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CONFORMAL MAPPING, CONVEXITY

AND TOTAL ABSOLUTE CURVATURE

MARIA KOUROU

Abstract. Let f be a holomorphic and locally univalent function on the unit
disk D. Let Cr be the circle centered at the origin of radius r, where 0 < r <
1. We will prove that the total absolute curvature of f(Cr) is an increasing
function of r. Moreover, we present inequalities involving the Lp-norm of the
curvature of f(Cr). Using the hyperbolic geometry of D, we will prove an
analogous monotonicity result for the hyperbolic total curvature. In the case
where f is a hyperbolically convex mapping of D into itself, we compare the
hyperbolic total curvature of the curves Cr and f(Cr) and show that their
ratio is a decreasing function. The last result can also be seen as a geometric

version of the classical Schwarz Lemma.

1. Introduction

Let f be a conformal mapping on the unit disk D. Let’s denote the euclidean
disk

rD = {z ∈ C : |z| < r}
and the circle

Cr = {z ∈ C : |z| = r}
for 0 < r < 1.

The curve f(Cr) is smooth, simple, and closed for every r ∈ (0, 1). Also, f(Cr)
possesses a potential theoretic meaning, since it is a level curve of the Green function
on f(D) with pole at f(0).

For sufficiently small radius r, the curve f(Cr) is almost a circle. In fact, the

isoperimetric ratio L2 f(Cr)
A f(r D) approaches 4π, as r → 0, where L and A denote the

length and the area, respectively; see [10]. Moreover, for every r ≤ 2 −
√
3, the

curve f(Cr) is convex and f(rD) is a convex domain; see [9, Theorem 2.13]. The

number 2−
√
3 is called radius of convexity and it is a sharp bound regarding the

convexity of the domain f(rD). The question that arises at this point is what
happens when r is greater than the radius of convexity. And what if the function
f is not univalent but only locally univalent?

A holomorphic function f is convex if it is univalent and its image f(D) is a
euclidean convex domain. An equivalent definition of a convex function is the
following. A holomorphic and locally univalent function f : D → C is a convex
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univalent function if and only if the harmonic function

(1.1) v(z) := Re

{
1 + z

f ′′(z)

f ′(z)

}
is strictly positive, for every z ∈ D. Furthermore, according to a theorem of Study
[27], if f is a convex function, then f(rD) is a convex domain for every r ∈ (0, 1).
More information on convex univalent functions can be found in [9], [12], [17], and
[23].

We need some kind of measurement to show us whether f(Cr) is a convex curve
or not and how much it diverges from being convex. The most suitable geometric
quantity with this property is the total absolute curvature of f(Cr). A beneficial
factor for examining this quantity is the fact that it combines the notions of cur-
vature and convexity. Besides that, the total absolute curvature of f(Cr) measures
how far f(Cr) is from being a convex curve and, having a positive sign, it provides
some kind of distance between a function and its convexity.

For the definition of total absolute curvature, let γ be a smooth curve in D. We
denote by κ(z, γ) the signed euclidean curvature of γ at the point z ∈ γ. The total
absolute curvature of γ is the quantity∫

γ

|κ(z, γ)||dz|.

It is known that the total absolute curvature of a smooth and closed curve is always
greater than 2π, with equality holding if and only if the curve γ is convex. This
result was first proved by W. Fenchel; see [26, Corollary 6.18].

Let f be a holomorphic and locally univalent function on D. By κ(w, f(γ))
we denote the euclidean curvature of f(γ) at the point w ∈ f(γ). Therefore, the
quantity ∫

f(γ)

|κ(w, f(γ))||dw|

is the total absolute curvature of f(γ) and hence, the greater this quantity becomes,
the less convex the function f is.

Theorem 1.1. Let f be a holomorphic and locally univalent function on D. Then

(1.2) r �→
∫
f(Cr)

|κ(w, f(Cr))||dw|

is a strictly increasing log-convex function of r ∈ (0, 1), except when f is convex.
In this case, it is constant and equal to 2π. Moreover,

(1.3) lim
r→0

∫
f(Cr)

|κ(w, f(Cr))||dw| = 2π.

At this point, we should notice that the total absolute curvature of Cr is constant.
Since Cr is a circle, and therefore a convex curve, its total absolute curvature is
equal to 2π. As a result, the function

(1.4) Φ(r) =

∫
f(Cr)

|κ(w, f(Cr))||dw|∫
Cr

|κ(z, Cr)||dz|
=

1

2π

∫
f(Cr)

|κ(w, f(Cr))||dw|,

which is the ratio of the total absolute curvature of f(Cr) to the total absolute
curvature of Cr, is an increasing function.
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So, Theorem 1.1 is a monotonicity result regarding the total absolute curvature
of f(Cr), compared to the total absolute curvature of Cr. This reminds us of similar
monotonicity results that are applications and geometric versions of the classical
Schwarz Lemma. Geometric quantities are used in order to measure the size of
the image f(rD) or f(Cr), compared to the size of rD or Cr, respectively. Such
geometric quantities are area, length, logarithmic capacity, diameter, inner radius,
etc., as we can see in [4], [5], [7], and [8].

The first result of this kind is probably the theorem of G. Pólya and G. Szegő,
who used length as the geometric quantity and proved that

(1.5) r �→ Length(f(Cr))

Length(Cr)
=

∫ 2π

0
|f ′(reit)|dt
2π

is an increasing function of r ∈ (0, 1), in [22]. In [2] and [8], monotonicity results
for the area and logarithmic capacity of the images of a holomorphic function are
proved. The functions

ΦA(r) =
Area f(rD)

πr2
and ΦC(r) =

Cap f(rD)

r

are increasing for r ∈ (0, 1). Therefore, Theorem 1.1 is a similar monotonicity result
regarding the total absolute curvature.

Next, we define the function

(1.6) Φp(r) =

∫
f(Cr)

|κ(w, f(Cr))|p|dw|∫
Cr

|κ(z, Cr)|p|dz|
, 0 < r < 1

for p ∈ R. When the function f is not convex, the curvature of f(Cr) is equal to
zero at some point w. So, the function Φp(r) is not defined when p < 0 and f is
not convex.

For p = 0, the function Φ0(r) has the form of (1.5) and it is an increasing
function. For a convex function f , when p = 2, the function Φ2(r) is the ratio of
elastic energy of the curve f(Cr) to the elastic energy of Cr (see [10] and [14]).
Moreover, when p = −1, the integrand is the radius of curvature of each curve. For
negative values of p, we have the following theorem.

Theorem 1.2. If f is a convex univalent function in D, the functions Φp(r) and
log Φp(r), for p < 0, are strictly increasing log-convex functions of r ∈ (0, 1), except
when f is linear. In this case, Φp(r) is constant and equal to |f ′(0)|1−p. Moreover,

(1.7) lim
r→0

Φp(r) = |f ′(0)|1−p.

We should also remark that there are not any monotonicity results for the func-
tion Φp(r) for the rest of the cases on f and p; we present some counterexamples
in Section 4. The following theorem contains inequalities involving the Lp-norm of
the curvature of f(Cr).

Theorem 1.3. If f is a holomorphic and locally univalent function on D, then for
p > 1,

(1.8)

∫
f(Cr)

|κ(w, f(Cr))|p|dw| ≥ 2πr1−p,
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whereas, for 0 < p < 1, the following inequality holds:∫
f(Cr)

|κ(w, f(Cr))|p|dw| > 2πr1−p|f ′(0)|p.

Equality in (1.8) occurs only when f is a convex function and p = 1.

The results so far concern the euclidean case, where f(D) ⊂ C. In Sections 6
and 7, we examine whether there are any similar monotonicity results when D is
seen from a hyperbolic perspective.

We recall that λD is the density of the hyperbolic metric in D and that the
hyperbolic metric

λD(z)|dz| =
|dz|

1− |z|2 := ds

has constant Gaussian curvature equal to −4.
The hyperbolic distance in the unit disk, for a, b ∈ D is equal to

dD(a, b) = arctanh

∣∣∣∣ a− b

1− āb

∣∣∣∣
and it is invariant under the group of conformal self-maps of D. For more informa-
tion on the hyperbolic metric and, in general, on the hyperbolic geometry of the
unit disk, the reader can refer to [3] and [16].

We recall that a subregion Ω of the unit disk is hyperbolically convex if for every
pair of points in Ω the hyperbolic geodesic arc in D that joins them, lies in Ω; see
[16]. The hyperbolic geodesic curves of D are the arcs of euclidean circles that are
orthogonal to the boundary.

From [16], a conformal map f : D → D is called hyperbolically convex if f(D) is a
hyperbolically convex subregion of D. An equivalent definition is that the function
f , which is a holomorphic and locally univalent function in D with f(D) ⊂ D, is
hyperbolically convex if and only if

(1.9) u(z) := Re

{
1 +

zf ′′(z)

f ′(z)
+

2zf ′(z)f(z)

1− |f(z)|2

}
> 0

for every z ∈ D. From [20], the above function is subharmonic on D if and only if
f is hyperbolically convex.

Using the hyperbolic analogue of Study’s Theorem, which is proved in [16], we
have an equivalent definition for hyperbolically convex functions. Suppose f is a
conformal map with f(D) ⊂ D. Then f is hyperbolically convex if and only if f
maps every subdisk of D onto a hyperbolically convex region. In particular, for
0 < r < 1, the function f(rz) is hyperbolically convex. Further information on
hyperbolic convexity can be seen in [15], [16], and [18].

The hyperbolic disk centered at the origin of radius ρ

Dh(0, ρ) = {z ∈ D : arctanh |z| < ρ} = {z ∈ D : |z| < tanh ρ}
is a euclidean disk centered at the origin of radius r := tanh ρ. Its boundary is

∂Dh(0, ρ) = {z ∈ D : |z| = tanh ρ} = ∂D(0, r) = Cr,

where r = tanh ρ.
Furthermore, when f is a conformal mapping of D into itself, the curve f(Cr) is

hyperbolically convex for r ≤ 2 −
√
3; see [16]. The number 2 −

√
3 is also called

radius of hyperbolic convexity and it is a sharp bound regarding the hyperbolic
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convexity of the domain f(rD). As in the euclidean case, the question is what

happens when r is greater than 2 −
√
3 or when f is only locally univalent. In

order to investigate the hyperbolic analogue of Theorem 1.1, we use the hyperbolic
curvature of the curve f(Cr).

Let γ be a smooth curve in the unit disk D, with non-vanishing derivative, and
let f be a holomorphic and locally univalent map with f(D) ⊂ D. The hyperbolic
curvature of γ at the point z ∈ γ is denoted by κh(z, γ), whereas, the hyperbolic
curvature of f ◦ γ at a point f(z), z ∈ γ, is denoted by κh(f(z), f ◦ γ).

We should note that the hyperbolic curvature on the unit disk is invariant under
conformal self-maps of D. For the total hyperbolic curvature of the curve f(Cr) in
the unit disk, we will prove the following monotonicity result.

Theorem 1.4. Let f be a holomorphic and locally univalent function on D with
f(D) ⊂ D. Then

(1.10) r �→
∫
f(Cr)

κh(w, f(Cr))λD(w)|dw|, 0 < r < 1

is a strictly increasing function.

Similar monotonicity results have been proved in [6]. The functions

r �→ Rh f(rD)

r
and r �→ caph f(rD)

r

are increasing functions of r ∈ (0, 1), where Rh is the hyperbolic-area-radius of
f(rD) and caph denotes the hyperbolic capacity. We will prove a monotonicity
result for the function which is the hyperbolic analogue of Φ(r).

We define the function

(1.11) Φh(r) =

∫
f(Cr)

|κh(w, f(Cr))|ds∫
Cr

|κh(z, Cr)|ds
, 0 < r < 1,

which is the ratio of the hyperbolic total absolute curvature of f(Cr) to the hyper-
bolic total absolute curvature of Cr.

Theorem 1.5. Let f be a hyperbolically convex function in D, with f(D) ⊂ D. Then
Φh(r) is a strictly decreasing function of r ∈ (0, 1), except when f is a conformal
self-map of the unit disk. In that case, Φh is constant and equal to 1.

From Theorem 1.5, we obtain the following Schwarz-type result.

Corollary 1.1. Suppose f is a hyperbolically convex function in D. Then

(1.12)

∫
f(Cr)

κh(w, f(Cr))ds ≤
∫
Cr

κh(z, Cr)ds =
2π(1 + r2)

1− r2

for every r ∈ (0, 1), with equality holding if and only if f is a conformal self-map
of D.

In the proofs of Theorems 1.4 and 1.5, we will use the Gauss-Bonnet formula in
the following form; see [26, Theorem 6.5]. Let M be an oriented two-dimensional
Riemannian manifold, with Gaussian curvature K and volume element dA. Let
N ⊂ M be a compact two-dimensional manifold-with-boundary which is diffeo-
morphic to a subset of R2 and whose boundary is connected. Let ds be the volume
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element of ∂N and let κ be the signed geodesic curvature of ∂N . Then

(1.13)

∫
N

KdA+

∫
∂N

κds = 2π.

The unit disk D endowed with the hyperbolic metric is a two-dimensional Rie-
mannian manifold of constant Gaussian curvature equal to −4. If Ω is a hyperbolic
domain in D, the Gauss-Bonnet formula (1.13) has the form

(1.14) −4Ah(Ω) +

∫
γ

κh(z, γ)λD(z)|dz| = 2π,

where γ is the boundary of Ω and it is a smooth, simple, and closed curve in D.
The article is structured in the following way. In Section 2, we calculate the total

absolute curvature of f(Cr) and prove that it is an increasing function, as stated
in Theorem 1.1. In Section 3, we study the case where f is a convex function and
prove Theorem 1.2, whereas, in Section 4, counterexamples on the monotonicity of
Φp(r) are presented, depending on the values of p and the convexity of the function
f . In Section 5, we prove the inequalities of Theorem 1.3. Thereafter, the unit
disk is explored from a hyperbolic point of view. More specifically, in Section 6,
we prove that the hyperbolic total curvature is an increasing function, as stated in
Theorem 1.4, and we examine some results concerning the function u, whose sign
indicates the hyperbolic convexity of the function f . In Section 7, information on
the monotonicity of the function Φh is extracted and Theorem 1.5 and Corollary
1.1 are proved.

2. Proof of Theorem 1.1

The complex plane C endowed with the euclidean metric is a two-dimensional
Riemannian manifold. The Gaussian curvature of the euclidean metric is equal to
zero. As a result, if Ω is a domain in C, from (1.13), it follows that

(2.1)

∫
γ

κ(z, γ)|dz| = 2π,

where γ is the boundary of Ω and it is a smooth, simple, and closed curve.
To begin with, we will calculate the euclidean total absolute curvature of f(Cr).

If f is a holomorphic and locally univalent function on D, the euclidean curvature
of f(Cr) is given by the formula

(2.2) κ(f(z), f(Cr)) =
1

|z||f ′(z)|v(z),

where the function v is defined in (1.1) and it is harmonic on D as the real part
of a holomorphic function; see [19]. Consequently, the total absolute curvature of
f(Cr) is given by the formula∫

f(Cr)

|κ(w, f(Cr))||dw| =
∫
Cr

|κ(f(z), f(Cr))||f ′(z)||dz|

=

∫
Cr

1

r|f ′(z)| |v(z)||f
′(z)||dz|(2.3)

=

∫ 2π

0

1

r
|v(reit)|rdt =

∫ 2π

0

|v(reit)|dt.
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In order to acquire results on the strict monotonicity mentioned in Theorem 1.1,
we will need the following helpful lemmas. For a continuous function u on Cr, let’s
define its integral mean as

m(r, u) =
1

2π

∫ 2π

0

u(reit)dt.

Lemma 2.1. Suppose that u is continuous and subharmonic in the disk {z ∈ D :
|z| < R}. Then for 0 ≤ r1 < r2 < R, either m(r1, u) < m(r2, u), or u is harmonic
in {z ∈ D : |z| < r2} and m(r, u) is constant on [0, r2].

Proof. Let h be the unique function that is continuous in {z ∈ D : |z| ≤ r2},
harmonic in the disk {z ∈ D : |z| < r2}, and equal to u on Cr2 . Then it holds either
that u < h or that u = h in {z ∈ D : |z| < r2}. Let’s also notice that since h is
harmonic, the function m(r, h) is constant and equal to h(0) for r ∈ [0, r2). Hence,
we obtain that either

m(r1, u) < m(r1, h) = m(r2, h) = m(r2, u),

or u is harmonic in the disk {z ∈ D : |z| < r2}, in which case its integral mean
m(r, u) is constant for r ∈ [0, r2]. �

Lemma 2.2 ([13, Exercise 4, p. 80]). Suppose that u is a continuous subharmonic
function in the annulus {z ∈ D : R1 < |z| < R2}. Then for R1 < r1 < r < r2 < R2,

(2.4) m(r, u) ≤ log r2 − log r

log r2 − log r1
m(r1, u) +

log r − log r1
log r2 − log r1

m(r2, u).

Equality holds if and only if u is harmonic in {z ∈ D : r1 < |z| < r2}.

The inequality (2.4) states that the integral mean of a subharmonic function sat-
isfies Hadamard’s Theorem and, consequently, m(r, u) is log-convex in the annulus
{z ∈ D : R1 < |z| < R2}.

Completion of the Proof of Theorem 1.1. As we observe in (2.3), the total absolute
curvature of f(Cr) is the integral mean of the function |v|, which is subharmonic
on D, since

v(z) = Re

{
1 + z

f ′′(z)

f ′(z)

}
is harmonic on D. Hence, according to [25, Theorem 2.6.8], the total absolute
curvature of f(Cr) is an increasing log-convex function of r ∈ (0, 1).

In the Introduction, we have defined the function Φ(r) in (1.4), which can also
be written as

Φ(r) =
1

2π

∫ 2π

0

|v(reit)|dt = m(r, |v|).

The monotonicity of the function Φ(r) coincides with the monotonicity of the total
absolute curvature of f(Cr). So, for the proof of Theorem 1.1, it suffices to prove
that Φ(r) is a strictly increasing log-convex function, unless f is convex.

The function |v| is continuous and subharmonic on D, thus we can apply Lemma
2.1 and conclude that either

Φ(r1) = m(r1, |v|) < m(r2, |v|) = Φ(r2),

for 0 ≤ r1 < r2 < 1, or |v| is harmonic on D. So, it follows that Φ(r) is either
strictly increasing or constant in [0, 1).



22 MARIA KOUROU

Moreover, we can apply Lemma 2.2 and obtain that Φ(r) is strictly log-convex in
the annulus {z ∈ D : R1 < |z| < R2}, unless |v| is harmonic on {z ∈ D : R1 < |z| <
R2}. The choice of R1 and R2 was arbitrary, so we can take the limits R1 → 0 and
R2 → 1. Hence, Φ(r) is a strictly log-convex function of r ∈ (0, 1), unless |v| is a
harmonic function on D.

If |v| is harmonic on D, since v is also harmonic, it must hold that either v
preserves its sign, for every z ∈ D, or v = 0 everywhere in the unit disk. However,
v(0) = 1 that leads to v being positive, for every z ∈ D. This means that f is a
convex univalent function in the unit disk and

(2.5) Φ(r) = lim
r→0

Φ(r) = lim
r→0

m(r, |v|) = v(0) = 1.

Therefore, it was proved that the function Φ(r) is a strictly increasing log-convex
function of r ∈ (0, 1), unless f is a convex univalent function.

For the reverse claim, if f is convex, then v(z) > 0, for every z ∈ D, and so Φ(r)
is constant and equal to v(0) = 1, for every r ∈ (0, 1).

As a result, the function in (1.2) is a strictly increasing log-convex function of
r ∈ (0, 1), unless f is a convex univalent function. If f is convex, it is equal to 2π.
The value of the limit in (1.3) follows directly from (2.5). �

3. Proof of Theorem 1.2

Let p ∈ R. We have defined the function Φp(r) in (1.6), which according to the
calculations in Section 2, can be written as

Φp(r) =
1∫ 2π

0
r1−pdt

∫
Cr

|κ(f(z), f(Cr))|p|f ′(z)||dz|

=
rp−1

2π

∫
Cr

1

|z|p|f ′(z)|p |v(z)|
p|f ′(z)||dz|

=
rp−1

2π

∫ 2π

0

r1−p|v(reit)|p|f ′(reit)|1−pdt =
1

2π

∫ 2π

0

|v(reit)|p|f ′(reit)|1−pdt.

According to Theorem 1.2, we assume that f is a convex function and p < 0.
Let’s define the function h(z) = vp(z)|f ′(z)|1−p, for z ∈ D. So, Φp(r) is the integral
mean of the function h. The logarithm of h can be written as

(3.1) log h(z) = p log v(z) + (1− p) log |f ′(z)|.
From [25, Exercise 2, p. 47], since − log x is a convex function of x ∈ (0, 1),

we obtain that − log v(z) is subharmonic on the unit disk D and so, the function
log v(z) is superharmonic on D.

As a result, log h(z) is subharmonic on D, as the sum of subharmonic and har-
monic functions in (3.1). Therefore, h(z) belongs in the class PL of subharmonic
functions. This means that the function itself is subharmonic and its integral mean
Φp(r) is an increasing log-convex function of r ∈ (0, 1). Moreover, log Φp(r) is
increasing and by [24, § 2.16], it is also log-convex.

Using Lemma 2.1 from Section 2, we obtain that Φp(r) and log Φp(r) are strictly
increasing functions of r ∈ (0, 1), unless h is harmonic on D. Moreover, using
Lemma 2.2 and assuming that R1 → 0 and R2 → 1, since their choice was arbitrary,
the functions Φp(r) and log Φp(r) are also strictly log-convex in (0, 1), unless h is
harmonic on D.
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In the case where h is a harmonic function on D, Φp(r) is constant and equal to
h(0) = vp(0)|f ′(0)|1−p = |f ′(0)|1−p. In addition, log h is a superharmonic function
on D, since it is the logarithm of a harmonic function, as stated above, from [25,
Exercise 2, p. 47].

However, from (3.1), the function log h is both subharmonic and superharmonic;
hence it is harmonic on D. If we denote by Δ the Laplacian of a C2-function, it
holds that

(3.2) Δ log h = − 1

h2

[(
∂h

∂x

)2

+

(
∂h

∂y

)2
]
+

1

h
Δh,

and since the functions h and log h are harmonic on D, we have that(
∂h

∂x

)2

+

(
∂h

∂y

)2

= 0

for z = x+ iy ∈ D. As a result, the function h is constant on D, equal to |f ′(0)|1−p

and it is true that

vp(z)|f ′(z)|1−p = |f ′(0)|1−p

for every z ∈ D. Therefore,

p log v(z) = (1− p) log |f ′(0)| − (1− p) log |f ′(z)|
and it follows that log v is harmonic on D, since log |f ′| is harmonic for a locally
injective function f . Writing the equation (3.2) for v and considering the fact that
v and log v are both harmonic functions on D, we attain that v is constant on D

and equal to v(0) = 1. This implies that f ′′(z) = 0, for every z ∈ D, which happens
if and only if f ′ is constant, or subsequently, when f is linear.

For the reverse claim, we assume that f is linear. Then v(z) = 1 and |f ′(z)| =
|f ′(0)|, for every z ∈ D. Thus,

Φp(r) =
1

2π

∫ 2π

0

|f ′(0)|1−pdt = |f ′(0)|1−p

is constant on (0, 1).
Hence, Φp is constant and equal to |f ′(0)|1−p if and only if f is linear. Moreover,

the limit

lim
r→0

Φp(r) = lim
r→0

m(r, h) = |f ′(0)|1−p.

4. Counterexamples

In the previous sections, it was shown that Φp(r) is an increasing and log-convex
function for p = 1. We are going to examine what happens when p takes values in
the intervals (0, 1) and (1,+∞). As we will see by stating some counterexamples,
for these values of p, there are not any monotonicity results for the function Φp.
Examining the case where the function is not convex, we consider as an example
the Koebe function

k(z) =
z

(1− z)2
,

which maps the unit disk conformally onto C\
(
−∞,− 1

4

]
. By calculations, we have

Φp(r) =
1

2π

∫ 2π

0

|1− r4 + 4r cos t− 4r3 cos t|p
(1 + r4 − 2r2 cos(2t))p

(1 + r2 + 2r cos t)
1−p
2

(1 + r2 − 2r cos t)
3(1−p)

2

dt.
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Figures 1 and 2 show the graphs of the function Φp(r) for chosen values of p. The
horizontal axis represents the values of r and the vertical axis represents the values
of the function Φp(r).

Figure 1. p = 2 Figure 2. p = 1
3

As a result, Φp is not monotonic, in general, when p �= 0, 1, for non-convex
functions.

Examining the case where the function is convex, we have already proved that Φp

is increasing as a function of r, for p ≤ 0 and p = 1. We will state a counterexample
for p ∈ (0, 1) ∪ (1,+∞). Let’s define the holomorphic function

σ(z) =
√
z − 1 = e

1
2 Log(z−1).

Then

v(z) = Re

{
1 + z

σ′′(z)

σ′(z)

}
=

2 + r2 − 3r cos t

2(1 + r2 − 2r cos t)

for |z| = r ∈ (0, 1). The quantity

|1− z|2 = 1 + r2 − 2r cos t > 0

and 1− r cos t > 0, hence their sum

2 + r2 − 3r cos t > 0

and so, σ is a convex univalent function in D. With calculations, it follows that

Φp(r) =
1

4π

∫ 2π

0

(2 + r2 − 3r cos t)p

(1 + r2 − 2r cos t)
1+3p

4

dt

and we can see its graphs in Figures 3 and 4 for chosen valuse of p.

Figure 3. p = 2 Figure 4. p = 1
3
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Therefore, using the above counterexamples, we can conclude that there are not
any monotonicity results induced for the cases that are not included in Theorems
1.1 and 1.2.

5. Inequalities - Proof of Theorem 1.3

In this section, we present lower bounds for the Lp-norm of the curvature of
f(Cr), as stated in Theorem 1.3. For this purpose, the following lemma from
[11, Chapter 6] is necessary.

Lemma 5.1. Let g be a real function on the measure space (X,μ). The integral
mean

Mp(g) =

(∫
X

|g|pdμ
) 1

p

is a strictly increasing function of p, p ∈ R, unless g is constant.

The function

Φp(r) =
1

2π

∫ 2π

0

(
|v(reit)||f ′(reit)|

1−p
p

)p

dt

is handled as a function of p and it is the Lp-norm of the function |v||f ′|
1−p
p , to the

power of p. Using its definition in (1.6), Φp(r) can also be written as

Φp(r) =
rp−1

2π

∫
f(Cr)

|κ(w, f(Cr))|p|dw|.

According to Lemma 5.1, the function Φ
1/p
p (r) is an increasing function of p, for

p ∈ R, unless |v||f ′|
1−p
p is constant. Suppose that |v||f ′|

1−p
p is non-constant.

As a result, for p > 1, Φ
1/p
p (r) > Φ1(r) and we obtain

(5.1) Φp(r) > Φp
1(r) =

(
1

2π

∫ 2π

0

|v(reit)|dt
)p

≥ 1.

Hence,

(5.2)

∫
f(Cr)

|κ(w, f(Cr))|p|dw| ≥ 2πr1−p.

When 0 < p < 1, it holds that

Φ1/p
p (r) > Φ0(r) ⇔ Φp(r) > Φp

0(r)

and, therefore,

rp−1

2π

∫
f(Cr)

|κ(w, f(Cr))|p|dw| >
(

1

2π

∫ 2π

0

|f ′(reit)|dt
)p

.

Since |f ′| is subharmonic, we obtain the following inequality:∫
f(Cr)

|κ(w, f(Cr))|p|dw| > 2πr1−p|f ′(0)|p.

Equality at (5.2) holds if and only if we have equality in (5.1). That implies that

p = 1. Also, according to Lemma 5.1, the function |v||f ′|
1−p
p is constant and

since p = 1, |v(z)| = c ≥ 0, for every z ∈ D. If the constant c is equal to zero,
then v(z) = 0, for every z ∈ D, which means that the curvature κ(w, f(Cr)) = 0.
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That leads to f(Cr) being a straight line (euclidean geodesic), for every r ∈ (0, 1).
However, f(Cr) is a closed curve and so the constant c cannot be equal to zero.

Thus v(z) = ±c and it preserves its sign, due to continuity. If v is a negative
function, then f is a meromorphic concave function with a single pole at the origin,
as stated in [21]. Meromorphic concave functions, though, are excluded from the
class of functions that we study. Therefore, v(z) is a positive function on D and
the function f is convex. As a result, equality holds at the case where f is convex
and p = 1.

6. Hyperbolic total curvature - Proof of Theorem 1.4

From this point on, we are interested in the case where f is a holomorphic and
locally univalent function on the unit disk D and its image f(D) lies in D. Here,
in order to refer to the notion of curvature, we use the hyperbolic geometry of the
unit disk. As stated in the Introduction, D is endowed with the hyperbolic metric

λD(z)|dz| =
1

1− |z|2 |dz|,

which has constant Gaussian curvature equal to −4.
It is also stated in the Introduction that the hyperbolic disk Dh(0, ρ), 0 < ρ < 1,

can be seen as a euclidean disk rD and its boundary is equal to Cr, where r = tanh ρ.
So, we are interested in calculating the geodesic curvature with respect to hyperbolic
geometry of the curves Cr and f(Cr). For the curve f(Cr), the following differential
operators are needed:

Dh1f(z) =
(1− |z|2)f ′(z)

1− |f(z)|2
and

Dh2f(z) =
(1− |z|2)2f ′′(z)

1− |f(z)|2 +
2(1− |z|2)2f ′(z)2f(z)

(1− |f(z)|2)2 − 2z̄(1− |z|2)f ′(z)

1− |f(z)|2 ,

which are defined for holomorphic functions f : D → D and examined in detail in
[15] and [16].

Suppose γ is a smooth curve, with a parametrization γ : z = z(t), t ∈ [α, b], and
non-vanishing derivative. The hyperbolic curvature of γ at the point z = z(t) is
given by the formula

κh(z, γ) = (1− |z|2)κ(z, γ) + 2 Im

{
z(t)z′(t)

|z′(t)|

}
,

where κ(z, γ) is the euclidean curvature of γ at the point z. Let f be a holomorphic
and locally univalent map with f(D) ⊂ D. The hyperbolic curvature of f ◦ γ at a
point f(z), z = z(t) ∈ γ, is equal to

(6.1) κh(f(z), f ◦ γ)|Dh1f(z)| = κh(z, γ) + Im

{
Dh2f(z)

Dh1f(z)
· z′(t)

|z′(t)|

}
.

The above formulas are presented in [16]. For the curve Cr : z = reit, with
t ∈ [0, 2π), the hyperbolic geodesic curvature is equal to

(6.2) κh(z, γ) =
1− r2

r
+ 2 Im

{
re−itireit

r

}
=

1 + r2

r
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and its total curvature is∫
Cr

κh(z, Cr)λD(z)|dz| =
∫ 2π

0

1 + r2

r

r

1− r2
dt = 2π

1 + r2

1− r2

for r ∈ (0, 1). Regarding the curve f(Cr), the hyperbolic geodesic curvature is
given by (6.1). First we calculate the quantities

Dh2f(z)

Dh1f(z)
= (1− |z|2)f

′′(z)

f ′(z)
+ 2

1− |z|2
1− |f(z)|2 f(z)f

′(z)− 2z̄

and

Im

{
Dh2f(z)

Dh1f(z)

ireit

r

}
=

1

r
Re

{
(1− |z|2)z f

′′(z)

f ′(z)
+ 2

1− |z|2
1− |f(z)|2 zf(z)f

′(z)− 2z̄z

}

=
1− r2

r
Re

{
z
f ′′(z)

f ′(z)
+ 2

zf(z)f ′(z)

1− |f(z)|2

}
− 2r.

As a result,

κh(f(z), f(Cr))|Dh1f(z)| =
1 + r2

r
− 2r +

1− r2

r
Re

{
z
f ′′(z)

f ′(z)
+ 2

zf(z)f ′(z)

1− |f(z)|2

}

and with calculations we acquire

(6.3) κh(f(z), f(Cr)) =
1− |f(z)|2
r|f ′(z)| u(z),

where u(z) is defined in (1.9). Therefore, using (6.3), the hyperbolic total curvature
of f(Cr) is∫

f(Cr)

κh(w, f(Cr))λD(w)|dw| =
∫
Cr

κh(f(z), f(Cr))λD(f(z))|f ′(z)||dz|

=

∫ 2π

0

u(reit)dt.

Applying the Gauss-Bonnet formula (1.13) to f(rD) viewed as a two-dimensional
manifold with boundary on the Riemann surface of f , we obtain

(6.4)

∫ 2π

0

u(reit)dt = 2π + 4Ah (f(rD)) ,

where Ah (f(rD)) is the hyperbolic area of f(rD) counting the multiplicities, since
f is not necessarily univalent. This implies that∫ 2π

0

u(reit)dt

is a strictly increasing function of r. Furthermore, since tanh is strictly increasing,
the hyperbolic total curvature is a strictly increasing function of the hyperbolic
radius ρ = arctanh r.

As a conclusion, we have the following result that leads to a better understanding
and handling of the function u(z).

Corollary 6.1. The function

1

2π

∫ 2π

0

u(reit)dt
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is a positive and strictly increasing function of r ∈ (0, 1) for every holomorphic and
locally univalent map f : D → D.

7. Proof of Theorem 1.5

Recall that we have defined the function Φh(r) in (1.11). Using the calculations
in Section 6, it can also be written as

Φh(r) =
1− r2

2π(1 + r2)

∫ 2π

0

|u(reit)|dt, 0 < r < 1.

If the function f is hyperbolically convex in D, then

Φh(r) =
1− r2

2π(1 + r2)

∫ 2π

0

u(reit)dt.

Applying the Gauss-Bonnet formula (1.14) to f(rD) and using (6.4), it follows that

(7.1) Φh(r) =
1− r2

2π(1 + r2)
(2π + 4Ah (f(rD))) =

1− r2

1 + r2

(
1 +

2

π
Ah (f(rD))

)
,

where Ah (f(rD)) is the hyperbolic area of f(rD). Since f is a hyperbolically
convex function, it is also univalent and the hyperbolic area of f(rD) is given by
the integral

(7.2) Ah (f(rD)) =

∫∫
f(r D)

(λD(w))
2
A(dw) =

∫∫
r D

|f ′(z)|2
(1− |f(z)|2)2 A(dz),

where A is the area measure. We set

σ(z) =
|f ′(z)|

1− |f(z)|2 , z ∈ D,

which, due to the Schwarz-Pick Lemma, satisfies the inequality

σ(z) ≤ λD(z) =
1

1− r2
:= λD(r)

for z ∈ Cr, since the hyperbolic density is a radial function. In fact, σ is the density
of a conformal metric with cuvature −4; see [1, p. 12] and [16]. So,

Δ log σ

σ2
= 4 > 0

and it follows that log σ is subharmonic on D, hence σ is subharmonic on D. There-
fore, σ2 is also subharmonic on D. Following the notation from [25], we denote the
normalized integral mean and area integral of σ2 by

Cσ2(r) =
1

2π

∫ 2π

0

σ2(reit)dt

and by

Bσ2(r) =
1

πr2

∫∫
r D

σ2(z) dx dy =
1

πr2
Ah (f(rD)) ,

respectively. As a result, from (6.4),

(7.3)

∫ 2π

0

u(reit)dt = 2π + 4πr2Bσ2(r)

and Φh can also be written as

(7.4) Φh(r) =
1− r2

1 + r2
(
1 + 2r2Bσ2(r)

)
.
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For the proof of Theorem 1.5, we will need the following lemmas.

Lemma 7.1 ([16, Theorem 5]). Let f be hyperbolically convex in D. Then, for
z ∈ D,∣∣∣∣∣ (1− |z|2)f ′′(z)

2f ′(z)
+

(1− |z|2)f(z)f ′(z)

1− |f(z)|2 − z̄

∣∣∣∣∣ ≤ 1−
(
(1− |z|2)|f ′(z)|

1− |f(z)|2

)2

.

Lemma 7.2. Let f be a hyperbolically convex function in D. Then

(1− r2)Cσ2(r) ≤ 1

1 + r
+ rBσ2(r).

Proof. Since f is hyperbolically convex in D, it satisfies the inequality in Lemma
7.1. With calculations, the left-hand side part of the above inequality is greater
than

(7.5)
(1− |z|2)

2|z|

∣∣∣∣u(z)− 1 + |z|2
1− |z|2

∣∣∣∣ .
The function u(z) > 0, for every z ∈ D, due to the fact that f is hyperbolically
convex and using the triangle inequality at (7.5), we obtain that

(7.6)
1 + |z|2
2|z| − 1− |z|2

2|z| u(z) ≤ (1− |z|2)
2|z|

∣∣∣∣u(z)− 1 + |z|2
1− |z|2

∣∣∣∣ .
Combining Lemma 7.1 and the inequality (7.6), we obtain

(7.7)
1 + |z|2
2|z| − 1− |z|2

2|z| u(z) ≤ 1−
(
(1− |z|2)|f ′(z)|

1− |f(z)|2

)2

= 1− (1− |z|2)2σ2(z).

Taking the integral along the curve Cr, with respect to the hyperbolic metric,
we have that∫

Cr

1 + r2

2r
ds− 1− r2

2r

∫
Cr

u(z)ds ≤
∫
Cr

ds− (1− r2)2
∫
Cr

σ2(z)ds,

which gives

(7.8) π
1 + r2

1− r2
− 1

2

∫ 2π

0

u(reit)dt ≤ 2πr

1− r2
− r(1− r2)

∫ 2π

0

σ2(reit)dt.

According to (7.3), the inequality (7.8) is written as

π
1 + r2

1− r2
−1

2

(
2π + 4πr2Bσ2(r)

)
=

2πr2

1− r2
−2πr2Bσ2(r) ≤ 2πr

1− r2
−2πr(1−r2)Cσ2(r)

and with calculations we have
r

1− r2
− rBσ2(r) ≤ 1

1− r2
− (1− r2)Cσ2(r),

which leads us to

(1− r2)Cσ2(r) ≤ 1

1 + r
+ rBσ2(r)

for r ∈ (0, 1). �

Completion of the Proof of Theorem 1.5. In order to prove that the function Φh is
decreasing, we will calculate its derivative. Before that, let’s note that, by [25,
Definition 2.6.7.],

d(r2Bσ2(r))

d r
= 2rCσ2(r)
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and taking the derivative in (7.4),

dΦh

d r
(r) = − 4r

(1 + r2)2
(
1 + 2r2Bσ2(r)

)
+ 4r

1− r2

1 + r2
Cσ2(r)

=
4r

(1 + r2)2
(
−1− 2r2Bσ2(r) + (1− r4)Cσ2(r)

)
.(7.9)

By Lemma 7.2,

(1− r4)Cσ2(r)− 2r2Bσ2(r)− 1 ≤ 1 + r2

1 + r
+ r(1 + r2 − 2r)Bσ2(r)− 1,

hence (7.9) gives

(1 + r2)2

4r

dΦh

d r
(r) ≤ r

r − 1

1 + r
+ r(1− r)2Bσ2(r)

and, therefore,

(7.10)
(1 + r2)2

4r

dΦh

d r
(r) ≤ r(1− r)2 (−λD(r) +Bσ2(r)) .

However, it holds that Bσ2(r) ≤ λD(r), for r ∈ (0, 1), since

Bσ2(r) =
1

πr2
Ah (f(rD)) ≤

1

πr2
Ah(rD) =

1

1− r2
= λD(r),

using the Schwarz-Pick Lemma in (7.2) and the fact that hyperbolic area of rD is

equal to πr2

1−r2 ; see [6].

The equality appears only when Ah (f(rD)) = Ah(rD), for every r ∈ (0, 1), and
that happens if f is a conformal self-map of the unit disk. If f is not a conformal
self-map of D, then Bσ2(r) < λD(r), for every r ∈ (0, 1), which leads to

dΦh

d r
(r) < 0,

due to (7.10), and Φh(r) is strictly decreasing in (0, 1).
Finally, if f is a conformal self-map of the unit disk, due to the fact that the hy-

perbolic metric is invariant under conformal self-maps of D, we have Ah (f(rD)) =
Ah(rD). By the use of the Gauss-Bonnet formula (1.14), the curves Cr and f(Cr)
have equal hyperbolic total curvature, hence Φh is constant and Φh(r) ≡ 1 for
r ∈ [0, 1]. �

Proof of Corollary 1.1. Combining the fact that Φh(r) is decreasing and that the
limit

lim
r→0

Φh(r) = lim
r→0

1− r2

1 + r2
(1 + 2r2Bσ2(r)) = 1,

we obtain that Φh(r) ≤ 1 for every r ∈ (0, 1). Hence∫
f(Cr)

κh(w, f(Cr))ds ≤
∫
Cr

κh(z, Cr)ds,

which can equivalently take the form∫ 2π

0

u(reit)dt ≤ 2π(1 + r2)

1− r2
, 0 < r < 1.

Equality holds, according to Theorem 1.5, if and only if f is a conformal self-map
of the unit disk. �
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