2

3
4

B1
S0 ×

1
4

B0
Ta

Figure 9. The model manifold for p = 1

Following
the parametrisation
chosen



 in Section 2.4 for which the generators are
1 2
−iµ −i
a=
and bµ =
, the ﬁrst circle C0 is tangent to z1 = −1 to
0 1
−i
0
the line z = 0 in the complex plane. The second circle C1 is tangent in z2 = µ − 1
to the line z = µ.
Proposition 7.1. Let V be the point of tangency between C0 and C1 . Let r0 be
the radius of C0 . Then
|µ|
|µ| i arcsin 4r
0 − 1.
e
V =
2
Proof. Let E be the centre of C0 and let η1 be the segment between −1 and E. Let
us denote η2 the segment between V and E, L the distance between −1 and V , τ
the angle between η1 and η2 and φ the angle between L and the line z = 0. To
clarify these notations one can see Figure 10.
Using Proposition 5.4, we have that r1 = r0 , where r1 is the radius of the
circle C1 .
By simple geometry, we can notice that
φ=

τ
2

and that
τ
L = 2r0 sin ( ) = 2r0
2



1 − cos τ
.
2
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µ−1

C1

Q
R2
F
θ

L

C0

R1
φ

Figure 10. The tangency point between C0 and C1
Since the distance between the two points in the complex plane −1 and µ − 1 is
2L, we have:
τ
|µ| = 4r0 sin .
2
Therefore,
cos τ = 1 −

|µ|2
8r0 2

and
|µ|
τ
= arcsin
.
2
4r0
We can ﬁnally ﬁnd the expression for the tangency point V :
|µ|
τ
|µ| i arcsin 4r
0 − 1.
e
V = 2r0 sin eiφ − 1 =
2
2



Proposition 7.2. The radius of C1 satisﬁes r1 = O(1).
Proof. First we notice that the circle C0 is contained in the band
{z ∈ C : 0 ≤ z ≤ µ},
and that C0 is tangent to the line z = 0 and tangent to the circle C1 .
Moreover, the circle C1 is tangent to the line z = µ and the circles C0 and
C1 have the same radius.
Since
1 ≤ |µ| ≤ 2,
we obtain that r(C1 ) ∼ 1 whenever q  0.



318

IRENE SCORZA

7.2. Estimates of the other circles. From Theorem 5.1 and Proposition 5.4 we
know that r0 = rp = rq ∼ n1 . We now want to give an estimate for the other circles.
In the case p = 1, n is ﬁxed (n = 3), therefore our estimates do not depend on
n, but they are interesting when q tends to inﬁnity. For this aim we ﬁrst prove a
simple remark that will be useful for our calculations.
Remark 7.3. Let x̃ = i and ỹ in the imaginary axis with 0 < ỹ ≤ x̃ be two points
of the hyperbolic plane; let γ̃ be the geodesic between x̃ and ỹ. Let H be the
semi-circle of radius r perpendicular to the boundary of the hyperbolic plane and
perpendicular to γ̃ in ỹ.
Then r = e−l(γ̃) .
Proof.
 Let us denote ỹ = Y i. An easy calculation shows that l(γ̃) = d(x̃, ỹ) =
log Y1 . Therefore, the Euclidean radius of H satisﬁes the following equality:
r=Y =

1
el(γ̃)



.

Theorem 7.4. The radius of Ck such that 4 < k ≤ q2 satisﬁes rk ∼
 2 2

π (k − 1)
4k
V1 = √
+ log
.
2c4
k2 − 1

1
eV 1

where

The constant c4 is universal. Moreover, r mq tends to 0 when q → ∞.
Proof. For the notation we refer to Theorem 5.1.
Let f be the homotopy equivalence between M and N , whose lift is a quasiisometry outside the Margulis tubes.
As in Theorem 5.1, we consider a point x ∈ M in one component ∂X − of
the boundary of the convex core, such that the lift x̃ ∈ H3 of f (x) ∈ N satisﬁes
x̃ = −1 + j.
Let R be the disk as in Theorem 5.1 and let HCk be the hemisphere above the
circle bk (C0 ) = Ck .
We want to choose a path γk ∈ M in the homotopy class of bk such that the lift
f
(γk ) ∈ H3 of f (γk ) starts at x̃ and ends in a point yk ∈ HCk .
The path γk is the union of the sub-paths g1 , g2 and g3 that we deﬁne in what
follows.
As we described in Section 2, the block B1 contains the Margulis tube Tb of the
pivot b. Let S0 × 14 be the torus
 B1 , with a neighbourhood of the main cusp
 in
removed. By construction, S0 × 14 contains one component of the boundary of
Tb (see Figure 9).
Let g1 be the vertical path starting from x and ending at ∂X + , that is, a path of
length l(g1 ) = 3, since we have 3 blocks (each block has height 1). Let g3,k be the
shortest path in Tb homotopic to bk with endpoints
in the intersection betweenthe

1
1
.
Let
g
boundary of the Margulis tube and
S
×
0
2 be the geodesic in S0 × 4
4
 1 
connecting g3,k with g1 ∩ S0 × 4 such that l(g2 ) ∼ 1.
Let yk ∈ M be the endpoint of γk in ∂X + , let f
(γk ) ∈ H3 be the lift of f (γk )
(γk ). Since γk is the shortest
starting from x̃ and let yk ∈ HCk be the endpoint of f
k has to end in a
path between x and yk in the given homotopy class, then γ
neighbourhood of the top of HCk (otherwise the path would be longer).
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Since we want to ﬁnd the hyperbolic distance between x̃ and yk , we calculate
(g1 ),
the length of the geodesics µ1 , µ2 and µ3,k which have the same endpoints of f
(g3,k ), respectively.
f
(g2 ), and f
Since g1 is in the boundary of the main cusp, then
lN (f (g1 )) ∼ lM (g1 ) = 3.
Therefore, using Lemma 5.2,
lH3 (µ1 ) ∼ ln(3) ∼ 1.
˜
Since f is a quasi-isometry outside the Margulis tubes, then
lN (f (g2 )) ∼ lM (g2 ) ∼ 1.
Therefore,
Since g3,k

lH3 (µ2 ) ∼ 1.
is inside the Margulis tube Tb , then
lH3 (µ3,k ) ∼ lM (g3,k ),

and therefore we want to ﬁnd the length of g3,k for diﬀerent k, with more interest
when k = 1 and k = 2q .
As we deﬁned before, g3,k is the shortest path in Tb homotopic to bk with endpoints in the boundary of Tb : g3,k consists of a part penetrating the tube and a
loop around the tube.
Suppose that ρ is the radius of the Margulis tube, that is, the distance between
the boundary of Tb and the geodesic core b. Let h be a variable between 0 and ρ
and let L(h) be the length of a curve homotopic to b at distance h from the core
of Tb . Since b is a pivot, then from Proposition 2.2 and from Equation (8), there
exists a positive universal constant c4 such that the radius ρ satisﬁes the estimate:

 2



1
q
q
1
1
ρ ∼ log
= log √
,
= log
2
l(b)
2
c4
c4
therefore, h varies between 0 and log √qc4 .
In Proposition 2.3 we proved the following equation (that will be useful for
calculating L(h)):
cosh(L(h)) − cosh(l)
.
cosh(l) − cos(θ)
is a geodesic, then
sinh2 h =

(11)
In fact, since g3,k

l(g3,k ) = min{F (h) : F (h) = kL(h) + 2(ρ − h)}.
This is the shortest path in the Model manifold homotopic to bk with endpoints
in
 
the intersection between the boundary of the Margulis tube and S0 × 14 .
The quantity L(h) describes how long the loop homotopic to b is at diﬀerent
heights h in the Margulis tube, and the term (ρ − h) represents how deep we have
to go inside the Margulis tube to obtain the shortest path g3,k . Since b is short,
the Margulis tube could be very long and it could have a big twist (due to the
rotation angle). We want to ﬁnd the value of h which minimises the sum of kL(h)
and 2(ρ − h).
From Equation (11),
L(h) = cosh−1 [cosh(l(b))(1 + sinh2 (h)) − cos(θ(b)) sinh2 (h)],
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therefore,
F (h) = k cosh−1 [sinh2 (h)(cosh(l(b)) − cos(θ(b))) + cosh(l(b))] + 2 log



q
√
c4


− 2h.

To ﬁnd the minimum of F (h), we calculate the derivative. To simplify the notation,
let us deﬁne D = cosh(l(b)) − cos(θ(b)) and E = cosh(l(b)). Then
2kD sinh(h) cosh(h)
F  (h) = 
− 2,
(D sinh2 (h) + E)2 − 1
using the formula

−1
d
(z))
dz (cosh

=

Lemma 7.5. Let k satisfy the condition 1 < k ≤ q2 .
Then F  (h) = 0 if and only if either sinh2 (h) =
q 2 −π 2 k2
π 2 (k2 −1) ;

moreover, sinh2 (h) =



√ 1
.
z 2 −1

q 2 −π 2 k2
π 2 (k2 −1)

c24
4π 2 (k2 π 2 −q 2 )

or sinh2 (h) =

is the minimum of F (h).

Proof. Let us consider the case in which 1 < k ≤ 2q . We want to ﬁnd the minimum of


1
F (h) = kL(h) + 2(ρ − h) = k cosh−1 [D sinh2 (h) + E] + log
− 2h.
l(b)
We calculate the derivative of F :
2kD sinh(h) cosh(h)
− 2.
F  (h) = 
(D sinh2 (h) + E)2 − 1

If F  (h) = 0, then kD sinh(h) cosh(h) = (sinh2 (h)D + E)2 − 1. Squaring both
sides of this equality, we obtain a second degree equation in sinh2 (h):
sinh4 (h)(k2 D2 − D2 ) + sinh2 (h)(k2 D2 − 2DE) + 1 − E 2 = 0
which has two solutions:
2E − k2 D ±
(12)
sinh2 (h) =

(k2 D − 2E)2 − 4(1 − E 2 )(k2 − 1)
.
2D(k2 − 1)

From Equations (8) and (9), we can calculate the Taylor expansion of cosh(x) and
cos(x), obtaining
 
1
c4 2
cosh(l(b)) = 1 + 4 + O
2q
q6
and
 
1
4π 2
cos(θ(b)) = 1 − 2 + O
.
2q
q4
Hence,
 
1
4π 2
(13)
D = cosh(l(b)) − cos(θ(b)) = 2 + O +
q
q4
and
 
1
c4 2
+
(14)
E = cosh(l(b)) = 1 + 4 + O
.
2q
q6
Therefore,
 
1
8π 2
2
2
2
D − 2DE = cos (θ(b)) − cosh (l(b)) = − 2 + O
.
q
q4
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Using Equations (13) and (14), we obtain that
(15)
(16)

 
1
2π 2 k2
+
O
,
2
q
q4

 
2
1
2π 2 k2
2
2
2
2
+O
(k D − 2E) − 4(1 − E )(k − 1) = 2 −
q2
q4
2E − k2 D = 2 −

and
(17)

4π 2 k2
4π 2
−
+O
2D(k − 1) =
q2
q2



2

1
q4


.

Therefore, using Equations (15), (16), and (17) in (12), we obtain that F  (h) = 0
2
c2
−π 2 k2
when either sinh2 (h) = 4π2 (k2 π4 2 −q2 ) or sinh2 (h) = πq2 (k
2 −1) . Studying the sign of
F  (h), we obtain that the minimum point of F (h) is when sinh2 (h) =
Lemma 7.6.
(1) The radius of Ck such that 1 < k ≤

satisﬁes rk ∼
 2 2

π (k − 1)
4k
V1 = √
+ log
.
2c4
k2 − 1
q
2

1
eV 1

q 2 −π 2 k2
π 2 (k2 −1) .



where

(2) Moreover, r mq tends to 0 when q → ∞ and m > π.
Proof. Let k satisfy the condition
that 1 < k ≤ 2q . We want to ﬁnd the minimum

of F (h) in the interval h ∈ 0, log √qc4 . From Lemma 7.5, the minimum of F (h)
is when
q 2 − π 2 k2
sinh2 (h) = 2 2
.
π (k − 1)
Using that sinh−1 (z) ∼ log(2z) for |z| > 1, the minimum happens when

 
q 2 − π 2 k2
.
h ∼ log 2
π 2 (k2 − 1)
A simple calculation shows that
 2



2 2
2
q
c4 2
−1 (q − π k )2π
l(g3,k ) ∼ k cosh
+ 1 + 4 + 2 log √
π 2 q 2 (k2 − 1)
2q
c4

 
q 2 − π 2 k2
+ − 2 log 2
π 2 (k2 − 1)


 


q
q 2 − π 2 k2
4π 2q 2 − 2π 2 k2
+ 2 log √
∼k
− 2 log 2
q
π 2 (k2 − 1)
c4
π 2 (k2 − 1)
 2
 2

q
4q − 4π 2 k2
4k
∼√
+ log
− log
c4
π 2 (k2 − 1)
k2 − 1
 2 2

 
π (k − 1)
k
4k
+ log
+O
= √
.
2
2c
q
k −1
4
Therefore,
l(µ1 ) + l(µ2 ) + l(µ3,k ) ∼ V1
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where

 2 2

π (k − 1)
4k
+ log
.
2c4
k2 − 1
We apply Remark 7.3, to obtain that
1
1
r(Ck ) ∼ d(x̃,
∼ V1 .
e
e yk )
q
, with m ﬁxed and m > π, then
When k = m
 2
q
4
l(g3, mq ) ∼ log
+ .
2
m
m
V1 = √

Therefore,
l(µ1 ) + l(µ2 ) + l(µ3, mq ) ∼ V2
where


V2 = log

q2
m2


+

4
.
m



7.3. Algebraic limit versus geometric limit. In Section 5, we gave an estimate
of the radii of the circles Cn,j for the manifold Nn . On the other hand, in Section
7.1 and Section 7.2 we consider the case of n = 3 and we deﬁne a sequence of groups
Gq = ( 01 , 1q ), with related manifolds Nq . In this section we want to point out that
there is a big diﬀerence between the sequence of manifolds Nn and the sequence of
manifolds Nq .
We remind the reader that in the case of Gn = ( 01 , pqnn ), we are interested in
the condition when the number n of the pivots tends to inﬁnity. Instead, in the
example Gq = ( 01 , 1q ), we ﬁx n = 1 and we consider when q tends to inﬁnity.
Now we want to see that Nn −→ N∞ algebraically and geometrically, but in
the case of Gq the algebraic limit is diﬀerent from the geometric limit. The ﬁrst
statement follows easily from the deﬁnition of geometric limit and the construction
of Minsky’s model manifold.
∞
Regarding the second statement, we want to analyze G∞
alg and Ngeo where
alg

Gq −→ G∞
alg
and
geo

∞
,
Nq −→ Ngeo
∞
so G∞
alg is the algebraic limit and Ngeo is the geometric limit.
1 1
1 0
∞
Lemma 7.7. Let G∞
alg be the algebraic limit of Gq = ( 0 , q ), then Galg = G( 0 , 1 ).

Proof. Let ρq be the representation for Gq :
Gq = ρq (π1 (S)),
and let ρ be the representation for G( 01 , 01 ):


1 0
G
,
= ρ(π1 (S)).
0 1
We want to prove that
ρq (g) −→ ρ(g) ∀g ∈ π1 (S).
It is enough to prove that this is true for the generators α and β of π1 (S).
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By deﬁnition:


ρq (α) = ρ(α) =

For the generator β, we have that



ρq (β) =



1 2
0 1

−iµ −i
−i
0
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.


,

where µ satisﬁes the condition
tr(a−1 bq ) = 2.
Moreover,


ρ(β) =

2
−i

−i
0


.

Using that
(tr(a))2 ∗ (tr(b))2 ∗ (tr(ab))2 = tr(a) ∗ tr(b) ∗ tr(ab),
q→∞

we obtain that −iµ −→ 2 and therefore
ρq (β) −→ ρ(β).



∞
denote the manifold given by
Let Nalg
∞
3
Nalg
= H3 /G∞
alg = H /G(1/0, 0/1).
∞
∞
The model manifold Malg
associated to Nalg
has only one block Ba,b (a boundary
1
block). The generators a and b (related to 0 and 01 , respectively) are accidental
parabolics.
Basically, in the algebraic limit, we completely forget about the geometric structure, and therefore we forget that the new accidental parabolic b comes from the
parabolic a−1 bq . We will see that the geometric limit reminds us of it.
If we consider the model manifold Mq associated to Nq = H3 /Gq , we notice that
Mq has two boundary blocks B1 = Ba,b and B2 = Bb,a−1 bq . The elements a and
a−1 bq (related to 10 and 1q , respectively) are accidental parabolics, but the element
b is not an accidental parabolic. When q tends to inﬁnity, the curve associated to
the element b is shorter and shorter, but the second block of the model manifold
does not disappear for the deﬁnition of geometric limit. Therefore the limit model
∞
∞
of the geometric limit Ngeo
= H3 /G∞
manifold Mgeo
geo has two blocks.
From Maskit’s combination theorem, an elliptic transformation t exists such that
 ∞
G∞
geo = Galg , t .

In particular, there is a covering
∞
∞
−→ Nalg
Ngeo

that is 1 − 1 in B1 and ∞ − 1 otherwise.
∞
∞
and Ngeo
are diﬀerent.
Therefore, Nalg
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