
CONFORMAL GEOMETRY AND DYNAMICS
An Electronic Journal of the American Mathematical Society
Volume 16, Pages 81–88 (March 21, 2012)
S 1088-4173(2012)00235-4

UNIFORMLY QUASIREGULAR MAPS

WITH TOROIDAL JULIA SETS

RIIKKA KANGASLAMPI, KIRSI PELTONEN, AND JANG-MEI WU

Abstract. The iterates of a uniformly quasiregular map acting on a Riemann-
ian manifold are quasiregular with a uniform bound on the dilatation. There
is a Fatou-Julia type theory associated with the dynamical system obtained
by iterating these mappings. We construct the first examples of uniformly
quasiregular mappings that have a 2-torus as the Julia set. The spaces sup-
porting this type of mappings include the Hopf link complement and its lens
space quotients.

1. Introduction

We construct uniformly quasiregular mappings on Riemannian manifolds that
have a 2-torus as the Julia set. The spaces supporting these mappings include the
Hopf link complement in S3 and its lens space quotients, equipped with Semmes-
type metrics.

Semmes’ idea of creating new metrics on subsets of Euclidean spaces relating
the geometry of the metrics to the topological characteristics of the sets was intro-
duced to provide counterexamples to some natural conjectures on the bi-Lipschitz
and quasisymmetric parametrizations of metric 3-spheres (see [11] and [12]). This
approach has been applied, for example, in [2] to study spaces that are bi-Lipschitz
inequivalent to the standard S3 and nevertheless admit maps of bounded length
distortion onto S3; in [9], to prove a sharp non-Euclidean Picard-type theorem and,
in [3], to construct geometrically nice metric n-spheres in dimension n ≥ 4 that do
not admit quasisymmetric parametrization by Sn.

A continuous mapping f ∈ W 1,n
loc between two oriented Riemannian n-manifolds

M and N is K-quasiregular if it satisfies the distortion inequality

|Df |n ≤ KJf a.e. inM,

where |Df | is the operator norm of the differential Df and Jf is the Jacobian
determinant of Df . A non-injective mapping f : M → M is called uniformly
quasiregular (uqr) if there exists a constant 1 ≤ K ≤ ∞ such that all the iterates
fk are K-quasiregular with distortion independent of the number of iterates.
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The Fatou set Ff of the uniformly quasiregular mapping f : M → M is the set
where the family of iterates {fk | k = 1, 2, . . .} is normal. That is,

Ff = {x ∈ M : there exists an open set U ⊂ M

such that x ∈ U and {fk|U} is normal}.
The Julia set Jf of the uniformly quasiregular mapping f is the complement of its
Fatou set. We denote by Bf the branch set of a quasiregular mapping f . It consists
of those points in the domain of f where the mapping is not locally injective.

A theorem stated in [4, Theorem 21.4.1] summarizes a procedure in constructing
a certain type of uqr maps. The proof of Iwaniec and Martin in [4] is written for the
case M = R̄n, but it holds more generally on a Riemannian manifold M without
changes.

Theorem 1.1. Let Γ be a discrete group of isometries of Rn, and h : Rn → M be
a quasiregular mapping that is automorphic with respect to Γ in the strong sense. If
there is a similarity A = λO, λ ∈ R, λ �= 0, and O an orthogonal transformation,
such that

AΓA−1 ⊂ Γ,

then there is a unique solution f : h(Rn) → h(Rn) to the Schröder functional
equation

(1.1) f ◦ h = h ◦A,

and f is a uniformly quasiregular mapping.

In the above theorem we use the following definition for a mapping that is au-
tomorphic in the strong sense.

Definition 1.2. Let Γ be a discrete group of isometries of Rn. A mapping h :
Rn → M is automorphic with respect to Γ in the strong sense if

(1) h ◦ γ = h for any γ ∈ Γ,
(2) Γ acts transitively on the fibres Oy = h−1(y).

Note that following from (1.1) we have the equation fk ◦ h = h ◦ Ak for all k.
Thus the dilatation of the uqr mapping fk is at most the dilatation of h2 for all
k = 1, 2, . . ..

We call the mappings arising from Theorem 1.1 uniformly quasiregular mappings
of Lattès type. This type of mappings acting on the n-sphere has been studied by
Volker Mayer in [7] and [8]. In fact, he showed that in addition to the so-called
chaotic rational maps [5] there exist analogues of planar power mappings z 
→ zd

as well as Tchebychev polynomials such as z 
→ z2 − 2. In this respect the theory
of uqr maps on higher dimensional spheres is equally rich as in two dimensions.
The uniformly quasiregular counterparts for power mappings have a codimension
1 sphere as a Julia set with origin and infinity as super-attracting and completely
invariant fixed points. The uqr counterpart of Tchebychev polynomials have a
codimension 1 closed unit disk as a Julia set and completely invariant fixed point
infinity. In [1] a variety of uqr maps of Lattès type are constructed acting on closed
Riemannian manifolds, including spaces that can be products of spheres, tori and
odd dimensional real projective spaces. Typically these maps are chaotic, but in
some cases the maps produced there have interesting Julia sets. For example, every
odd dimensional projective space supports a uqr map which has a codimension
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one (non-orientable!) real projective space as a Julia set. This is possible in the
presence of exactly one superattractive fixed point and one basin of attraction.

We do not know whether lens spaces L(p, q), where p > q > 0 are coprime
integers and p ≥ 3, support Lattès type mappings. G. Martin and the second
author have shown that the 2-torus cannot appear as a Julia set either on the
standard S3 or on a lens space L(p, q) equipped with the quotient metric [6]. The
book of Rolfsen [10] contains illustrated descriptions of lens spaces.

2. UQR mapping with toroidal Julia set

First we formulate the main theorem of this section.

Theorem 2.1. Let H be a Hopf link. There exists a Riemannian metric gH on
S3 \H and a uniformly quasiregular map f : (S3 \H, gH) → (S3 \H, gH) of Lattès
type such that the branch set Bf = ∅ and the Julia set of f is a 2-torus.

Suppose H is a Hopf link on S3. P. Pankka and K. Rajala proved in [9] that
the manifold S

3 \ H may be equipped with a Riemannian metric gH so that it
is quasiregularly elliptic. That is, there exists a quasiregular mapping h : R3 →
(S3 \H, gH). In fact it is even possible to choose this metric in such a way that the
mapping h is conformal.

With the help of this mapping h and the metric gH , we define a uniformly
quasiregular map f ≡ fλ of Lattès type on (S3 \H, gH), for an arbitrary dilation
Aλ : R3 → R3, (x, y, t) 
→ (λx, λy, λt), and an integer λ ≥ 2, so that the following
diagram commutes.

(2.1)

R3 Aλ−−−−→ R3

h

⏐⏐� ⏐⏐�h

S3 \H f−−−−→ S3 \H.

Consider S3 = {(z, w)| |z|2 + |w|2 = 1} ⊂ C2 and the Hopf link H = S0 ∪ S1

with S0 = {(0, e2πiy)| y ∈ (0, 1]} and S1 = {(e2πix, 0)| x ∈ (0, 1]}. Define mapping
h : R3 → S

3 \H by setting

h(x, y, t) = (α(t)e2πix, β(t)e2πiy),

where α, β : R → (0, 1) are C∞ smooth diffeomorphisms defined by conditions

α(t) =

(
1

π
arctan t+

1

2

) 1
2

, β(t) =
(
1− α(t)2

) 1
2 .

On R3 we consider the Euclidean metric and on S3 \ H we consider the push-
forward metric induced by a C∞ smooth diffeomorphism Φ : S1 × S1 × R →
S
3 \ H while S

1 × S
1 × R is equipped with the standard product metric. In the

above, the unit circles S1 ⊂ C are equipped with the ambient Euclidean metric
in the plane and R is the standard real line, and the mapping Φ is defined by
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the condition

(e2πix, e2πiy, t) 
→ (α(t)e2πix, β(t)e2πiy)

with functions α and β defined earlier. If g is the product metric in S1 × S1 × R,
the smooth metric gH on S

3 \H that makes mapping Φ an isometry is defined by
the condition

(gH)p(v, w) = g
(
((DΦ)Φ−1p)

−1v, ((DΦ)Φ−1p)
−1w

)
,

for p ∈ S3 \H and v, w ∈ Tp(S
3 \H).

Under the above choice of the metric, the mapping h : R3 → S3\H is a conformal
covering map. Especially the branch set of h is empty. Each square

{(x, y, a)| x ∈ (m,m+ 1], y ∈ (n, n+ 1]},
m, n ∈ Z and a ∈ R, is mapped bijectively onto a 2-torus

(2.2) Ma =
{(

α(a)e2πix, β(a)e2πiy
)
| x, y ∈ (0, 1]

}
under h. The restriction h|R2 × {a} : R2 × {a} → Ma is a conformal covering map
of the 2-torus. Furthermore, every semi-infinite cylinder

{(x, y, t)| x ∈ (m,m+ 1], y ∈ (n, n+ 1], t < a}
is mapped bijectively onto the complement of the core S0 in the solid torus{(

α(t)e2πix, β(t)e2πiy
)
| x, y ∈ (0, 1], t < a

}
;

and every semi-infinite cylinder

{(x, y, t)| x ∈ (m,m+ 1], y ∈ (n, n+ 1], t > a}
is mapped bijectively onto the complement of the core S1 in the solid torus{(

α(t)e2πix, β(t)e2πiy
)
| x, y ∈ (0, 1], t > a

}
.

The image of the xy-plane under h is the 2-torus

M0 =

{(√
2

2
e2πix,

√
2

2
e2πiy

)
| x, y ∈ (0, 1]

}
which divides S3 \H into two parts T0 \ S0 and T1 \ S1, where T0 and T1 are two
solid tori in S

3 with a common boundary M0.
To see that the mapping f is well defined for any dilation Aλ : R3 → R3,

(x, y, t) 
→ (λx, λy, λt), and an integer λ ≥ 2, we fix a point

(z0, w0) =
(
α(t0)e

2πix0 , β(t0)e
2πiy0

)
∈ S

3 \H
with parameters x0, y0 ∈ (0, 1] and t0 ∈ R. The set

h−1(z0, w0) = {(x0 +m, y0 + n, t0)| m,n ∈ Z}
of preimages of (z0, w0) under h consists of infinitely many points in the plane
R2 × {t0}, one in each square defined by the integer lattice. Hence the image of
this set under h ◦Aλ is a single point(

α(λt0)e
2πiλx0 , β(λt0)e

2πiλy0
)
∈ S

3 \H
and the mapping f is well defined.

Since fk ◦ h = h ◦ Ak
λ for every integer k ≥ 1, the induced map f is uniformly

quasiregular on S3 \H. Since the mapping h is conformal, the induced mapping f
is also conformal with respect to the metric gH .
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Denote by Γ the group of isometries generated by translations e1 : (x, y, t) 
→
(x + 1, y, t) and e2 : (x, y, t) 
→ (x, y + 1, t) in R3. Then AλΓA

−1
λ ⊂ Γ and h is

automorphic with respect to Γ in the strong sense. So f is of Lattès type.
The fact that the Julia set of the mapping f is the torus M0 can be seen as

follows. The origin is a repelling fixed point for the mapping Aλ : (x, y, t) 
→
(λx, λy, λt). Since the orbit Γ((0, 0, 0)) = {γ(0) | γ ∈ Γ} = Z2 × {0}, the set

E =
⋃

k≥0A
−k
λ Γ((0, 0, 0)) is a dense subset of R2 × {0}. Hence, h(E) is a dense

subset of M0 ⊂ S3 \ H. We conclude that (fk) cannot be equicontinuous in a
neighbourhood of any point of M0. On the other hand, the points Ak

λ(x, y, t) ∈ R3,
t �= 0, tend to infinity as k → ∞. The corresponding points fk (h(x, y, t)) =(
α(λkt)e2πiλ

kx, β(λkt)e2πiλ
ky
)

tend to the omitted circle S1 when t > 0, and to

the other circle S0 when t < 0. Hence, the Julia set of f is the torus M0 and the
completely invariant components of the Fatou set of f are the interiors of the sets
T0 \ S0 and T1 \ S1. The degree of the mapping f is λ2, and there is no branching.

Remark 2.2. The mapping f extends to a mapping f∗ acting on S3, when S3 \H
is compactified by gluing the Hopf link H back and we define f∗

|H = IdH . This

mapping f∗ is a topological conjugate of a winding map acting on S3, whose branch
set is the Hopf link H. These winding maps acting on solid tori are of the form

(r, ϕ, θ) 
→ (r, k1ϕ, k2θ),

where integers ki ≥ 1, i = 1, 2 depend on λ and coordinate r measures the distance
from the core and angles ϕ, θ deviation along the core and the meridian of the
torus. These mappings are quasiregular (even of bounded length distortion), but
not uniformly quasiregular.

3. UQR mappings on lens spaces

Let L(p, q) be a lens space of type (p, q), where p > q > 0 are two coprime integers
(p|q) = 1. Denote by π : S3 → L(p, q) the standard p to 1 covering projection. Let
H = S0 ∪ S1 be the Hopf link and gH be the metric on S3 \H previously defined.
Metric g̃H on L(p, q) \π(H) is the one that makes the covering projection π a local
isometry.

The main theorem of this section is the following.

Theorem 3.1. There exists a uniformly quasiregular map fL : (L(p, q) \ π(H), g̃H)
→ (L(p, q) \ π(H), g̃H) of Lattès type such that the branch set BfL = ∅ and the Julia
set of fL is a 2-torus.

To describe the lens spaces L(p, q), we again consider its covering space S3 as the
unit sphere {(z, w)| |z|2 + |w|2 = 1} in complex 2-space C

2. Denote by τ : S3 → S
3

the p-periodic homeomorphism τ (z, w) = (ze2πi/p, we2πiq/p). The orbit space of
this action is the lens space L(p, q). Here the points u and v on S3 are identified if
and only if u = τk(v) for some integer k. Then S

3 is the universal covering space for
L(p, q) and τ is a generator of the cyclic group of covering translations. We denote
the p to 1 covering map by π. The mapping τ keeps circles S0 and S1 invariant.
The p to 1 image of these circles under π consists of two circles: π(S0) is the edge
of the lens and π(S1) is a core of the solid torus π(T1). Furthermore, the image
π(Ma) of any 2-torus Ma in (2.2) is again a 2-torus. To see this we note that the
torus Ma is invariant under the covering translation τ and can be subdivided into
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p annuli which are permuted by τ . The projection π maps these p annuli onto a
single 2-torus, namely π(Ma).

We show that for any integer λ ≥ 2 the dilation Aλ descends to a well-defined
mapping fL on L(p, q) \ π(H) such that the following diagram commutes. Let f
and h be the mappings defined in the previous section. By an argument similar to
that for Theorem 1.1, fL is uniformly quasiregular.

(3.1)

R
3 Aλ−−−−→ R

3

h

⏐⏐� ⏐⏐�h

S
3 \H f−−−−→ S

3 \H

π

⏐⏐� ⏐⏐�π

L(p, q) \ π(H)
fL−−−−→ L(p, q) \ π(H)

Consider a point [z0, w0] ∈ L(p, q) \ π(H) whose representative in S3 is given by
(z0, w0) = (αe2πix0 , βe2πiy0) for some α ∈ (0, 1), β = (1− α2)1/2, x0, y0 ∈ (0, 1]. It
has p preimage points in S3 \H under the covering map π:

π−1([z0, w0]) =
{(

αe2πi(x0+
k
p ), βe2πi(y0+

qk
p )

)
| k = 0, 1, . . . , p− 1

}
.

The preimage of this set under h is contained in the plane {(x, y, tα)| x, y ∈ R},
where tα = tan

(
π(α2 − 1

2 )
)
. That is

h−1
(
π−1([z0, w0])

)
=

{(
x0 +

k

p
+m, y0 +

kq

p
+ n, tα

)
| k = 0, 1, · · · , p− 1, m, n ∈ Z

}
.

Under h ◦Aλ the above points are further mapped to points

h
(
Aλ

(
h−1

(
π−1([z0, w0])

)))
(3.2)

=
{(

α (λtα) e
2πiλ(x0+

k
p ), β (λtα) e

2πiλ(y0+
qk
p )

)
| k = 0, 1, . . . , p− 1

}
on S3 \ H. Set (3.2) constitutes at most p points. There is only one point if λ
is a multiple of p. However, the projection π maps all these points into a single
point in L(p, q) \ π(H), for any integer λ ≥ 2. The mapping fL : [z0, w0] 
→
[α(λtα)e

2πiλx0 , β(λtα)e
2πiλy0 ] is well defined, with no restriction on multiplier λ for

different values of q and p.
Since fk

L ◦ π ◦ h = π ◦ h ◦Ak
λ holds for every k ≥ 1, the mapping fL is uniformly

quasiregular. Since π ◦ h is automorphic with respect to the group Γ̃ = {(x, y, t) 
→
(x + k

p + m, y + kq
p + n, t)|k = 0, 1, . . . , p − 1,m, n ∈ Z} in the strong sense and

AλΓ̃A
−1
λ ⊂ Γ̃, map fL is of Lattès type.

By an argument similar to that for the case S3 \ H, the Julia set of fL is the
2-torus π(M0) that divides the lens space into two parts. On one side of π(M0) all
points tend to the circle π(S0) under the iterates, while on the other side, all points
tend to the circle π(S1).

Remark 3.2. Note that in the case λ = p, the mapping fL lifts to a conformal p
to 1 covering map f̃L : L(p, q) \ π(H) → S3 \ H. Namely, for fixed parameters
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α ∈ (0, 1), β = (1− α2)1/2, and x0, y0 ∈ (0, 1], these p2 different points{(
αe2πi(x0+

k
p ), βe2πi(y0+

jq
p )

)
| k = 0, . . . , p− 1, j = 0, . . . , p− 1

}
in S3 \H descent to p different points{[(

αe2πi(x0+
k
p ), βe2πiy0

)]
| k = 0, . . . , p− 1

}
in L(p, q)\π(H). By tracking the preimages of these points under π and h as above,
one gets the following points in R

3:{(
x0 +

k

p
+m, y0 +

jq

p
+ n, tα

)
| k, j = 0, . . . , p− 1, m, n ∈ Z

}
,

where tα = tan
(
π(α2 − 1

2 )
)
. These points are further mapped under h ◦ Ap to a

single point (
α(ptα)e

2πipx0 , β(ptα)e
2πipy0

)
∈ S

3\H.

The covering map f̃L can be extended to act on the compactified spaces L(p, q)

and S3. The extension f̃∗
L : L(p, q) → S3 is a topological conjugate of a map of

bounded length distortion branching along the set π(H), but f̃∗
L is not uniformly

quasiregular.
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Acad. Sci. Paris 166 (1918), 26–28.

6. Gaven Martin and Kirsi Peltonen, Obstructions for Julia sets in UQR dynamics, In Prepa-
ration.

7. Volker Mayer, Uniformly quasiregular mappings of Lattès type, Conform. Geom. Dyn. 1
(1997), 104–111 (electronic). MR1482944 (98j:30017)

8. , Quasiregular analogues of critically finite rational functions with parabolic orbifold,
J. Anal. Math. 75 (1998), 105–119. MR1655826 (2000a:30043)

9. Pekka Pankka and Kai Rajala, Quasiregularly elliptic link complements, Geom. Dedicata 154
(1), 2011. MR2832708

10. Dale Rolfsen, Knots and links, Mathematics Lecture Series, vol. 7, Publish or Perish Inc.,
Houston, TX, 1990, Corrected reprint of the 1976 original. MR1277811 (95c:57018)

http://www.ams.org/mathscinet-getitem?mr=2746722
http://www.ams.org/mathscinet-getitem?mr=1909607
http://www.ams.org/mathscinet-getitem?mr=1909607
http://www.ams.org/mathscinet-getitem?mr=2602851
http://www.ams.org/mathscinet-getitem?mr=2602851
http://www.ams.org/mathscinet-getitem?mr=1859913
http://www.ams.org/mathscinet-getitem?mr=1859913
http://www.ams.org/mathscinet-getitem?mr=1482944
http://www.ams.org/mathscinet-getitem?mr=1482944
http://www.ams.org/mathscinet-getitem?mr=1655826
http://www.ams.org/mathscinet-getitem?mr=1655826
http://www.ams.org/mathscinet-getitem?mr=2832708
http://www.ams.org/mathscinet-getitem?mr=1277811
http://www.ams.org/mathscinet-getitem?mr=1277811


88 RIIKKA KANGASLAMPI, KIRSI PELTONEN, AND JANG-MEI WU

11. Stephen Semmes, Good metric spaces without good parametrizations, Rev. Mat. Iberoameri-
cana 12 (1996), no. 1, 187–275. MR1387590 (97e:57025)

12. , On the nonexistence of bi-Lipschitz parametrizations and geometric problems about
A∞-weights, Rev. Mat. Iberoamericana 12 (1996), no. 2, 337–410. MR1402671 (97e:30040)

Aalto University, P.O. Box 11100, 00076 Aalto, Finland

E-mail address: riikka.kangaslampi@aalto.fi

Aalto University, P.O. Box 11100, 00076 Aalto, Finland

E-mail address: kirsi.peltonen@aalto.fi

Department of Mathematics, University of Illinois, 1409 W. Green Street, Urbana,

Illinois 61801-2975

E-mail address: wu@math.uiuc.edu

http://www.ams.org/mathscinet-getitem?mr=1387590
http://www.ams.org/mathscinet-getitem?mr=1387590
http://www.ams.org/mathscinet-getitem?mr=1402671
http://www.ams.org/mathscinet-getitem?mr=1402671

	1. Introduction
	2. UQR mapping with toroidal Julia set
	3. UQR mappings on lens spaces
	Acknowledgment
	References

