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ON REFLECTIONS IN JORDAN CURVES

OLE JACOB BROCH

Abstract. A purely geometric method for constructing reflections in Jordan
curves on the Riemann sphere based on hyperbolic geodesics is introduced. It
is then possible to investigate the relations between the geometry of a Jordan
domain D and the properties of the reflection by studying properties of hy-
perbolic geodesics. This idea is used to characterize unbounded Jordan John
domains in terms of reflections satisfying a kind of Lipschitz condition.

1. Introduction

A domain D ⊂ R2 admits a reflection in its boundary ∂D if there exists a
homeomorphism f of D such that

f(D) = D∗ where D∗ = R2\D, and
f(z) = z for z ∈ ∂D.

This is the definition given by Gehring and Hag [11]. For instance, the map defined
by

g(reiϑ) = r−2eiϑ, r �= 0; g(0) = ∞, g(∞) = 0
is a reflection in T, the boundary of the unit disk D = {z : |z| < 1}. This is an
artificial example, but it emphasizes that the definition used here does not require
f(f(z)) = z. Note that if f is only defined in D, then one may define a reflection
F : R2 → R2 by F |D = f and F |D∗ = f−1, and then one has F (F (z)) = z.

A reflection f is said to have the property P if its restriction to D has that
property. For example: f is quasiconformal if f |D is quasiconformal. Ahlfors
considered quasiconformal reflections in [1], along with hyperbolic and Euclidean
biLipschitz reflections (see also [2], [11] and [20]). Another kind of reflection was
studied by Earle and Nag [7], who used the Douady-Earle extension [6] to construct
reflections rather than the Beurling-Ahlfors extension [3], which was Ahlfors’ means
of constructing them. Later still, Gehring and Hag proved the appealing result, that
a domain D admits a reflection in its boundary if and only if it is a Jordan domain
(see [11, Theorem 1.2]). Thus little is lost by considering only Jordan domains in
the following.

In this paper we exhibit and study a particular choice of reflection RD for each
Jordan domain D. This reflection is constructed using hyperbolic lines, and its
properties (like conformality and quasiconformality) literally reflect the geometry
of the domain. The construction is reminiscent of the “usual” way of constructing
reflections in lines. The construction is given in Section 4. In Section 5 we will
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see some new examples of how the properties of the reflection correspond to the
geometry of the domain. The main result of this paper is Theorem 5.5, which char-
acterizes John disks in terms of reflections satisfying a kind of Lipschitz condition.
This result is interesting because it is rarely possible to compare the inside of a
John disk with the outside, without getting a quasidisk.

We also give a new proof for a result about quasidisks due to Ahlfors [2] (see
Theorem 5.10 below).

In Section 6 we complement some of the material in Sections 4 and 5 by giving
examples and remarks, in addition to a restatement of the main result.

Section 3 contains auxiliary material on the geometry of hyperbolic geodesics.
These results are “one sided” versions of results for uniform domains and qua-
sidisks, and may be interesting in their own right. In particular, we obtain new
characterizations of John disks in terms of certain minimum properties of hyperbolic
geodesics.

Section 2 contains basic definitions, notation and results that will be used.

2. Preliminaries

Here we collect some basic definitions and results that will be needed throughout.
In this paper, unless stated otherwise, D will denote a Jordan domain in R2, and

D∗ = R2\D will be its complementary domain. A domain D is a Jordan domain if
∂D ⊂ R2 is a Jordan curve. Note that ∂D will be used for the common boundary
of D and D∗. Hyperbolic segments or lines in D, possibly with one or both of the
end points in ∂D, will always be denoted by γ. To be more specific, γ[z1, z2] will be
a hyperbolic segment or line from z1 to z2 in D. Likewise γ∗ denotes a hyperbolic
segment in D∗. Thus if ζ1, ζ2 ∈ ∂D = ∂D∗, γ[ζ1, ζ2] is a hyperbolic line in D and
γ∗[ζ1, ζ2] is a hyperbolic line in D∗. If α is any arc in D (or D∗) and z1, z2 ∈ α,
then α[z1, z2] will denote the subarc of α from z1 to z2.

The collective term geodesic or hyperbolic geodesic will sometimes be used for
hyperbolic lines, segments and rays alike. It will be clear, from the context, in
which of these classes the arc belongs. Geodesic line will always mean a geodesic
with both end points in the boundary of the domain in question.

Possible uses of the reflection procedure will be demonstrated by studying John
disks and quasidisks. Recall that a K-quasidisk is the image of a disk or a half plane
under a K-quasiconformal self homeomorphism of R2. A simply connected domain
D ⊂ R2 with at least two boundary points is a c-John disk if any two points z1, z2

in D \ {∞} may be joined by a rectifiable arc α in D \ {∞} with

(2.1) min
j=1,2

�(α[zj , z]) ≤ c dist(z, ∂D)

for every z ∈ α; here �(α) denotes the length of α and dist(z, A) = infw∈A |z − w|.
All quasidisks are John disks [21].

In general John disks do not have to be Jordan domains, since D\[0, 1) is a John
disk. This is why we will constantly make the additional assumption that D be
a Jordan domain. We will sometimes talk about the center of a John disk. By
[21, Theorem 2.14] the definition of a John disk used in the present paper implies
the existence of a point x0 ∈ D, called a center of D, such that any point x1 ∈ D
may be joined to x0 by a rectifiable arc α such that for every x ∈ α we have
�(α[x, x1]) ≤ c dist(x, ∂D). Here c may be different from the constant in (2.1). If
D is unbounded, then x0 = ∞ [21, Remark 2.3.2].
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A c-linearly connected domain is a domain D where any pair z1, z2 of points may
be joined by an arc α with

(2.2) diamα ≤ c |z1 − z2|.
In both John disks and linearly connected domains we may replace the arcs α by
hyperbolic segments (see [13, Theorem 4.1], [21, Theorem 5.2] and [22, Proposi-
tion 5.6]). A Jordan domain D is a John disk if and only if D∗ is linearly connected
[21, Theorem 4.5].

For a Jordan domain D, we will let ∂rD denote the set of rectifiably accessible
boundary points, while we write Dr = D ∪ ∂rD. If D is a John domain, then
∂rD = ∂D [21, Remark 6.6]. In any case, ∂rD is always dense in ∂D. By λD(z1, z2)
we mean the internal length distance between z1, z2 ∈ Dr:

λD(z1, z2) = inf{�(β) : β is a rectifiable arc joining z1 and z2 in D}
(see e.g. Section 3 in [21] or Section 2 in [5]).

A convention: Throughout this paper we will use z̃ for the preimage in H (D)
of any z ∈ D under a conformal map ϕ : H → D (ϕ : D → D) or its extension to
the closures ϕ : H → D (ϕ : D → D). Here H is the upper half plane. Whenever we
have a conformal map, we always extend it as a homeomorphism in this way, and
use the same letter for the extended function. This extension is possible due to the
Osgood-Carathéodory extension theorem (see e.g. [22, Theorem 2.6]).

In order to simplify notation, we will sometimes write fg = f(g) for the compo-
sition of two maps f and g (whenever it is defined).

We will need some results which are quoted here for later reference.

Theorem 2.3 ([21], Theorem 5.6). Let D ⊂ R2 be a c-John disk with center z0,
with z0 = ∞ if D is unbounded. Let γ be a hyperbolic geodesic from z0 to ∂D. Then

�(γ[z1, z2]) ≤ c1|z1 − z2|
for all z1, z2 ∈ γ, where c1 = c1(c, z0).

Remember that a homeomorphism ϕ : (X, 	) → (Y, σ) between two metric spaces
is η-quasisymmetric if there is a homeomorphism η : [0,∞) → [0,∞) such that

σ(f(a), f(b))
σ(f(b), f(c))

≤ η

(
	(a, b)
	(b, c)

)

for all a, b, c ∈ X, b �= c. (See the paper by Tukia and Väisälä [24] or Heinonen’s
book [17] for the basic theory about quasisymmetric maps.)

Theorem 2.4 ([21], [5]). A Jordan domain D ⊂ R2 with ∞ ∈ ∂D is a c-John
disk if and only if every conformal map ϕ : H → D with ϕ(∞) = ∞ extends as a
homeomorphism ϕ : H → D such that ϕ : H → (Dr, λD) is η-quasisymmetric, where
η and c depend only on each other.

The Gehring-Hayman Theorem 2.5 ([14]). Let D be a simply connected domain
in R

2, and let z1, z2 ∈ Dr. If γ is the hyperbolic segment from z1 to z2 in D and α
is any Jordan arc from z1 to z2 in D, we have that

�(γ) ≤ K�(α),

where K is a universal constant.

A proof may also be found in [22], pp. 88–90.
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3. Geometric properties of hyperbolic geodesics

In this section we will prove results about hyperbolic geodesics that will be used
in Section 5. Remember that γ[z1, z2] denotes the hyperbolic segment, ray or line
from z1 to z2 whenever z1 and z2 lie in (the closure of) a simply connected plane
domain.

The point of departure is the following result of Gehring and Hag, which says
that a simply connected proper subdomain D of R

2 is a quasidisk if and only if
hyperbolic geodesics in D have the min-max property.

Theorem 3.1 ([10], Corollary 2.10). A simply connected proper subdomain D ⊂ R
2

is a K-quasidisk if and only if there is a constant c such that for all z1, z2 ∈ D,

(3.2)
1
c

min
j=1,2

|zj − w| ≤ |z − w| ≤ c max
j=1,2

|zj − w|

for any z ∈ γ[z1, z2] and every w �∈ D. The constants K and c depend only on each
other.

Remark 3.3. If D is a quasidisk, then all boundary points are rectifiably accessible,
and a limiting procedure shows that (3.2) also holds if one or both of z1 and z2 lie
in ∂D. The rectifiable accessibility of the boundary points of a quasidisk follows
from e.g. [21], Theorem 9.2 and Remark 6.6.

We will explain how the two inequalities of Theorem 3.1 break into two separate
“one sided” characterizations of John and linearly connected domains. Most of
the arguments in the present section are, in one way or another, adapted from or
inspired by arguments in [10], which the author hereby acknowledges. We have
chosen to include proofs, for completeness and clarity.

The following characterization of John disks in terms of a minimum property of
hyperbolic geodesics represents a one sided analogue to Theorem 3.1 and might be
interesting in its own right.

Theorem 3.4. Suppose that D is a Jordan domain in R2. Then D is an a-John
disk if and only if there is a constant c such that for z1, z2 ∈ Dr and every metric
d with |z − w| ≤ d(z, w) ≤ λD(z, w) we have

(3.5) min
j=1,2

d(zj , w) ≤ c d(z, w),

for every w ∈ ∂rD and every z ∈ γ[z1, z2].

Proof. First we note that if d is a metric with |z − w| ≤ d(z, w) ≤ λD(z, w), then
the length with respect to the d metric of any rectifiable arc is the same as the
Euclidean length.

Let D be an a-John disk. Take z1, z2 ∈ D and let z ∈ γ[z1, z2], w ∈ ∂D. Then
we have

min
j=1,2

d(zj , w) ≤ min
j=1,2

d(zj , z) + d(z, w)

≤ min
j=1,2

�(γ[zj , z]) + d(z, w)

≤ a dist(z, ∂D) + d(z, w)

≤ a|z − w| + d(z, w)

≤ (a + 1)d(z, w),
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where the third inequality follows from the definition of an a-John disk. We also
used the fact that hyperbolic geodesics γ can be used in (2.1).

Now suppose that (3.5) holds in D. Then, in particular, (3.5) holds for λD. Let
z1, z2 ∈ D and take z ∈ γ[z1, z2]. Let w ∈ ∂D such that |z−w| = dist(z, ∂D). Then
w ∈ ∂rD and λD(z, w) = |z − w| = dist(z, ∂D). By using the Gehring-Hayman
Theorem 2.5 together with (3.5), we have:

min
j=1,2

�(γ[zj , z]) ≤ min
j=1,2

KλD(zj , z)

≤ K( min
j=1,2

λD(zj , w) + λD(z, w))

≤ K(cλD(z, w) + λD(z, w))

= K(c + 1)λD(z, w) = K(c + 1) dist(z, ∂D).

Thus D is an a = K(c + 1)-John disk by definition (2.1). �

Remark 3.6. It is not necessary to assume D to be a Jordan domain in order to
prove the equivalence in the above theorem. The only assumption needed is that
D be simply connected and of hyperbolic type. For the proof, it was convenient
to assume that D was a Jordan domain in order to avoid certain technicalities
regarding ∂rD.

A simply connected Jordan domain is a quasidisk if and only if it is at the same
time a John disk and a linearly connected domain [21, Theorem 9.3],
[22, Theorem 5.9]. Therefore it should not be surprising that we may charac-
terize linearly connected domains in terms of a maximum property for hyperbolic
geodesics.

Theorem 3.7. A simply connected domain D in R
2 is a-linearly connected if and

only if there is a constant b such that for any z1, z2 ∈ D and any w �∈ D,

(3.8) |z − w| ≤ b max
j=1,2

|zj − w|

for every z ∈ γ[z1, z2]. The constants a and b depend only on each other.

Proof. Once again the proof is adapted from [10, Theorem 2.7].
Let D be a-linearly connected. According to [22, Proposition 5.6] condition

(2.2) holds for hyperbolic geodesics in D from z1 to z2 in D. Let z1, z2 ∈ D. Take
z ∈ γ = γ[z1, z2] and any w ∈ R

2 \ D. Then

|z − w| ≤ 1
2

(|z1 − w| + |z1 − z| + |z2 − w| + |z2 − z|)

≤ 1
2

(2 diam γ + |z1 − w| + |z2 − w|)

≤ 1
2

(2a |z1 − z2| + |z1 − w| + |z2 − w|)

≤ 1
2
(2a + 1)(|z1 − w| + |z2 − w|)

≤ (2a + 1) max
j=1,2

|zj − w|.

Conversely, suppose that D has the maximum property for hyperbolic geodesics.
Take z1, z2 ∈ D. If |z1 − z2| < dist(z1, ∂D), then z1 and z2 may be joined by
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[z1, z2] ⊂ D. Otherwise, |z1−z2| ≥ dist(z1, ∂D). Then take w ∈ ∂D with |z1−w| =
dist(z1, ∂D). Let γ be the hyperbolic geodesic joining z1 and z2. If z ∈ γ, then

|z − w| ≤ b max
j=1,2

|zj − w| ≤ b(|z1 − w| + |z1 − z2|) ≤ 2b|z1 − z2|,

which means that diam γ ≤ 4b|z1 − z2|. �

4. Constructing reflections

We will mostly consider Jordan domains whose boundaries contain the point at
infinity, but start by constructing reflections in the case when ∂D ⊂ R

2. What we
will do is to define a coordinate system in D by means of hyperbolic geodesics.

Throughout this section D will be a Jordan domain in R2.

4.1. Reflection when ∂D is bounded. Fix any point p in ∂D. For z in D
consider the full geodesic line in D from p through z. This line meets ∂D again in
some point ξ �= p. Next consider the unique geodesic through z that meets γ[p, ξ]
orthogonally; see Figure 1. This geodesic line will have two end points ζ1 and ζ2

in ∂D; number them according to orientation. Thus

{z} = γ[p, ξ] ∩ γ[ζ1, ζ2].

The triple (ζ1, ξ, ζ2)p will be called geodesic coordinates for z with respect to p.
Note that not any triple of points in ∂D will do as geodesic coordinates for some
point, but whenever z is represented by such a triple we will write

z = (ζ1, ξ, ζ2)p.

Now the geodesics from ζ1 to ζ2 and from p to ξ in D∗ = R2 \ D meet in a unique
point w ∈ D∗; see the proof of Theorem 4.2 below. We define the reflection of z as:

RD,p(z) =
{

γ∗[p, ξ] ∩ γ∗[ζ1, ζ2], for z ∈ D,
z, for z ∈ ∂D.

D

D∗

ξ

ζ1

ζ2

p
z

D

z̃

ζ̃2

ϕ

ζ̃1
ξ̃

w = RD(z)
p̃ = −1

Figure 1. Constructing RD,p when ∂D is bounded.

Note that there is some point z0 in D with RD,p(z0) = ∞. Also be aware that
even if w = RD,p(z) with z = (ζ1, ξ, ζ2)p, it is not true in general that (ζ1, ξ, ζ2)p

are geodesic coordinates for w in D∗.
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4.2. Reflection when ∞ ∈ ∂D. When ∞ ∈ ∂D, it is convenient to take p = ∞,
and we leave p = ∞ out of the notation in this case. The construction is exactly
the same as in the bounded case, except that it is also convenient to make reference
to a conformal map ϕ : H → D fixing ∞. If (ζ1, ξ, ζ2) are geodesic coordinates for
z ∈ D, then the geodesics in H joining ζ̃1 = ϕ−1(ζ1) and ζ̃2 = ϕ−1(ζ2) will be
semicircles, while ϕ−1([∞, ξ]) is the bisector of each such half circle. In particular,
|ζ̃1 − ξ̃| = |ζ̃2 − ξ̃| (see Figure 2). Define the reflection of z in ∂D as follows.

ϕ

z̃

ζ̃1 ζ̃2ξ̃ζ2

D

D∗

w = RD(z)

z

ζ1

ξ

H

Figure 2. Constructing RD when ∞ ∈ ∂D.

w = RD(z) =

⎧⎨
⎩

γ∗[∞, ξ] ∩ γ∗[ζ1, ζ2], for z ∈ D,
z, for z ∈ ∂D,
∞, for z = ∞.

Note that RD,p and RD are independent of any conformal maps involved.

Example 4.1. If D is a half plane, RD corresponds to the usual reflection in a
line. Thus when D = H, RD(z) = z (complex conjugation).

In Section 5 we will present examples of reflections in boundaries of quasidisks
and John disks. In the meantime, see Figures 2 and 3 for actual reflections RD

in the boundary of a sector and the half strip, respectively. The sector domain
D = {z ∈ R

2 : | arg z| < π/4} in Figure 2 is a quasidisk ([11]), while the outside of
the half strip in Figure 3 is a John disk.

Next we confirm that RD and RD,p are indeed reflections, i.e. that they are
homeomorphisms and fix each boundary point.

Theorem 4.2. Let D be a Jordan domain with ∞ ∈ ∂D. Then RD is a reflection.

Proof. We simply check the properties of RD. This is, unfortunately, a bit tedious.
Recall the notation from the construction of RD. Let ϕ : H → D and ψ : H → D∗

be conformal maps with ϕ(∞) = ψ(∞) = ∞.
First we show that RD is well defined. Take z ∈ D with z = (ζ1, ξ, ζ2). Then

C = γ[∞, ξ] ∪ γ∗[∞, ξ] is a Jordan curve, and ζ1, ζ2 lie in different components
of R

2 \ C. Then γ∗[ζ1, ζ2] must intersect C in D∗, since γ∗[ζ1, ζ2] ⊂ D∗. The
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w1

D∗

D

z2

z1

w2

Figure 3. An actual example of RD when D = {z = x + iy ∈
R

2 : |y| > π/2 or x < 0}, a John disk. Here wj = RD(zj).

arcs γ∗[ζ1, ζ2] and γ∗[ξ,∞] intersect in at most one point, however, otherwise these
geodesics are the same, contrary to assumption.

Next we show that RD is 1-1. Suppose w = RD(z1) = RD(z2). Let z1 =
(ζ1

1 , ξ1, ζ
2
1 ), z2 = (ζ1

2 , ξ2, ζ
2
2 ). Then

{w} = γ∗[∞, ξ1] ∩ γ∗[ζ1
1 , ζ2

1 ] = γ∗[∞, ξ2] ∩ γ∗[ζ1
2 , ζ2

2 ];

hence γ∗[∞, ξ1] = γ∗[∞, ξ2], since these two geodesics now intersect in both ∞ and
w. Furthermore, since γ∗[ζ1

1 , ζ2
1 ] and γ∗[ζ1

2 , ζ2
2 ] intersect in D∗, so do γ[ζ1

1 , ζ2
1 ] and

γ[ζ1
2 , ζ2

2 ] in D. Then ϕ−1(γ[ζ1
1 , ζ2

1 ]) and ϕ−1(γ[ζ1
2 , ζ2

2 ]) meet in H. By construction
both ϕ−1(γ[ζ1

1 , ζ2
1 ]) and ϕ−1(γ[ζ1

2 , ζ2
2 ]) meet ϕ−1(γ[∞, ξ]) at right angles, and so

they must coincide. Thus z̃1 = z̃2, and z1 = z2.
To prove that RD is continuous in D, first take z ∈ D and consider a sequence

(zn) ⊂ D with zn → z. Let z = (ζ1, ξ, ζ2) and zn = (ζ1
n, ξn, ζ2

n). Write w =
RD(z), wn = RD(zn). Then ϕ−1(zn) → ϕ−1(z) and

ϕ−1(ζ1
n) → ϕ−1(ζ1), ϕ−1(ξn) → ϕ−1(ξ), ϕ−1(ζ2

n) → ϕ−1(ζ2),

as n → ∞ by continuity of ϕ. Thus ζ1
n → ζ1, ξn → ξ and ζ2

n → ζ2. Mapping D∗

onto H using ψ−1, we see that now

ψ−1(ζ1
n) → ψ−1(ζ1), ψ−1(ξn) → ψ−1(ξ), ψ−1(ζ2

n) → ψ−1(ζ2),

because ψ is continuous. Thus ψ−1(wn) → ψ−1(w) and finally wn → w by conti-
nuity once more. For z ∈ ∂D the same reasoning shows that wn = RD(zn) → z
when zn → z.

Finally we confirm that RD : D → D∗ is onto. It is enough to prove that if
ξ ∈ ∂D, then RD(γ[∞, ξ]) = γ∗[∞, ξ]. Because RD is continuous, RD(γ[∞, ξ]) is
connected. By construction it is clear that there are wn = RD(zn) ∈ γ∗[∞, ξ] with
wn → ∞, n → ∞. Thus RD(γ[∞, ξ]) is the whole of γ∗[∞, ξ]. �



20 OLE JACOB BROCH

Theorem 4.3. If ∂D is bounded, then RD,p is a reflection for each p ∈ ∂D.

Proof. Apply a Möbius transformation f : R2 → R2 with f(p) = ∞, f(D) = U and
f(D∗) = U∗. Then since U is unbounded with ∞ ∈ ∂U ,

RD,p = f−1RUf : D → D∗,

where RU is a reflection as in subsection 4.2, and RD,p is a reflection by Theorem
4.2. �

Remark 4.4. In general it is not true that RD∗ = R−1
D . This will be explained in

Example 6.5.

4.3. Sewing homeomorphisms, reflections and extensions. Here we point
out some relations between the reflection RD, the sewing homeomorphism associ-
ated with D and an extension of this homeomorphism. These ideas will be applied
to two examples in Section 6.

Let H− = {z : Im z < 0} denote the lower half plane. Suppose that D is a
Jordan domain with ∞ ∈ ∂D. The assumption that ∞ ∈ ∂D is made mostly for
convenience, and is not essential for the following discussion.

Consider conformal maps ϕ : H → D and ψ : H− → D∗ with ϕ(∞) = ψ(∞) = ∞.
We have homeomorphic extensions ϕ : H → D and ψ : H− → D∗, thus inducing an
orientation preserving homeomorphism h = ψ−1ϕ : R → R. This is called a sewing
homeomorphism associated with ϕ and ψ, or a conformal welding of D and D∗. It
relates the geometry of D to that of D∗. Because RD fixes each point on ∂D, we
have h = ψ−1RDϕ. This means that the orientation preserving homeomorphism

(4.5) Eh = ψ−1RDϕ : H → H

is an extension of the sewing map h. By the construction of RD, and because ϕ and
ψ−1 are conformal, and hence map hyperbolic geodesics to hyperbolic geodesics,
we may write up an explicit expression for Eh in terms of h as follows. For z =
x + iy ∈ H take the geodesics γ[x− y, x + y] and γ[x,∞] in H. They meet at right
angles in z. Then Eh(z) is the point of intersection between γ[h(x − y), h(x + y)]
and γ[h(x),∞] (see Figure 4). Because Eh(z) lies on a half circle with diameter
(h(x−y), h(x+y)), and the real part of Eh(z) is h(x), the imaginary part of Eh(z)
is just the geometric mean of the two numbers h(x)−h(x− y) and h(x+ y)−h(x):

h(x)

z = x + iy

x − y h(x − y)x x + y h(x + y)

Eh(z)

Figure 4.

(4.6) Eh(z) = h(x) + i
√

(h(x + y) − h(x))(h(x)− h(x − y)).
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Of course Eh, if defined by (4.6), provides an extension of any homeomorphism
h : R → R, not just sewing homeomorphisms.

The extension Eh introduced above is similar to the extension used by Tukia
and Väisälä in [25]. They considered the extension Fh(z) = h(x) + iτh(z), where
τh(z) = max{h(x) − h(x − y), h(x + y) − h(x)}. The extension Eh has a lot of the
same properties.

5. John disks and reflections

We now take a closer look at some specific reflections. Throughout this section
D is a Jordan domain in R2 with ∞ ∈ ∂D, and RD is the reflection as defined in
Section 4.2. We use geodesic coordinates z = (ζ1, ξ, ζ2) as in that section too. The
goal is to characterize John disks in terms of reflections, and to give a new proof
for a result about quasidisks and reflections. First we look at the reflection RD for
John disks. Because we are working with Jordan domains, we will write ∂D for the
common boundary of D and D∗.

Lemma 5.1. Suppose that D is a c-John disk with ∞ ∈ ∂D. Then there is a
constant L = L(c) such that for every z = (ζ1, ξ, ζ2) in D,

(a) |RD(z) − ξ| ≤ L |z − ξ|;

(b) dist(RD(z), ∂D) ≤ cL dist(z, ∂D).

Proof. We prove (a) first. Take any z ∈ D with z = (ζ1, ξ, ζ2). By Theorem 2.3 we
have

|RD(z) − ξ|
|z − ξ| ≤ c1

|RD(z) − ξ|
�(γ[z, ξ])

.

Once more a limiting procedure was used, since ξ ∈ ∂D.
Because D is a Jordan John disk, D∗ is linearly connected [21, Theorem 4.5], so

by using Theorem 3.7 we see that there is a constant c2 such that

|RD(z) − ξ|
�(γ[z, ξ])

≤ c2
maxj=1,2 |ζj − ξ|

λD(z, ξ)
.

Of course |ζj − ξ| ≤ λD(ζj , ξ). Using Theorem 3.4, we get a constant c3 with

maxj=1,2 |ζj − ξ|
λD(z, ξ)

≤ c3
maxj=1,2 λD(ζj , ξ)
minj=1,2 λD(ζj , ξ)

.

The three inequalities above combine to give

(5.2)
|RD(z) − ξ|

|z − ξ| ≤ c4
maxj=1,2 λD(ζj , ξ)
minj=1,2 λD(ζj , ξ)

,

where c4 = c1c2c3.
Let ϕ : H → D be a conformal map with ϕ(∞) = ∞. Then by Theorem 2.4

the homeomorphism ϕ : H → (D, λD) is η-quasisymmetric, with η depending only
on c. Let ζ̃j , ξ̃ ∈ R be such that ζj = ϕ(ζ̃j), ξ = ϕ(ξ̃). Since by construction
|ζ̃1 − ξ̃| = |ζ̃2 − ξ̃|, we have

1
η(1)

≤ λD(ζ1, ξ)
λD(ζ2, ξ)

≤ η(1).
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D∗

f(z)

z
ζ1

D′

ζ2

D ∂D

ωz

Figure 5.

Combining this with (5.2) we have finally

|RD(z) − ξ| ≤ L |z − ξ|,
where L = η(1)c4.

To prove (b), note that since D is a c-John disk we have by definition (by using
∞ as a center)

(5.3) |z − ξ| ≤ �(γ[z, ξ]) ≤ c dist(z, ∂D).

Then by (a), dist(RD(z), ∂D) ≤ |RD(z) − ξ| ≤ L|z − ξ| ≤ cL dist(z, ∂D). �

Next we prove a converse of Lemma 5.1.

Lemma 5.4. Suppose that ∞ ∈ ∂D and that ∂D admits a reflection f that satisfies
the following:

There is a constant L such that for every z ∈ D there is an ωz ∈ ∂D with

|f(z) − ωz| ≤ L|z − ωz| ≤ L2 dist(z, ∂D).

Then D is a c-John disk, with c depending only on L.

Proof. We will prove the following. For every straight, or rectilinear, cross cut
β = (ζ1, ζ2) of D, with ζ1, ζ2 ∈ ∂D \ {∞}, one has

diam D′ ≤ a diamβ = a |ζ1 − ζ2|,
where D′ is the bounded component of D \ β. Then D is a c-John disk, c = c(a),
by Theorem 4.5(4) in [21] (see Figure 5). Let ζ1, ζ2 ∈ ∂D with β = (ζ1, ζ2) ⊂ D.
Then by the assumptions about f and ωz we have for every z ∈ β,

|f(z) − ζ1| ≤ |f(z) − ωz| + |ωz − ζ1|
≤ L|z − ωz| + |z − ωz| + |z − ζ1|
< L2 dist(z, ∂D) + L dist(z, ∂D) + |ζ1 − ζ2|
< (L + 1)L|ζ1 − ζ2| + |ζ1 − ζ2|
= ((L + 1)L + 1) diamβ.

Then

diamD′ ≤ diam(f(β) ∪ β) = diam f(β) ≤ 2((L + 1)L + 1) diamβ.
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If (ζ1, ζ2) ∩ D = ∅ for all pairs ζ1, ζ2 ∈ ∂D, choose any pair of points ζ1, ζ2 in
∂D. We let α be any cross cut from ζ1 to ζ2 in D. Then α ∪ [ζ1, ζ2] is a Jordan
curve. Let Ω be the bounded component of R

2 \ (α ∪ [ζ1, ζ2]), and let D′ be the
bounded component of D \ α. Then we have that

diamD′ ≤ diam Ω = diam(α ∪ [ζ1, ζ2]) = diamα.

Thus one may use Theorem 4.5(3) in [21] to conclude that D must be a John disk
in this case too. �

Combining Lemmas 5.1 and 5.4 we have the following characterization of Jordan
John disks (with ∞ ∈ ∂D). This is the main result of this paper, and a one sided
version of Lemma 1(a) in [1].

Theorem 5.5. Let D ⊂ R2 be a Jordan domain with ∞ ∈ ∂D. Then D is a c-John
disk if and only if ∂D admits a reflection f such that

|f(z) − ζ| ≤ M |z − ζ|
for all z ∈ D, ζ ∈ ∂D \ {∞}. The constants c and M depend only on each other.

Proof. If ∂D admits such a reflection, then D is a c = c(M)-John disk by Lemma
5.4, taking ωz ∈ ∂D such that dist(z, ∂D) = |z − ωz|.

Next suppose that D is a c-John disk. Let z = (ζ1, ξ, ζ2) ∈ D and let ζ ∈ ∂D.
Assume first that |z − ζ| < |z − ξ|. It follows from the triangle inequality that
|ζ − ξ| < 2|z − ξ|. By (5.3),

|z − ξ| ≤ c dist(z, ∂D) ≤ c |z − ζ|.
Using the above with Lemma 5.1(a) one has

|RD(z) − ζ| ≤ |RD(z) − ξ| + |ζ − ξ|
< L |z − ξ| + 2|z − ξ|
≤ cL |z − ζ| + 2c|z − ζ|
= c(L + 2)|z − ζ|.

If |z − ξ| ≤ |z − ζ|, we have by the triangle inequality |ξ − ζ| ≤ 2|z − ζ|. Then
by Lemma 5.1(a):

|RD(z) − ζ| ≤ |RD(z) − ξ| + |ζ − ξ|
≤ L|z − ξ| + |ζ − ξ|
≤ 2L|z − ζ| + 2|z − ζ|
= 2(L + 1)|z − ζ|.

Then we can take f = RD and M = 2c(L + 1). �
We can also use the reflection RD and the results in Section 3 to characterize

quasidisks in terms of reflections satisfying a biLipschitz condition.

Lemma 5.6. Suppose that D ⊂ R2 is a K-quasidisk with ∞ ∈ ∂D. Then for every
z = (ζ1, ξ, ζ2) in D,

(a)
1
L
|z − ξ| ≤ |RD(z) − ξ| ≤ L|z − ξ|;

(b)
1
L

dist(z, ∂D) ≤ dist(RD(z), ∂D) ≤ L dist(z, ∂D).

The constant L depends only on K.
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Proof. Since D is a K-quasidisk, so is D∗. Then using Theorem 3.1 for D and D∗,
Remark 3.3 and the construction of RD, we have that

(5.7)
1
c2

minj=1,2 |ζj − ξ|
maxj=1,2 |ζj − ξ| ≤

|RD(z) − ξ|
|z − ξ| ≤ c2 maxj=1,2 |ζj − ξ|

minj=1,2 |ζj − ξ| .

Here c = c(K) is the constant from Theorem 3.1. Now take a conformal map
ϕ : H → D fixing ∞. Let ζ̃j and ξ̃ be preimages in R of ζj and ξ under ϕ. By
construction (see Section 2.1) we have |ζ̃1 − ξ̃| = |ζ̃2 − ξ̃|. Using reflection in T and
Theorem V.3.2 in [19] it is not very difficult to see that ϕ has a K2-quasiconformal
extension ϕ : R2 → R2. By e.g. Theorem 2.6 in [9],

(5.8) e−8K2
≤ |ζ1 − ξ|

|ζ2 − ξ| ≤ e8K2
.

Now combine (5.7) and (5.8) to get (a) with L = c2e8K2
.

Since D is a K-quasidisk, both D and D∗ are a-John disks, with a = a(K)
[21, Theorem 9.3]. Then it follows as in (5.3) that

|z − ξ| ≤ a dist(z, ∂D).

Likewise, since RD(z) lies in the geodesic line from ∞ to ξ, we have

|RD(z) − ξ| ≤ a dist(RD(z), ∂D).

Using these last two inequalities with (a) we have

1
L

dist(z, ∂D) ≤ 1
L
|z − ξ| ≤ |RD(z) − ξ| ≤ a dist(RD(z), ∂D)

and

dist(RD(z), ∂D) ≤ |RD(z) − ξ| ≤ L|z − ξ| ≤ aL dist(z, ∂D).

Thus (b) holds with M = aL. �

Because RD∗ is not in general the same as R−1
D (see Remark 4.4 and Example

6.5), we could not simply use Lemma 5.1 directly to prove Lemma 5.6, although
we do get the upper bound.

Lemma 5.9. Suppose that ∂D admits a reflection f with the following properties:
There exists a constant L such that for every z ∈ D there is an ωz ∈ ∂D such

that
1
L
|z − ωz| ≤ |f(z) − ωz| ≤ L|z − ωz|

and

|z − ωz| ≤ L2 dist(z, ∂D), |f(z) − ωz| ≤ L2 dist(f(z), ∂D).

Then D is a K-quasidisk, with K = K(L).

Proof. The assumptions about f immediately imply, by Lemma 5.4, that D is a
John disk. In fact D∗ is a John disk too, since the inverse of f is a reflection in
∂D∗ = ∂D satisfying the assumptions of Lemma 5.4 for D∗. Thus D is a quasidisk
by [21, Theorem 9.3]. �
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If we combine Lemmas 5.6 and 5.9, we get the following characterization of
quasidisks.

Theorem 5.10 ([2]). Let D ⊂ R2 be a Jordan domain with ∞ ∈ ∂D. Then D is
a K-quasidisk if and only if ∂D admits a reflection f such that

1
L
|z − ζ| ≤ |f(z) − ζ| ≤ L |z − ζ|

for all z ∈ D, ζ ∈ ∂D, where K and L depend only on each other.

Proof. If D admits a reflection f with the given properties, then Lemma 5.9 shows
that D is a quasidisk.

If D is a K-quasidisk, then using Lemma 5.6 (for RD and R−1
D ) as in the proof

of Theorem 5.5 we see that D admits the desired reflection f = RD. �
Remark 5.11. When taking into account previously known results about reflections
and quasidisks, it is perhaps the sufficiency in Theorem 5.10 that is the most inter-
esting, since it is not assumed that the reflection be quasiconformal or biLipschitz.
In fact, in [2] Ahlfors only proves the necessity in Theorem 5.10.

It should also be remembered that all along we have worked completely inde-
pendent of the Beurling-Ahlfors and Douady-Earle extensions.

Remark 5.12. If |RD(z) − ζ| = |z − ζ| for every z ∈ D, ζ ∈ ∂D, then D is a half
plane. This can be proved in the same way as Characterization 1.1 in Hag’s paper
[16]. Note that our assumptions are slightly weaker than those in [16] in that we
do not assume RD to be an isometry in D. Combining this with Example 4.1,
we see that D is a half plane if and only if ∂D admits a reflection f such that
|f(z) − ζ| = |z − ζ| for z in D and ζ in ∂D.

6. Examples and remarks

Here we complement the material in Section 5 by giving counterexamples and
providing some further observations regarding the reflections RD.

Ahlfors proved that a Jordan domain with ∞ on the boundary is a quasidisk if
and only if it admits a Euclidean biLipschitz reflection (see e.g. [2, p. 80, Lemma 3]
and [11, Theorem 3.6]). Because John disks are often considered to be “one sided”
quasidisks (as indicated in [13], [21] and the results in Section 3 of the present
paper), Theorem 5.5 might suggest a characterization of John disks in terms of
Lipschitz reflections, i.e. reflections with |f(z1) − f(z2)| ≤ L|z1 − z2|. There are,
however, John disks that do not admit Lipschitz reflections. The author is grateful
to Christopher J. Bishop for pointing this out by suggesting an example in the same
spirit as Example 6.1 below.

Example 6.1. Start with the half plane D′ = {z : Re z > −8}. We obtain a
Jordan John domain D by removing a “thickened” snowflake-type Jordan arc from
D′. To be more precise, let D be the component of D′ \ {α ∪ α′} containing the
positive real line, where the arcs α and α′ are as constructed in Theorem 2.9 in
Kim’s paper [18]. They both end at 0, and α ∪ α′ is a Jordan arc (see also Figures
1 and 2 in [23]). By Lemma 2.10 in [18], D is a Jordan John domain. At the same
time, 0 ∈ ∂D is not rectifiably accessible from D∗ = R2 \ D. If D were to admit a
Lipschitz reflection in ∂D, then the straight line segment (0, 1] in D would map to
some rectifiable arc β in D∗ ending at 0. This is, however, not possible, since 0 is
not rectifiably accessible from D∗. In short, ∂D admits no Lipschitz reflection.
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Example 6.1 shows that in a sense Theorem 5.5 is the best result of its kind
that we can hope to get. We can, however, use Theorem 5.5 to characterize John
disks by “coarse” or “rough” Lipschitz reflections. Denote hyperbolic distance in D
by hD.

Theorem 6.2. Let D ⊂ R2 be a Jordan domain with ∞ ∈ ∂D. Then D is a c-John
domain if and only if ∂D admits a reflection f such that

|f(z1) − f(z2)| ≤ L |z1 − z2|
whenever z1 and z2 are in D with hD(z1, z2) ≥ 1. The constants L and c depend
only on each other.

Proof. Let f be a reflection in ∂D with the properties in the theorem. Consider any
straight cross cut α = [ζ1, ζ2] of D and take z ∈ (ζ1, ζ2). By choosing wn ∈ (ζ1, z)
with hD(wn, z) ≥ 1 (this is possible by choosing each wn close enough to ζ1) and
such that wn → ζ1, we have |f(wn)−f(z)| ≤ L |wn−z|. Since f is a homeomorphism
fixing each boundary point, we have in fact |ζ1−f(z)| = |f(ζ1)−f(z)| ≤ L |ζ1− z|.
Thus diam f(α) ≤ 2L |ζ1 − ζ2|, and we see as in the proof of Lemma 5.4 that D is
a c = c(L) John domain.

For the converse, assume that D is a c-John domain. Let ϕ : H → D be a
conformal map with ϕ(∞) = ∞. Take z1, z2 ∈ D with hD(z1, z2) ≥ 1, zj = ϕ(z̃j).
Then hH(z̃1, z̃2) = hD(z1, z2), and

1 ≤ hH(z̃1, z̃2) ≤
∫

[z̃1,z̃2]

|dz|
Im z

≤ |z̃1 − z̃2|
minj=1,2 dist(z̃j , ∂H)

.

Thus |z̃1− z̃2| ≥ dist(z̃1, ∂H) = |z̃1−ξ|, say. By Theorem 2.4, ϕ is η-quasisymmetric
with respect to internal distances, so we have that dist(z1, ∂D) ≤ λD(z1, ϕ(ξ)) ≤
η(1)λD(z1, z2). It is not difficult to see that then dist(z1, ∂D) ≤ b|z1−z2|, b = η(1).
Let f = RD and choose ζ ∈ ∂D with |z1 − ζ| = dist(z1, ∂D). Then by (the proof
of) Theorem 5.5 there is a constant M = M(c) such that

|f(z1) − f(z2)| ≤ |f(z1) − ζ| + |f(z2) − ζ|
≤ M |z1 − ζ| + M |z2 − ζ|
≤ M |z1 − ζ| + M(|z1 − z2| + |z1 − ζ|)
≤ 3Mb|z1 − z2|. �

We may still ask whether RD is always quasiconformal when D is a quasidisk.
The answer is no, as shown by the following simple example.

Example 6.3. Let D = {reiϑ : 0 < ϑ < 3π/2} be a sector of angle 3π/2 with
complementary domain D∗ = {reiϑ : 3π/2 < ϑ < 2π}. Then D is a K-quasidisk,
with K =

√
3 (see Example 4.1 in [11]). The maps given by ϕ(z) = z3/2 and

ψ(z) = z1/2 map H and H− = {z : y < 0} conformally onto D and D∗, respectively.
We see that h : R → R, h(x) = x3, is a sewing homeomorphism associated with ϕ
and ψ. A calculation using (4.6) shows that

(6.4) Eh(z) = x3 + iy
√

9x4 − 3x2y2 + y4, z = x + iy,

where Eh is as defined in (4.5). The homeomorphism h is quasisymmetric, but
E = Eh is not quasiconformal. This can be seen by observing that

|µE | =
∣∣∣∣Ez

Ez

∣∣∣∣ → 1, as x → 0 along every horizontal line.
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See [2], Chapter 1, for the background material. Thus RD = ψEhϕ−1 is not
quasiconformal either.

The final example explains why we do not have RD∗ = R−1
D in general, thus

confirming the claim in Remark 4.4.

Example 6.5. We consider the same situation as in subsection 4.3. Let h∗ denote
the sewing homeomorphism associated with D∗. Then h∗ = ϕ−1ψ = h−1. By (4.5)
we have for z ∈ H,

Eh(z) = ψ−1RDϕ(z), Eh∗(z) = ϕ−1RD∗ψ(z),

which means that
Eh∗Eh(z) = ϕ−1RD∗RDϕ(z).

Thus RD∗ = R−1
D if and only if Eh∗Eh(z) = z.

Now let D be the sector of Example 6.3, and let ϕ, ψ and h be as in that example.
Then h(x) = x3, and h∗(x) = h−1(x) = x1/3. Using (6.4) and (4.6) we have that
Eh(1 + i) = 1 +

√
7i, while Eh∗(1 +

√
7i) = Eh∗Eh(1 + i) ≈ 1 + 1.084 i. Thus

RD∗ �= R−1
D in general.
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