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CANONICAL THURSTON OBSTRUCTIONS
FOR SUB-HYPERBOLIC SEMI-RATIONAL
BRANCHED COVERINGS

TAO CHEN AND YUNPING JIANG

ABSTRACT. We prove that the canonical Thurston obstruction for a sub-hyper-
bolic semi-rational branched covering exists if the branched covering is not
CLH-equivalent to a rational map.

1. INTRODUCTION

Let S? be the two-sphere. We use C to denote the Riemann sphere which is
52 equipped with the standard complex structure. All maps in this paper are
orientation-preserving.

Let f:S? — S? be a branched covering of degree d > 2. Let

Cp={ze5?| deg, [ >2}

denote the set of the critical points of f and

Py = r(Cy)
E>1
denote the post-critical set of f.
We say f is critically finite if §P; is finite. We say f is geometrically finite if §P;
is infinite but the accumulation set PJ’C of Py is a finite set.

Definition 1. Suppose f,g: S? — S? are two branched coverings of degree d > 2.
They are said to be combinatorially equivalent if there exists a pair of homeomor-
phisms ¢, ¢ : S? — S? such that

a) ¢ is isotopic to ¢ rel Py and
f
(b) pof=goep.

Note that in (a) of Definition [Il the statement that ¢ is isotopic to ¢ rel Py
means that there is a continuous map H(z,t) : $% x [0,1] — S? such that
(1) for each t € [0,1], Hy(x) = H(z,t) : S* — S? is a homeomorphism;
(2) Ho = ¢ and Hy = ¢;
(3) for any point y € Py and any ¢ € [0,1], Hi(y) = o(y) = ¢(y).
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Suppose f : S? — S? is critically finite. Then there is an orbifold structure on
S?% associated to f as follows. Define the signature vy : S? — Z, U {co} as that
vy(x) is the least common multiple of local degrees deg, f™ over y € f~"(x) for all
n > 1. The orbifold associated to f is Q; = (S?,v¢). The Euler characteristic of
Qy, by definition, is

1
Qp)=2-X% 1——).
x(Qy) e (1= 55)
It is known that x(27) < 0 (see Proposition 9.1(i) in [DH]J). Moreover, the orbifold
Qy is called hyperbolic if x(Qf) < 0 and parabolic if x(£2y) = 0.

Theorem A (see [ThlDH]). Suppose f is a critically finite branched covering with
a hyperbolic orbifold Qp. Then f is combinatorially equivalent to a rational map
R if and only if f has no Thurston obstructions. Moreover, the rational map R is
unique up to conjugations by automorphisms of the Riemann sphere.

The reader can refer to §2 for the definition of a Thurston obstruction. If a
critically finite branched covering f is not equivalent to a rational map, then there
must exist Thurston obstructions. The canonical Thurston obstruction is the most
interesting one among all Thurston obstructions. The reader can refer to §2 for the
term non-peripheral and §4 for the definition of I(~, ).

Theorem B (see [Pi]). Suppose f is a critically finite branched covering with a
hyperbolic orbifold 1y, and let I'. denote the set of all homotopy class of non-
peripheral curves vy in S%\ Py such that 1(y,z,) — 0 as n — co. Then

(1) T, is empty, and f is combinatorially equivalent to a rational map;
(2) otherwise, I'; is a Thurston obstruction and hence is a canonically defined
Thurston obstruction to the existence of a rational map.

The non-existence of Thurston’s obstruction condition is essentially true for any
rational map.

Theorem C (see [Md]). Suppose R : C — C is a rational map. Let T be a multi-
curve on C — Pg. It can be a Thurston obstruction only in the following cases:
(1) R is critically finite with #Pr = 4 and the orbifold Qg = (52, (2,2,2,2)) is
parabolic. Moreover, R is a double covered by an integral torus endomor-
phism (it is a special case of a Lattés map).
(2) Pg is an infinite set and T includes the essential curves in a finite system
of annuli permuted by R. These annuli lie in Siegel disks or Herman rings
for R and each annulus is a connected component of@ — Pp.

The reader can refer to [Mi] for a definition of a Lattés map and for definitions
of a Siegel disk and a Herman ring.

For a geometrically finite branched covering f, the situation is much more com-
plicated. It was first studied in a manuscript [CJS], which was divided into two
parts [CJSI] and [CJS2]. The first part was eventually completed and published
in [C]] as follows.

Theorem D (see [Cl]). There is a geometrically finite branched covering such
that it has no Thurston obstruction and it is not combinatorially equivalent to any
rational map.
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Due to this theorem, a semi-rational branched covering and a sub-hyperbolic
semi-rational branched covering are introduced in [CJ] among the space of all geo-
metrically finite branched coverings.

Definition 2. Suppose f : C—Cisa geometrically finite branched covering of
degree d > 2. We say f is semi-rational if

(1) f is holomorphic in a neighborhood of Py;

(2) each cycle (pg,- - ,pr—1) of period k > 1 in P)’c is either attractive, that is,
0 < |(f*)'(po)| < 1, or super-attractive, that is, (f*)’(pg) = 0, or parabolic,
that is, |(f*)'(po)] = 1 and ((f*)’'(po))" = 1 for some integer ¢ > 1; and

(3) each attracting petal associated with a parabolic cycle in P]’c contains a
point in the post-critical set P;.

Furthermore, if all cycles in PJQ are either attractive or super-attractive, we call f
a sub-hyperbolic semi-rational branched covering.

Clearly, every geometrically finite rational map is a semi-rational branched cov-
ering. Furthermore, we have the following theorem.

Theorem E (see [C]]). A semi-rational branched covering f is always combinato-
rially equivalent to a sub-hyperbolic semi-rational branched covering g.

Thus, to study the combinatorial classification in the space of all semi-rational
geometrically finite branched coverings, it is enough to study all sub-hyperbolic
semi-rational branched coverings. Therefore, the CLH (combinatorially and lo-
cally holomorphically) equivalence was introduced in [CJ] in the space of all sub-
hyperbolic semi-rational branched coverings.

Definition 3. Suppose f and g are two sub-hyperbolic semi-rational branched
coverings. We say that they are CLH-equivalent if there exists a pair of homeomor-
phisms ¢, ¢ : C — C such that:

(1) ¢ is isotopic to ¢ rel Py;

(2) pof=gop, and
(3) ¢|Us = ¢|Uy is holomorphic on some open set Uy D Pj.

We have then completed the second part of the study.

Theorem F (see [CIS2[, [JZ]). Suppose f is a sub-hyperbolic semi-rational
branched covering. Then f is CLH-equivalent to a rational map R if and only
if f has no Thurston obstructions. In this case, the rational map R is unique up to
conjugations by automorphisms of the Riemann sphere.

Thus, the study of canonical Thurston obstructions for sub-hyperbolic semi-
rational branched coverings becomes our final goal, to have a complete understand-
ing of combinatorial structures for geometrically finite branched coverings. In this
paper we will complete our final goal.

For the critically finite case, the Teichmiiller space of the Riemann sphere minus
several points was considered in [DH|. They proved a crucial technical result that
a sequence {z,} in the Teichmiiller space converges if and only if its projection is a
precompact set in the moduli space. The Mumford compactness theorem applies.
But neither of them applies for the geometrically finite case. Therefore, we turn

I This paper was rewritten by Cui and Tan recently [CT].
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to study the bounded geometry property (refer to [Ji]), which makes our approach
different from the method applied in [DH]. Roughly speaking, our main result in
this paper is that if a sub-hyperbolic semi-rational branched covering f is not CLH-
equivalent to any rational map, then there exists a canonical Thurston obstruction.
To have a more precise statement of our main result, let us first give an idea of a
proof of Theorem [E] by using bounded geometry as follows.

Suppose f is a sub-hyperbolic semi-rational branched covering. Let P]'c = {a;}
be the set of accumulation points of P;. Then every a; is periodic. There exists a
collection of a finite number of open disks

(1) A ={D;}
centered at {a;} and a collection of a finite number of annuli {A4;} (we call them
the shielding rings) such that:
(i) AN Py = 0;
(ii) A; N D; =, but one component of JA; is the boundary of D;;
(iii) (D;UA;))N(D;UAj)=0 for i+# j;
) |
)

(iv) f is holomorphic on D; U A;, and
(v) every f(D; U A;) is contained in D;;q for 1 <i <k —1and f(Dy U 4y) is
contained in D where k is the period of a;.

Denote D = J, D; and
(2) Pr=Pp\D.

Since a; are accumulation points of P, it follows that §P; is finite. Without loss
of generality, we assume that 0, 1, and oo belong to P;. Define

(3) Q=PUD and X =0Q = P,UdD.

We associate with f the Teichmiiller space Ty = T((E \ @, X) which is the
Teichmiiller space of the Riemann surface C \ @ whose boundary is X. Note that
T} is also the Teichmiiller space Ty (@) which is the space of all Q-equivalent classes
of all Beltrami coefficients p on C such that 1@ = 0. (Two Beltrami coefficients u
and v are QQ-equivalent if the normalized quasiconformal maps w* and w” are iso-
topic rel Q.) The space T is a complex manifold. The Teichmiiller metric and the
Kobayashi metric on Ty are also equal (refer to, for example, [EM.GIWLIIMWI).

The map f induces a holomorphic map of from T} into itself and o; weakly
contracts the Teichmiiller metric. An equivalent statement of Theorem [F]is that
oy has a unique fixed point if and only if f has no Thurston obstruction.

Every point z in Ty determines a complex structure on C \ @ up to homotopy.
Then (C\ Q, ) is a Riemann surface R,. We embed R, into the Riemann sphere
C by a quasiconformal map ¢, : C — C fixing 0, 1, co. Then C \ ¢-(Q) is a
representative of R;. The reader can refer to §4.

Let d(-,-) mean the spherical distance on C. We define a subspace T¢ of T for
each b > 0 as follows.

Definition 4. Let b > 0 be a constant. Let 7, be the subspace of z = [u] € Ty
satisfying the following conditions:

( ) for all z; 6P1 and allD €A d(qS
(3) for all D; # Dy € A, d(¢,(D;), du
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(4) every D; € A, ¢,(D;) contains a round disk of radius b centered at ¢,(c;).
We call T¢, the subspace having the bounded geometry property determined by b.

Take an arbitrary xg € Ty and let x,, = U;}(x). If f has no Thurston obstructions,
we can prove that {z,}>2, C T;p for some b > 0. This implies that the sequence
{zn}72 converges in Ty. Thus oy has a unique fixed point, and f is CLH-equivalent
to a unique sub-hyperbolic rational map.

For a non-peripheral curve v in C \ @, let (, z) denote the hyperbolic length of
the unique geodesic in R, which is homotopic to v in (E\Q If {«,} C Ty for some
b > 0, then there is a 6 > 0 such that I(y,z,) > § for any non-peripheral curve v
in C \ @ and any n > 0. Therefore, if f is not CLH-equivalent to a sub-hyperbolic
rational map, then there is a sequence of non-peripheral curves 7, in C \ @ such
that I(vn,zn) — 0 as n — oo.

Question. Suppose f is not CLH-equivalent to a rational map. Does there exist
a non-peripheral curve v, such that for any zy € Ty and z, = J;}(xo), n > 0,
I(y,2,) = 0 as n — 00?

We give an affirmative answer to this question. The positive answer to this
question shows how z,, tends to the boundary of Ty. More precisely, we will prove
a stronger result as follows.

Theorem 1 (Main Theorem). Suppose f is a sub-hyperbolic semi-rational branched
covering. Let T'. denote the set of all homotopy classes of non-peripheral curves -y
in C\ Q such that 1(y,2,) = 0 as n — oo for any initial zo € Ty = To(Q). Then
we have that either
(a) T =0, then f is CLH-equivalent to a sub-hyperbolic rational map, or
(b) T. # 0 is a Thurston obstruction for f and f is not CLH-equivalent to a
rational map. In this case, we call T'. the canonical Thurston obstruction
for f.

The paper is organized as follows. In §2, we define Thurston obstructions for sub-
hyperbolic semi-rational branched coverings. In §3, we review non-negative matrices
and study some properties for irreducible non-negative matrices. In §4, we study the
Teichmiiller space associated with a sub-hyperbolic semi-rational branched covering
and short geodesics. For any Thurston obstruction I', we can decompose it into
Iy and T's (see Definition []). We estimate the upper bound for 'y, in §5 and the
lower bound for I'y in §6. Finally, we prove Theorem [ in §7.

2. THURSTON OBSTRUCTIONS

Suppose f is a sub-hyperbolic semi-rational branched covering. Let @ be the set
as we defined in ([@B). Then

fC\FQ —C\Q
is a covering map of finite degree. If « is a simple closed curve in C \ @, then all
the components of f~1(v) are simple closed curves in C\ f~1(Q), which is a subset

of C\ Q. Thus all the components of f~!(v) are simple closed curves in C \ Q.

A simple closed curve 7 is said to be non-peripheral if each component of C \ v
contains at least two points of Q. A multi-curve

(4) T={v, -, m}
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is a set of finitely many pairwise disjoint, non-homotopic, and non-peripheral curves
in C\ Q. For each multi-curve I" in (), let

R' = (71, , %)
be the real vector space of dimension n with a basis I'. We define a linear transfor-
mation
fr:RY - RF
as follows: For each v; € I, let 7, ; o denote the components of f~!(v;) homotopic
to y; in @ \ Q and d; j o be the degree of f

Vi,j,o — Vj- Define

Yi, g, :
1
fr(v) =% (Ear)7i~
i,
Let Ar be the corresponding matrix, that is
frv=Arv, ve R,

Since the matrix Ar is non-negative, by the Perron-Frobenius Theorem, there exists
a maximal non-negative eigenvalue A\(Ar) which is the spectral radius of Ar.

A multi-curve I is said to be f-stable if for any v € I', every non-peripheral
component of f~1(v) is homotopic to an element of T rel Q.

Definition 5. A stable multi-curve I' is called a Thurston obstruction for f if
AMAr) > 1.

Remark 1. The definition of a Thurston obstruction for the critically finite case is
similar by replacing @) by Ps.

3. NON-NEGATIVE MATRICES

Since a Thurston obstruction is determined by a non-negative matrix, we give a
brief review of some results in the matrix theory about non-negative matrices. We
use [Ga] as a reference.

A non-negative n x n matrix A is called irreducible, if no permutation of the
indices places the matrix in a block lower-triangular form. More precisely, there is
no permutation matrix P, which is a matrix consisting of 0 and 1 such that each
row or each column contains one and only one 1, such that

A 0
PAP = (M )
(A21 A )’

where Aj; and Agp are square matrices. An equivalent definition of irreducibility
is that for any 1 <, j < n, there exists a 0 < g = ¢(¢,7) < n such that the ij-th
entry of A? is positive.

For the n-dimensional vector space V, we will use the norm

) vl = max [ul, v = (or, e v0) €V

in the rest of this paper. For any linear map L : V — V), let A be the corresponding
matrix for L; define
[All = sup [lAv]].

lIvil=1

The spectral radius A(A4) of A can be calculated as

A(A) = Tim 3/[[A"]] > 0.
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If A is a non-negative, the Perron-Frobenius Theorem implies that A(A4) is an
eigenvalue of A. Thus it is a maximal eigenvalue of A. If A is irreducible, A(A4) is a
simple, positive, maximal eigenvalue with a positive eigenvector v = (v, - ,vy),
e, v; > 0forall 1 <14 < n. However, there may exist another eigenvalue p # A(A)
but |u| = A(A). For example, consider

A_G @.

It is an irreducible matrix. The spectral radius is 1 which is a simple, positive,
maximal eigenvalue with an eigenvector vi = (1,1). However, —1 is also an eigen-
value with an eigenvector v = (1,—1). But if A is positive, that is, every entry is a
positive number, the Perron-Frobenius theorem states that A(A) is a unique, sim-
ple, positive, maximal eigenvalue with a positive eigenvector v = (vy,- - ,vy,), i.e.,
v; > 0 for all 1 <7 < n. Here the term “unique” means that all other eigenvalues
u of A satisfy that

|l < A(A).

Definition 6. We say that a multi-curve I is irreducible if the corresponding matrix
Ar of the linear map fr : Rl — RI is irreducible.

For any non-negative matrix A, we can rearrange the order of the basis such that

Ay 0 - 0
(6) A Ay Asp -+ 0
Asl ASQ e Ass

and all the blocks A;; on the diagonal are either irreducible or 0 matrices. It is not
hard to calculate that
)\(A) = HlaX])\(Ajj).

Now we consider A = Ar as the corresponding matrix of the linear map fr :
R — RI for an f-stable multi-curve I' = {7;,--- ,7,}. We assume that A is in the
form of (@). Then we can use I'; to denote the subset of curves in I' corresponding
to the j-th block in A. That is, Aj; = Ar,. It is clear that

r=Jr;.
J

We call {I';} an irreducible decomposition of I". The reader should note that T';
may not be f-stable.
Denote

Loy = Urj7
J

where the union runs over all j such that A(A4;;) > 1. We have the following
definition to relate every element in I' to I'gy if it is not empty.

Definition 7. Suppose I' is an f-stable multi-curve. For every v € I, if there
exists a v, € ['op and an integer £ > 0 such that - is homotopic to a component
F%(Yop), then we define the depth of v with respect to I' to be the least such
integer k. Otherwise, we define the depth as oco. The set of all elements in ' with
finite depth is denoted by I'g. The set of all elements with infinite depth is denoted
by I'so.
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Then
I'=TyuUls.

It is clear that if T' is a Thurston obstruction, then I'y is non-empty. Moreover, we
have the following lemma.

Lemma 1. IfT is a Thurston obstruction, then I'g is also a Thurston obstruction.
In particular, under a permutation of the basis, we can write

A 0
(7) AF = ( ioo Al" ) ;
where AN(Ar_.) < 1 and AM(Ar) = M(Arp,) > 1.

Proof. First, for every curve v € I'y, there exists an integer £ > 0 and an element
Yob € Top such that v is homotopic to a component of f~%(v,3). It follows that any
non-peripheral component 7 of f~!(7) is homotopic to a component of f~*+1 (y,,).
Since I' is f-stable, then there exists an element 7; € I' which is homotopic to 7.
Therefore, any non-peripheral component of f~!(y) is homotopic to an element
v; € I' whose depth is at most k+ 1. This implies that v € I'y. Thus Iy is f-stable.

Let us write I'oo = {71, ,¥s}- Then Ty = {ys41, - ,¥n} Since I'yis f-stable,
Ar must be of the form (). Furthermore, since T'pp C 'y, we have that

)\(AFOC) <1 and )\(AFO) = )\(AF) > 1. O

Now we study the associated matrix A for a sub-hyperbolic semi-rational
branched covering f. For each disk D; in A, we take a point b; on the bound-
ary 0D;. Set

(8) E =P Ul J{ai,bi}.

Let p = 4E. It is obvious that every multi-curve T' in C \ @ is a multi-curve in
C \ E. It follows that there are only a finite number of possible matrices for all
linear transformations fr (refer to [DH|, Lemma 1.2]).

(There are infinitely many possible multi-curves I'.) Therefore, we have the
following proposition.

Proposition 1. There is a number 0 < < 1 depending only on the degree d of
f and the cardinality p of E such that for any irreducible multi-curve I' in C \Q
(not necessarily f-stable) with \(Ar) > 1, let v be the unique positive eigenvector
of Ar corresponding to \(Ar) > 1 with |v|| = 1. Then, the smallest coordinate of
v is bounded below by (.

Proof. Since there are only finitely many possible matrices for all irreducible multi-
curves, there are finitely many simple, positive, maximal eigenvalues. Thus there
are finitely many positive eigenvectors v with ||v|| = 1. This gives the proposition.

|

Proposition 2. There exists a positive integer m such that for any non-empty
f-stable multi-curve T, if it is a Thurston obstruction,

AT || < 1/2.
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Proof. Since there are only finitely many matrices Ar corresponding to all ', there
are only finitely many Ar_. For each Ar__, AM(Ar_) < 1. Thus we have an integer
m > 0 such that

1A | < 1/2. -

Every multi-curve I' can contain at most p — 3 curves, so we have the following
proposition.

Proposition 3. There is a positive integer M depending on p such that for any
f-stable multi-curve T in C\ Q, the depth of every v € Ty is less than or equal to
M.

4. TEICHMULLER SPACE AND SHORT GEODESICS.

Suppose f is a sub-hyperbolic semi-rational branched covering. Recall Q) and P,
defined in (@) and @) and the assumption that 0, 1, co € P;. Let M(C) be the
unit ball of the space L>°(C). That is, it is the set of all measurable functions
on C such that essential supremum norm ||u|lcc < 1. Each element u € M(C) is
called a Beltrami coefficient since the measurable Riemann mapping theorem [AB]
says that the Beltrami equation

¢z = /sz
has a unique quasiconformal self-map ¢* of @ fixing 0, 1, and oo as a solution,

which depends on p € M(C) holomorphically. The map ¢* is called the normalized
solution.

Definition 8. The Teichmiiller space T is the equivalence class [y] for € M(C)
satisfying that p|@Q = 0 a.e., where p; and po are equivalent if and only if ¢ is
isotopic to ¢#2 rel ). Furthermore, we can define the Teichmiiller distance between
two points = [u| and y = [v] in Ty as
1. o Py
dr(z,y) = S MiNze(u] Fely) log K[¢" o (¢) 7],
where K[¢] is the maximal dilation of the quasiconformal map ¢.

From [Li] (or refer to [JZ]), we knew that T is the Teichmiiller space T(C\ Q)
of Riemann surface C \ @ with boundary 9Q. It is a complex manifold and the
projective map

D M((C) — Tf
is a holomorphic split submersion.

Define the self-map o of the Teichmiiller T by

ar([u]) = [f*(w)]-

In formula,

() = (E) + alf(2)0(2)
L) = PR
where (z) = f./f. and uy(z) = f5/f., is the pull-back of u by f. Since

op=®o0 ffod !

)

where ®~! means a local holomorphic section of ®. Thus

Uf:Tf—>Tf
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is a holomorphic map. Since the Teichmiiller metric dr coincides with the Kobayashi
metric on the complex manifold T} and o is holomorphic, we have that
dT(O’f(iC),O’f(y)) SdT(l‘,y), vxayeTf'

From [JZ], we also know that

(9) dr(oys(z),07(y)) < dr(z,y), Va,y€Ty.
We need more definitions and lemmas from [JZ| as follows.

Let Z be a subset of Q with #(Z) > 4. Let o = [u] € Ty and let v € C \ Z be a
simple closed and non-peripheral curve. We use lz(7, ) to denote the hyperbolic
length of the unique simple closed geodesic which is homotopic to ¢*(v) in the
hyperbolic Riemann surface C \ ¢p*(Z). We say v is a (u, Z)-simple closed geodesic
if ¢#(7) is a simple closed geodesic in C \ ¢#(Z).

Remark 2. From the definition of the Teichmiiller space T, we know that the
definition of Iz (v, x) is independent of the choice of p in x.

For g € Ty, let x,, = U}‘(:EO), n = 1,---, be a sequence in Ty. Recall our
definition of F in (g).

Lemma 2. If there is a real number a > 0 such that there is a point xo € Ty and

every (x,, F)-simple closed geodesic v C C \ @ has hyperbolic length greater than
or equal to a, then the sequence {x,}52 is convergent in Ty and the limiting point
is the fized point of oy in Ty.

Remark 3. This lemma implies that if there exists an xg € Tt such that the length
of the shortest geodesic on all the z,, has a uniform lower bound, then f has no
Thurston obstructions.

Lemma 3. There exists an n > 0 such that for any point x = [u] € Ty with
w(z) =0 on U, Ai and for any (z, E)-simple geodesic v C C\ E with lg(y,x) <7,
we have v C C\ Q. Moreover, for any € > 0, there exists a 6 > 0 such that

lg(v,z) > (1 -6l z)
whenever lg(y,z) <.
Remark 4. The above lemma implies that for any z = [u] € Ty with p(z) = 0 for all

z € |J; Ai, sufficiently short geodesics in @\qﬁ“(E ) are homotopic to the sufficiently

short geodesics in C \ ¢"(Q). More precisely, we can find a constant dp > 0 such
that

1
ng(%m) <lg(v,z) <lg(y,z) whenever lg(y,x) < do.

Suppose « = [u] € Ty and Z C Q. Define

wz(y,z) = —loglz(v, ).
Consider the set
Lzo =A{wz(v,2)},
where 7y ranges over all the non-peripheral simple closed curves in C \ Q. Define
wz(x) = sup{wz(y, )}
and
wz (', z) = max,erwz (7, x).
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The following lemma is a general result for hyperbolic Riemann surfaces (refer
to [DHLIJZ]). We just state it in our case.

Lemma 4. Let Z C Q be a finite subset with 7 > 4 and let v C C \Q be a
non-peripheral simple closed curve. Then the function

z—=wz(y,x): Ty =R
is Lipschitz with Lipschitz constant 2.

Let
A = max{—loglog(2v2 + 3), — log 6y},

where & is the number in Remark @ Note that log(2v/2 + 3) is the magic number
in the theory of hyperbolic Riemann surfaces such that for any hyperbolic Riemann
surface S, any two simple closed geodesics v and 7/ in S are disjoint whenever the
hyperbolic lengths of v and ' are less than log(2v/2 4 3). This implies that for any
point = € Ty, there are at most p — 3 curves v with (g (7y, ) < log(2v/2 + 3).

For any J > 0, let (a,b) be the lowest interval in R\ Lg , such that ¢ > A and
b—a=J. For any z = [v] € T}, define

Lz ={v |y is a simple closed geodesic on R, and wg(y,z) > b}.

Then Iy, is a multi-curve consisting of the geodesics which are sufficiently short
on C \ ¢*(FE). This is equivalent saying that they are all the simple closed curves
in C \ ¢*(Q) which are homotopic to sufficiently short simply closed geodesics on
@\¢”(Q). There are at most p — 3 elements in I'j ,, for any = and they are pairwise
disjoint.

For any x € Ty, let D = dp(z,05(x)).
Lemma 5. If J > logd+2D+1 and T';, # 0, then T ;. is an f-stable multi-curve.

See Lemma 7.3 in [JZ].

5. UPPER BOUND FOR ['

We still keep the notation in the previous sections. Suppose z¢ € Ty and z,, =
0% (zo) for all n > 1. Then we have a sequence {z,};2 in Ty.

For all n > 0 and all z € |J; 4;, we have that p,(z) = 0, where [u,] = z,,, since
f(U; 4i) C U; D; as we constructed {A;} as the shielding rings.

Recall the definition of E' = P, UJ;{a;,b;} in (8) and m in Proposition 2l Let

r=EUf™E)U |J FOyce.
1<j<m
The following lemma is also from [JZ].
Lemma 6. There exists an g > 0, such that for any x = [p] € Ty with p(z) =0
for all z € U;A;, and for any (u, P2)-simple closed geodesic ', if lp, (v, 2) < €o,

then there is a (u, E)-simple closed geodesic v such that ' is homotopic to v in
C\ P,.

The following lemma is also a general result in the theory of hyperbolic Riemann
surfaces and the reader can find a proof in [DH].
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Lemma 7. Let X be a hyperbolic Riemann surface, P C X is a finite subset, and
$P < p. Let X' = X \ P and L < log(3 + 2v/2). Let v be a simple closed geodesic

on X, and let v{,--- ,7; be all the geodesics on X' homotopic to v in X whose
hyperbolic length on X' is less than L. Set | =lx(v) and l; = lx/(v}). Then:
(1) k<p+1;

(2) foralli, U} >1;
(3) %_1_(p+1 <Z7, 1l’ <1 +(p+1)

us

The next proposition is essential for our proof.

Proposition 4. Let m be the constant in Proposition 2l Let xy € Ty and x, =
U?(l‘o) for n > 0. There exists a constant C(J) > 0 depending on p, d, ¢y, D =
dr(xo,z1) and J > m(log d+2D+1) such that if wg(zg) > C(J), thenT =T j 4, #
0 is a stable multi-curve. Moreover, if T'ss # (), then

WE(Loos Tm) < wp(Too, o)-

Proof. If wg(zg) > A+ (p — 3)J, then I';,, is non-empty, since R;, has at most
(p — 3) simple closed geodesics with hyperbolic length less than e~# (they are not
homotopic to each other). From Lemmal[f, I' =T, is also f-stable.
Suppose I'o, # 0 and Ar is in the form of (). From Proposition2 [|Af_|[| < 1/2.
For each v; € I'j 4, let 7; ;o be any component of f~™(~;) homotopic to ; in

\Q Then 7; j o is also homotopic to 7; in (C\E Let g = ¢H o f™o(¢¥) "L, where
[#] = o and [v] = x,,. Then g is a rational map and

9:C\ " (/7" (P2) = C\ ¢"(P2)
is a holomorphic covering map. Therefore

L=m(Py)(Yij.ar Tm) = dijalp, (75, o),
where d; j o is the degree of f™ :7; j o — ’yj We get

1 ( ) 1
— b ,
Za: Ly=m(py) (Visj.as Tm) Z dijo/ Lp, %’xo) “lp, (75, %0)

where b;; is the ij-entry of AP'.
Since E C Ps, the inclusion

L:C\P, = C\E

decreases the hyperbolic distances. So we have that Ip,(7;,2z0) > lg(7;, o) for any

;. It follows that
1
Z Lpm( < bij .

(’Yz,j,oc;xm) lE(’Y]a-/EO).

From the definitions of P, and E, we know that E C f~™(FP). Let C =
C(d,m,p) = 4(f~"(P,) \ E), where p = {E.

We claim that for any (v, f~"(P))-simple closed geodesic v which is homotopic
to 7; in C\ E, either v is homotopic to some 7; j o in C\ f~"(P) or

Lp—m(py) (7, Tm) > min{e” AP ¢,

where ¢ is the constant in Lemma,

We prove the claim. In fact, if v is not homotopic in C \ f7(P2) to some 7; j q,
then f™(v) is a (u, P2)-simple closed geodesic which is not homotopic to any «; in
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C \ P,. Then there are two cases: either (1) f™(v) is homotopic in C \ P to some
(i, E)-simple closed geodesic £ which does not belong to I, then we have

Lp, (f™(7), 0) > L (f™(7), m0) = I (&, m0) > €7@ > e”AHFY)

or (2) f™(v) is not homotopic in C \ P, to any (u, E)-simple closed geodesic, then
by Lemma [6] we have

e, (f™ (), 0) > €o-
Thus we have

Li-m(py) (s m) = Lp, (f7(7), 0) > min{e™ A7) e},

This proves the claim.
From the left hand of the inequality given by (3) in Lemma [7] for each v; € T,
we have
1 1 C+1
_——— b;
lg(Vi,@m) 7 min{e=(AtP)) ¢y} — Z Lp—m( (vw o Tm) zj: 4 lg Vgaﬂﬁo)

Suppose I'os = {71, -+, 7s} C I'. Then for each v; € I'w, from the form () of
Ar,

Zb l-i— C+1
15 (Yir Tm) o Y15 (v5, 0) %,l’o) 7 min{e=(A+PD) ¢}

Let
1

1
le(v1,2m) I (v1,20)
vy = : and v = :

1 1
lE(VsTm) le(vs,T0)

Since ||AZ]| < 1/2,

C+1
min{e~(A+P7) ¢}’

1 1
il < 5lvlli+ — +
Define
C+1
min{e~(A+FJ) ¢4}

If wg(Too, o) > C(J), then we have

0() = max{a (L + ) A+ -3}

WE (T ooy Tm) < WE(Teo, o). (]

Lemma 8. Let J > m(logd + 2D + 1). Suppose wg(xo) < C(J) and suppose
' =Ty, #0 for some k> 0. Let E(J) = C(J)+2mD. IfTs # 0, then for all

n,

WE(Foo, xn) < E(J).
Moreover, if wg(y,zr) > E(J), then v € Ty.

Proof. We prove the first inequality by contradiction. Suppose there is an n > 0
such that wg (T, zn) > C(J) + 2mD. Suppose ng is the first integer having this
property. Then we have wg (oo, Zng—m) > C(J). Then by Proposition @ and the
fact that ng is the first integer such that wg (Lo, Zn,) > C(J) + 2mD, we have

WE (T oy Tng) S WE(Toos Tng—m) < C(J) + 2mD.

This is a contradiction.
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If wg(y,zx) > E(J) >C(J) > A+ (p—3)J, then v € 'y, =T since there are
at most p — 3 simple closed curves in R, such that wg(y,z) > A. But v ¢ I'
because of the first conclusion and the assumption. Therefore, v € T'y. O

6. LOWER BOUND FOR I’y
In order to get the lower bound for I'g, we need the following definition.

Definition 9. Let x be a real number. A sequence {a,}2, of real numbers is
called k-quasi-nondecreasing if for all ny < ny we have a,, — a,, > K. A sequence
is called quasi-nondecreasing if it is xk-quasi-nondecreasing for some k.

It is easy to check that the following two properties are true.

Property 1. Suppose {a,}i>, and {b,}52, are two sequences. If {a,} %, is
k-quasi-nondecreasing and if |a, — b,| < r for all n, then {b,} is (k — 2r)-quasi-
nondecreasing.

Property 2. Suppose {a,} is quasi-nondecreasing and unbounded. Then a, —
+00 as n — +00.

Recall that any @ = [u] € Ty represents a complex structure on C \ @, which
makes C \ @ a hyperbolic Riemann surface R,. For any simple closed geodesic v
on R, let A(y,z) be the Riemann surface, conformally isomorphic to an annulus,
obtained by taking the unit disk D modulo a Z-subgroup of the fundamental group
of R, generated by ~. It is a covering space of R,. The core curve of A(vy,x) is a
geodesic of length g (v, z) and
(10) mod(A(7,))

7
lo(v, )’

where mod(A) means the modulus of an annulus A.
If v is a simple closed geodesic of hyperbolic length [ on the Riemann surface R,

then there is an embedding annulus a(7, ) of modulus m(l) which is continuous
and decreasing and satisfies

?—1<m(l)<

~I

Thus for all x € T, we have

(11) mod(A(y,z)) — 1 < mod(a(y,x)) < mod(A(y, x)).
We need the following technical lemma.

Lemma 9. Ift > 1, then log(t+ 1) — 1 < logt.

Proof. For t > 1,

t+1
log(t+1) —logt = log(%) <log2 < 1. U

If wo(v,z) > log2 = —0.451582705 - -, then we have mod(A(y,z)) — 1 > 1.
By taking logarithms on all terms of inequality (II)) and by applying Lemma [ and
equation (0], we have

logm — 14 wg(y,z) <logmod(a(y,z)) <logm + wg(7,x).
It follows that, if wg(y,z) > log 2, then
(12) |logmod(a(vy,x)) — wo(y,z)| < log.
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Given a multi-curve I', we denote vectors of moduli (mod(A(v,z))) and
(mod(a(7,z))) by mod(A(T, x)) and mod(a(T, z)) respectively. Define

mod(A(T, 2)) = min,er {mod(A(y, )}

and
mod(a(T',2)) = min,er{mod(a(y, ))}.

Lemma 10. Let 8 be the constant in Proposition[Il Let I' be an irreducible multi-
curve. Suppose the leading eigenvalue of the matriz Ar is greater than or equal to
1. Then for any xo € Ty and x,, = U?(.’L‘o), n >0,

(1) mod(A(T',x,)) > Bmod(a(l', x9)) and

(2) mod(a(l',zy)) > Bmod(a(T', zo)) — 1.

Proof. Since for any n, f™ : C — C is a branched covering, we can similarly define
the linear map f : R — RI'. Let B be the corresponding matrix for the linear
map f{* with the basis I'. It is easy to see that B > A}.

Let v be the unique positive eigenvector of Ar with ||v|| = 1. Let 1 denote the
vector whose coordinates are all equal to 1. Then

mod(a(T, z9)) > mod(a(T, z9)1 > mod(a(T, zg))v.

For any n > 1, let +;"; , be the components of f~"™(~;) homotopic to 7;, and ali o
be the components of f~"(a(v;,zo)) homotopic to 7;. Then

mod(a;; ) = mod(a(v;,20))/d;; o

4,5,

where d7'; , = degf"
v;, we have

Ve Since a}'; , are disjoint annuli homotopic to the curve

Zmod(a?’jya) < mod(A(vy;, zn)).
g
(One can obtain this inequality by lifting them to the covering space A(7;,x,) of
R,, and then by using Grotzsch’s inequality.) Consequently we get
mod(A(T, z,)) mod(a(T, z,)) > Bmod(a(T, zq))
tmod(a(T, z9)) > Afmod(a(T', zg))v
mod(a(T', z9))v > Smod(a(l', z9))1.

AVARAVARIV]

Hence for all v € I', we have mod(A(~, z,,)) > fmod(a(T', z¢)). The second conclu-
sion follows the first one and inequality (ITI). O

Lemma 11. Ifa, b>0, 3> 0, and e* > Be® — 1, then a — b > log f — 1.
Proof. If Bexpb— 1 > 1, then by Lemma [ we have
log(Bexpb — 1) > log(Be’) —1 > log S+ b—1.

Hence by the assumption, we have a — b > log § — 1.
If Bexpb—1< 1, then b < log2 — log 8. Since a > 0,

a—b>0—b=—-b>logp —log2 >logps —1. |
For any = € Ty and any multi-curve I', define

w(T, ) = min,erwg (v, x).
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Lemma 12. Suppose I is an irreducible multi-curve and suppose the leading eigen-
value of the matriz Ar is greater than or equal to 1. For any xo € Ty, if w(I', zg) >
log(3/B) + log, then the sequence {w(Tl',z,)}7L, where x, = o' (20), is (log B —
1 — 2log )-quasi-nondecreasing.

Proof. For w(T', z9) > log(3/8) + log 7 > log 2, by inequality ([I2)), we have

log mod(a (T, o)) > log(5).

That is, mod(a(T', zo)) > 3/5. So fmod(a(T,zp)) — 1 > 2. By Lemma [I0l we have
that for all n > 0,

(13) mod(a(T', z,)) = 2.

Now consider the sequence y,, = log mod(a(T", x,)). Choose arbitrarily no > ny > 0,
and let a = y,,,, b = y,, and n = ny — n;. By Lemma [0, we have e® > Be’ — 1.
Applying Lemma[IT] we have a—b > log 8 —1, so the sequence {y, } is a (log 8 —1)-
quasi-nondecreasing.

By inequalities (II)) and (3]), we have mod(A(T',x)) > 2. This implies that
logm + w(T',x,) > log2. That is, w(T',z,) > log(2/m). Since mod(a(y,z,)) is
continuous and decreasing with Ig (v, z,), we obtain

mod(a(T', z,,)) = mod(a(y,z,)) and w(T,z,)=wo(y,z,)
at the same « € I'. This further implies that
|yn - w(ra xn)' < 10g7r'
From Property [l we finally have that w(T",z,,) is (log 8 — 1 — 2log 7)-quasi-non-
decreasing. ([l
Lemma 13. Let k > 1 be an integer. For any xg € Ty, let x, = o'} (x0) for n > 0.

Let D = dr(xzg,x1). If 71,72 are non-peripheral curves in C \ @ such that some
component of f~F(v1) is homotopic to v, then

wq (2, 2o) = wq(y1, o) — k(logd + 2D).

Proof. Let Y = f~¥(R,,). Then Y C R,, is a Riemann surface and f*: Y — R,
is a holomorphic covering map of degree d*. Then

ly (12) < d¥lg(m, o).

Since the inclusion map ¢ : Y < R, decreases the hyperbolic lengths,

lo(ya, k) < dle(m,xo).
It follows that
wo (Y2, k) > wo (1, o) — klogd.
Since oy decreases the Teichmiiller distance dr,
dr (i, zit1) < dr(z0,21) = D.

The map v — wg(y,x) for any & € Ty is a Lipschitz function with Lipschitz
constant 2 (see Lemma[dl), so we have that

wg (2, x0) > wg (v, 2k) — 2kD > wg(v1,20) — k(2D + log d). O
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Lemma 14. Suppose I' is an irreducible multi-curve. Then for all v;, v; € I' and
all x € Ty,

[wq(vi, #) —we (v, )| < (p—3)(logd + 2D).
Proof. Since I' is irreducible, there is an integer ¢ < #I' < p — 3 such that ~;

is homotopic to a preimage of f~9(y;). By Lemma [I3] we see that wq(y;,z) >
wq (v, x) — (p—3)(logd+2D). By exchanging i and j, we complete the proof. [

Proposition 5. Suppose I' is an f-stable multi-curve satisfying I' = T'g. Let xg €
Ty and xn, = o}(z0), n > 0. Let D = dr(wo,r1). Suppose minywq(y,ro) >
log(3/8) +log, where 8 is the number in Proposition Il Write T =T"1 I, where
I = Toyp is the union of the irreducible component 'y of T' for which A(Ar,) > 1.
Then

(1) forally € I, {wg (v, zn) tn>0 is k-quasi-nondecreasing, where k = log 8 —

1—2logm —2(p—3)(logd + 2D);
(2) for ally €T and all n >0,

wQ (v, @n) = minyer{wq (Y, an)} — M(logd + 2D),
where M is the constant in Proposition [3l
(3) Suppose minycrwq(7y,xo) > Ja — 1, where
Ja = maz{log(3/8) +logm, A} + k + M(logd + 2D) + 1.
Then for all v € T' and for all n > 0, we have
wo (v, zn) > A.

Proof. Let T'; be an irreducible component of I' for which A(I';) > 1. By the
assumption that w(T,z¢) > log(3/8) + logw, we have {w(T';,z,)} is logf — 1 —
2 log m-quasi-nondecreasing.

Since I'; is an irreducible multi-curve, by Lemma [I3] and Property [I, we have
for each v € TI';, the sequence {wq(v,zr)}32, is a k = logB — 1 — 2logm —
2(p — 3)(log d + 2D)-quasi-nondecreasing. This completes (1).

By Lemma 2 and (1), we have for all v € I and all n > 0,

wQ(’Yv xn) 2> min’Y'EF'{wQ(’}/a J)n)} - M(]Ogd + 2D)'
This is (2).
(3) follows from (1) and (2) immediately. O
Proposition 6. Suppose I' is an f-stable multi-curve satisfying ' = T'g. Let xg €
Ty and xp, = 0% (), n >0, and D = dr(zo,z1). Suppose minycrwg(y,zo) > Ja.

Write T = T"UT", where I” = Loy, is the union of the irreducible component I'; of
I for which A(Ar;) > 1. Then:

(1) For ally €T, wg(y,zn) > A for any n > 0.
(2) Forally €IV, {wg(y,xn) tn>0 is (k — 2)-quasi-nondecreasing.
(3) Forally €T and all n > 0,

wg (Y, ) > minyer{wg(y,z,)} —2 — M(logd + 2D).
Proof. From Lemma [3] we have, for any x € T},
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if wg(y,z) > A. If min,wg(y,z9) > Ja, then min,wg(y,x9) > Ja — 1; then, by
Proposition[] for any n > 0 and v € ', wg (v, z,,) > A. Consequently, wg(y, z,) >
A. We get (1).

From (1), we have |wg(vy, ,) —wq(v, z,)| < 1 for all n > 0. Then by Property (Il
and Proposition [}l we have (2) and (3). O

7. PROOF OoF THEOREM [II

Choose any xo € Ty, we can find a J > Jx such that wg(z) < C(J). Without
loss of generality, we assume that J = J4. Since C(J) is an increasing function
of J, we have wg(xo) < C(J) for all J > Ja. Let z, = o}(20), n > 0, and
D= dT(xo,xl).

Suppose that f is not equivalent to a rational map. By Lemma [2, the sequence
{wg(zy,)}n>0 is unbounded. Thus there exists v, and z,, with wg (v, zn,) = 00,
as k — oo.

Fix J > Jy = Ja + |A|. Then wg(yg, Zn,) > E(J) = C(J) + 2mD for some k.
So by Lemma [8 the set of the finite depth curves in ].—‘Jyrnk , denoted by ].—‘Jyrnk 0, s
nonempty.

Moreover, if for some ng, v € I'j g0, then wg(y, xn,) > a + J > Ja, which
implies wg(v,z,) > A for all n > ng by Proposition This implies that T'y =
U, Tz, 0and G = UJZJO I'; are multi-curves, since v € T'; satisfies wg (v, z,) > A
for all n sufficiently large.

Since wg(Yk, Tn, ) — 00, as k — 00, given any fixed J > Jo, wg (v, Tn, ) > E(J)
for infinitely many k. Hence v, € 'y C G infinitely often. Since G is finite, for
some v € G, we have v, = -y for infinitely many k. Hence the set

Ty ={v | {we(v,zn)}n>0 is unbounded}
is nonempty.
Proposition 7. ', = mJ>J0 L.

Proof. The inclusion [ g>, Lo C Ly s clear. To see the other inclusion, let v € T',,.
Given J, there exists some n such that w(y,z,) > E(J). By Lemmal8 v € T';,, o.
Thus ﬂJ>J0 I'y D T'y. This proves the proposition.

Proposition 8. I', =T';, for some J. > Jy.

Proof. We prove it by contradiction. Since I'), = ﬂJ>J0 Ty, for all J > Jy, if
I, # I';, then there exists a curve v, such that v; € T'; C G but v ¢T,. Since G
is finite, this implies that there is some v € G such that v = vy € I'; for infinitely
many J, while also v ¢ T',,. This is a contradiction, since v € T'; for infinitely many
J implies that the sequence {wg(7,x,)} is unbounded. The contradiction proves
the proposition. O

Now consider I'y, =Ty, =J,, T2, 0-

For each k such that I' = T'j, ;, o is nonempty, applying Proposition [f] we know
that if 4" € I, then the sequence {wg (Y, 2n)}n>0 is both unbounded and quasi-
nondecreasing, so wg(v',z,) — 00, as n — co0. (3) of Proposition [f] implies that
wg (Y, Tn) — 00, as n — oo, for all v € I'”'. Hence

T, ={y | we(y,z,) — oo as n — co}.
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Proposition 9. ', =Ty o for somen = n..

cTng,

Proof. Since I'y, =, ', 2,0, the inclusion I';_ . o C T';, C G holds for all n.
Since there are finitely many elements in G, there exists an n. such that for all
v €y,
wg (Y, Tn,) > E(J.).

By Lemma [8) we have v € I'; 0- Thus 'y =Ty, n.0- |

e Tnegs

From Proposition [, I',, is a Thurston obstruction. Furthermore, I',, depends
only on f and is independent of the initial point zq, since for any ~, the map
x +— wg(y,z) is a Lipschitz map with Lipschitz constant 2 (see Lemma [4)) and
since oy decreases the Teichmiiller distance dr.

Finally, since

if wg(y,x) > A (refer to Remark M), we have that

. = {v|wg(v,zn) = c0 as n — oo}
= {y|we(y,z,) - c0asn— oo} =T,

Therefore, I'. is a Thurston obstruction. This completes the proof of Theorem [I1
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