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THE QUASICONFORMAL EQUIVALENCE OF RIEMANN
SURFACES AND THE UNIVERSAL SCHOTTKY SPACE

HIROSHIGE SHIGA

ABSTRACT. In the theory of Teichmiiller space of Riemann surfaces, we con-
sider the set of Riemann surfaces which are quasiconformally equivalent. For
topologically finite Riemann surfaces, it is quite easy to examine if they are
quasiconformally equivalent or not. On the other hand, for Riemann surfaces
of topologically infinite-type, the situation is rather complicated.

In this paper, after constructing an example which shows the complexity
of the problem, we give some geometric conditions for Riemann surfaces to be
quasiconformally equivalent.

Our argument enables us to obtain a universal property of the deformation
spaces of Schottky regions, which is analogous to the fact that the universal
Teichmiiller space contains all Teichmiiller spaces.

1. INTRODUCTION

In the theory of Teichmiiller space of Riemann surfaces, we consider the set
of Riemann surfaces which are quasiconformally equivalent. Here, we say that
two Riemann surfaces are quasiconformally equivalent if there is a quasiconformal
homeomorphism between them. Hence, at the first stage of the theory, we have to
know a condition for Riemann surfaces to be quasiconformally equivalent.

The condition is quite obvious if the Riemann surfaces are topologically finite.
Indeed, the genus, the number of punctures, and the number of borders of surfaces
completely determine the quasiconformal equivalence. On the other hand, for Rie-
mann surfaces of topologically infinite-type, the situation is rather difficult. For
example, viewing Royden algebras of open Riemann surfaces, Nakai ([10]; see also
[11]) obtains an algebraic criterion for the equivalence. He shows that two Riemann
surfaces are quasiconformally equivalent if and only if the Royden algebras of those
Riemann surfaces are isomorphic. However, it is hard to examine the condition
in general since the Royden algebras are huge function spaces. In this paper, we
consider geometric conditions for the quasiconformal equivalence of open Riemann
surfaces.

First, we give examples of Riemann surfaces in order to show the difficulty of
the problem. We say that two homeomorphic Riemann surfaces Ry and Ry are
quasiconformally equivalent near the ideal boundary if they are quasiconformally
equivalent outside of compact subsets of those surfaces. At first glance, it seems
to be true that if two Riemann surfaces are quasiconformally equivalent near the
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ideal boundary, then they are quasiconformally equivalent. However, it is not true.
We may construct a counterexample in §8l Namely, we construct two homeomor-
phic Riemann surfaces Rj, Ry and compact subsets K; of R; (¢ = 1,2) such that
R; \ K; and Ry \ K are conformally equivalent but Ry and Rs are not quasicon-
formally equivalent. This example shows that the quasiconformal equivalence is
not a boundary property. In the second example, we show that domains given by
Schottky groups are not quasiconformally equivalent to domains given by boundary
groups of Schottky spaces.

To give conditions for open Riemann surfaces to be quasiconfomally equivalent,
we show a gluing lemma for quasiconformal mappings on Riemann surfaces (Lemma
[£1). By using the gluing lemma, we shall give a condition under which Riemann
surfaces are quasiconformally equivalent. MacManus [9] obtains similar results
from a different point of view, that is, a viewpoint of uniform domains, while we
are considering the problems from the theory of Riemann surfaces of infinite-type.

In §6] we will discuss a universality of Schottky regions which are complements
of the limit sets of Schottky groups. In fact, we show that Schottky regions are qua-
siconformally equivalent to each other (Theorem [6.2]). The result makes a striking
contrast to the second example in 3l

At the end, we present the universal Schottky space which includes all Schottky
spaces.

2. PRELIMINARIES

In this section, we give definitions, terminology, and known facts used in the
later sections.

Let R be an open Riemann surface. A sequence {W,,}22; of subdomains of R
is called a regular exhaustion of R if it satisfies the following conditions:

(1) Each W, is a relatively compact domain in R bounded by a finite number
of mutually disjoint smooth simple closed curves in R.

(2) Every connected component of the complement of W,, (n € N) is not com-
pact in R.

(3) WycWwyC--- CWnCWn_H C ... andR:U;’oﬂWn.

It is known that any open Riemann surface has a regular exhaustion (cf. [2]).

A Riemann surface which is homeomorphic to a triply connected planar domain
is called a pair of pants. If a Riemann surface is decomposed into pairs of pants
{P,.}, then we say that the Riemann surface admits a pants decomposition {P,}.

The Douady-Earle extension.

Let ¢ be an orientation preserving homeomorphism from R to itself. The map-
ping ¢ is called quasisymmetric if there exists a constant M > 0 such that

et Y@ = da -t
oz +1) — ()
holds for any € R and ¢ > 0.

It is known that (cf. [I]) if ¢ : R — R is quasisymmetric, then it has a quasicon-
formal extension to the upper halfplane H. Namely, there exists a quasiconformal
mapping f : H — H whose boundary value on R is ¢.

In the famous paper by Douady and Earle [5], they show that every homeomor-
phism from R to itself admits a so-called conformal natural extension to H, which is
called the Douady-Earle extension. We denote the Douady-Earle extension of ¢ by
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E(¢). The Douady-Earle extension E(¢) is a homeomorphism on H with boundary
value ¢ and it is conformal natural, that is, for any 1,72 € PSL(2,R),

moE(p)ovs =E(y10¢07)

holds. Moreover, F(¢) is real analytic in H and if ¢ is quasisymmetric, then E(¢)
is quasiconformal in H.

Teichmiiller space and Schottky space.

Let R be a hyperbolic Riemann surface and let ' be a Fuchsian group acting
on H which represents R. A quasiconformal mapping f : C — C is called a
quasiconformal deformation of I'g if it is conformal on the lower halfplane L. and
foTlgrof~t C PSL(2,C). We say that two quasiconformal deformations f, g of I'r
are equivalent if there exists a Mobius transformation A such that g = Ao f. The
Teichmiiller space .7 (I'g) of the Fuchsian group I'g is the set of equivalence classes
of quasiconformal deformations of I'g.

Let Belt(I'g; H) be the set of bounded measurable functions p on C with ||p||ec <
1 satisfying

p(Y () ()7 ()7 = p(2)  (ae. in H)
for any v € T'g and p(z) = 0 for any z € L. Belt(I'g; H) is a complex Banach space
by the usual way.

For each p € Belt(I'g; H), there exists a quasiconformal deformation w, : C-C
of PR with

ow,(z ow,(z

RGN
Hence, we have a projection mp : Belt(I'g; H) — 7 (I'g) by sending p € Belt(I'g; H)
to the equivalence class of w,. It is known that the Teichmiiller space .7 (I'g)
admits a complex structure so that the projection 7 is holomorphic. It is also
known that the complex structures of .7 (I'g) and .7 (I'g/) are the same if R and
R’ are quasiconformally equivalent.

If the Riemann surface R is the upper halfplane H, then the group I'g is the
trivial group {id}. We denote by 7 the Teichmiiller space 7 ({id}) and we call
it the universal Teichmiiller space. For any hyperbolic Riemann surface R, there
exists a natural holomorphic embedding

(2.1) tr: T(TR) = 7.

For more details on Teichmiiller spaces, see [6] and [7].

Schottky space is defined in a similar way to Teichmiiller space. Let G4 be a
Schottky group of genus g > 1. A quasiconformal mapping f : C — C is called
a quasiconformal deformation of Gy if f o Gyo f~' C PSL(2,C). We say that
two quasiconformal deformations f, g of G, are equivalent if there exists a Md&bius
transformation A such that g is homotopic to Ao f rel A(G4). The Schottky space
7, of genus g is the set of equivalence classes of quasiconformal deformations of
Gy.
Let Belt(Gy; C) be the set of bounded measurable functions p on C with ||p]|o0 <
1 satisfying

PO () (2 ()7 = u(z), ae.

for any v € G4. By the same way as in Teichmiiller spaces, we have a projection
ms : Belt(Sy; C) — 7, and the Schottky space ., admits a complex structure so
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that the projection mwg is holomorphic. It is known that the complex structure of
., depends only on the genus g.

Remark 2.1. The Schottky space defined above is called the strong deformation
space of G4 in [§], in which the complex structure of the space is discussed.

Teichmiiller space of a closed set.

Let E be a closed set in C. We denote by Belt(C) = Belt({id};C) the set of
bounded measurable functions p on C with ||u|lcc < 1. Two functions uq, uo are
said to be equivalent if there exists a Mdbius transformation A such that A o wy,
is homotopic to w,, rel E. We define Teichmiiller space of E, which is denoted by
T (E), by the set of equivalence classes.

3. EXAMPLES OF RIEMANN SURFACES ON QUASICONFORMAL NON-EQUIVALENCE

In this section, we construct two examples of pairs of Riemann surfaces which are
not quasiconformally equivalent. In the first example, we construct two Riemann
surfaces Ry and Ry which are quasiconformally equivalent near the ideal boundary
but not quasiconformally equivalent. The second one is an example of Riemann
surfaces defined by Cantor sets. The example has its own interest and is also related
to the result in Theorem in §6.

Example 3.1. Put a,, = (n!)~! and take pairs of pants P, bounded by three
hyperbolic closed geodesics whose lengths are 1,1 and a, (n = 0,1,2,...). We
glue P, and P, ; along two boundary curves with length 1 to make a Riemann
surface T}, of genus 1 with two boundary curves of lengths a, and a,4;. Since
T, and T, 41 have a boundary curve of the length a,, 1, we may glue them along
the boundary curves. By repeating this operation for n = 0,1,2,..., we get a
Riemann surface R} = |J;—, T}, which is a Riemann surface of infinite genus with
a geodesic boundary curve of length 1. We take a Riemann surface S of genus 1
with a geodesic boundary curve of length 1 by gluing two boundary curves of P,.
Gluing R} and S along the boundary curves, we have an open Riemann surface R,
of infinite genus.

Next, we make a Riemann surface R5 in the same way as R} but we do it from
n =1 instead of n = 0 for R}. Then, R} is still a Riemann surface of infinite genus
with a geodesic boundary of length 1. Hence, since we can glue R/ and S along the
boundary curves, we have an open Riemann surface Ry of infinite genus (Figure ).
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Obviously, both Ry and Ry are homeomorphic and they have the same subsurface
U, T,. Hence, R; \ K; and Ry \ K> are conformally equivalent for K; = SU Ty
and Ky = S. In particular, they are quasiconformally equivalent near the ideal
boundary. However, we may show that there are no quasiconformal mappings
between R; and Rs.

Suppose that there exists a K-quasiconformal mapping F' : Ry — Ry for some
K > 1. We take a sufficiently large N € N with N > K. We consider the closed
geodesic ay of 9Ty C Ry with length an and the geodesic [F(an)] homotopic
to F(an) in Ry. It follows from Wolpert’s formula ([I4],[I5]) that the hyperbolic
length £([F(an)]) of [F(an)] in Re satisfies an inequality,

K_l(lN S f([F(OéN)]) S K(IN.
Hence, we have
1
INHLZ N )

If the geodesic [F(an)] transversely intersects with some «; in Rg, then it follows
from the collar theorem (cf. [3]) that the length £([F(an)]) is large enough. If
[F(an)]Na; =0 for any ¢ € N, from the geometry of S and T, (n € N) we see that
L([F(apn)]) is larger than ay for a sufficiently large N.

Hence, we conclude that only the closed geodesic of Ty N T4, of length a,, in
Ry has the length satisfying (B.I). Therefore, the subsurface S U UnN:_()l T, of R,

which is of genus IV + 1 has to be mapped a subsurface of Ry of genus N. It is
absurd because F' is a homeomorphism. Thus, we have a contradiction.

(3.1) < N_laN < é([F(aN)}) < Napy < % =anN-—_1-

Example 3.2. Let G be a Schottky group of genus g > 1. The group is constructed
from 2¢ (topological) closed disks Dy, Ds, ..., Doy with D; N D; = 0 (i # j) and
vi € PSL(2,C) (i = 1,2,...,g9) which map the outside of Dy;_1 onto the inside
of Dy;. The group G is a Kleinian group generated by 7i,72....,7, and it is a
purely loxodromic free group of rank g. The region of discontinuity Q(G) of G is a
connected domain in C and the complement A(G), the limit set of G, is a Cantor
set. Thus, Q(G) is an open Riemann surface of infinite-type.

Now, we consider a Kleinian group G’ of Schottky-type with cusps. We construct
the group G’ as follows.

Take 2g closed disks D', Dy, ..., Dy, such as DiNDj =@ for 1 <i<j<2g-1,
DiN Dy, =0 for 1 <i<2g—2but Dy, is tangential to D5, at one point zo. We
also take §; € PSL(2,C) (i = 1,2,...,¢9 — 1) which map the outside of D), ; onto
the inside of Dj,, and 6, € PSL(2,C) which maps the outside of Dy, ; onto the
inside of Dj, fixing z9. Hence, d, is a parabolic transformation with the fixed point
zp. The group G’ is generated by 61,02,...,0,. The group G’ is still a Kleinian
group and a free group of rank g, but it contains parabolic elements d,.

We may take a sequence {G,,}32; of Schottky groups of genus g such that it
converges to G’'. Hence, the group G’ is regarded as a group on the boundary of
Schottky space.

The limit set A(G') of G’ is also a Cantor set and the region of discontinuity
Q(G") is an open Riemann surface of infinite-type.

Thus, we have two open Riemann surfaces Q(G) and Q(G’) of infinite-type both
of which are complements of some Cantor sets. Then, we insist on the following.

Claim. Q(G) and Q(G’) are not quasiconformally equivalent.
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Since both G and G’ are quasiconformal deformations of Fuchsian groups, we
may assume that G and G’ are Fuchsian groups, so that A(G), A(G") C R. Suppose
that there exists a quasiconformal mapping f from Q(G) onto Q(G’). Then we have
the following ([I3, Theorem 1. 2 and Corollary 1. 3]):

(1) The mapping f is extended to a quasiconformal mapping from C onto itself.
We use the same letter f for the extended mapping.

(2) The mapping f is extended to a homeomorphism of the Martin compacti-
fications. We denote the extended homeomorphism by f* (for the Martin
compactification, see [4]).

Let p € A(G’) be a parabolic fixed point. From (1) above, there exists a point
q¢ € A(G) such that f(q) = p. Moreover, it follows from (2) that there exists a
unique limit of f*(z) as z — ¢ in the Martin compactification of Q(G). On the
other hand, in the Martin compactification of Q(G"), there are more than two points
over a parabolic fixed point (I3l Theorem 1. 1 (A)]; see also [12]). Therefore, we
may find a non-convergent sequence {f*(z,)}52, as z, — ¢. Thus, we have a
contradiction.

4. A GLUING LEMMA
In this section, we shall prove the following lemma.

Lemma 4.1. Let X,Y be Riemann surfaces. We consider simple closed curves
aC X and f CY with X\a=X;UXy and Y \ 8 = Y, UYs, respectively.
Suppose that there exist quasiconformal mappings f; : X; = Y; (i = 1,2) such that
fila) = fala) = B. Then, there exists a quasiconformal mapping f : X — Y.
Moreover, the maximal dilatation of f depends only on those of f1, fo and the local
behavior of those mappings near .

Remark 4.1. Since « is a simple closed curve, the quasiconformal mappings f; and
fo are extended homeomorphically to a. We use the fact in the statement of the
above lemma.

Remark 4.2. If we suppose that « is piecewise smooth and f1, fo agree on «, then
the conclusion is easy. But we do not assume them in this lemma.

Proof. We take simple closed curves o; C X; (i = 1,2) near « so that « and «;
bound annuli A; C X;. We put B; = f;(A4;) and 3; = fi(c;). Then, B; are also
annuli, which are bounded by 8 and §; (i = 1,2). First of all, we show that f; and
f2 can be real analytic on a; and «s, respectively.

There exist r;, k; > 1 such that each A; is conformally equivalent to a circular
annulus

Ai={zeC|l<|z| <r}=H/(z k;2)
via a conformal mapping ¢; : A; — A; (i = 1,2). We also take p;, k; > 1 so that
each B; is conformally equivalent to a circular annulus

Bi={ze€C|1<|z|<pi} ~2H/(z— K;2)}
via d)z : Bz — B;.

Then, ¢; := w;l o fila, op; from A; onto B; are lifted to quasiconformal mappings
¢; : H — H with
bi(kiz) = Kidi(2)
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for any z € H. In particular,

(4.1) &i(kir) = Kii(x)

holds for any x € R.

We take the Douady-Earle extension </151 of qAbihR. Since g/i)\l satisfy (41 on R, </I\>Z
also satisfy the equations on H. Moreover, they are real analytic in H. Therefore,
the quasiconformal mappings ff)i : H — H are projected quasiconformal mappings
®, : A; — B;. Hence, F; := ¢, 0P; ocpfl : A; — B, are real analytic quasiconformal
mappings with the same boundary values as f;|a, (i = 1,2).

We define quasiconformal mappings f; from X; onto Y; by f; on X; \ A; and F;
on A; U{«a;}. They are real analytic in A4;. Let &; be non-trivial smooth Jordan
curves in A;. Then, ﬁ are real analytic on &;. Thus, by considering ﬁ and &;
instead of f; and «;, respectively, we may assume that f; are real analytic on «;.

Now, we consider an annulus A in X bounded by «; and as. We also consider
an annulus B in Y bounded by 51 := fi(a) and B2 := fa(a). We take r, k > 1 so
that A is conformally equivalent to the circular annulus

A={zeC|l<|z|<r}>H/(z kz)

via a conformal mapping h4 : A — A. We also take p, k > 1 so that B is conformally
equivalent to the circular annulus

B:={ze€C|1<|z|<p}>H/(z+ kz)

via a conformal mapping hg : B — B.

We denote by 74 : H\ {0,000} — A ~ H\{0,00}/(z — kz) and 7 : H\ {0,000} —
B ~ H\ {0,00}/(z = Kz), the quotient mappings for A and B, respectively. We
may assume that m4(R<g) = a1, TA(Rso) = ag, mp(Reg) = p1 and 75(Rsg) = Po.
Then, the smooth homeomorphism fi|s, : @1 — f1 is lifted to a smooth home-
omorphism from R to itself and fo|n, : aa — B2 is also lifted to a smooth
homeomorphism from R+ to itself. Thus, we have a strictly increasing homeomor-
phism ¥ on R onto itself which is smooth in R\ {0} with ¥(0) = 0. The mapping
U satisfies

(4.2) U(kx) = kU (2)

for any = € R.
We may normalize the function as ¥(1) = 1 and ¥(—1) = —1. We show that ¥
is quasisymmetric on R.
We put
U(z) —V(x—1)
M= sup —————=
w0050 U+ 1) — ()
and
i U(z) — U(x —1t)
>0.t>0 U(x +t) — ¥(x) '
We show that 0 < m < M < oo in several steps.
If £ = ky and t = ks (s > 1), then we have from (£2])

V() —W(z—t) = Y(ky) —V(k(y—s)) =r(¥(y) —P(y —s)),
V(z+t)-V(r) = w(¥(y+s)—V(y)).

m =
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Thus, we see

B <1 U(z) — U(x—1t)
“3) M= o0 W + ) — U()
and
(4.4) m— Y(z) - V(x-1)

xe{o}LiJr[llf,/c],Do U(r+t)—U(x)
(i) If z € [1,k] and 0 < ¢ < 1, then we have
U(z)—V(x—t)="'(x—0t)t
and
U(z+t)—U(x) =V (r+ 0t
for some 0,6 € (0,1). Thus,
U(z)—V(x—t) P'(zx—06t)

U(x+t)—U(z) V(z+0t)

Since z € [1, k],

1 1

3 gx—9t<x+9’t§k+§.
We conclude that there exist 0 < my < M7 < oo such that

U(z) — ¥(z—1t)
™Sy

for any x € [1,k] and ¢t € (0, 3].
(i) If § <t < x, we have

U(z) —U(z—t) <V(x) <U(k) =

U(z) > ( %)—\Il(x).

) -
For mo = 1Ilf1<m<]‘C {\I/ (.23 + %) \I/ } > 0, we get

V@)~ V-t _ x
V(o) - U() = s

(4.5)

and

U(r+1t

< 00.

Also, we have

U(z) — U(z —t) > U(z) — T (:E— %)

and

VU(x+1t)—V(x) <U(r+t) <V(2z) < U(2k) =rT(2).
For iy = infi<,<p {¥(2) — ¥ (z — 1)} > 0, we get

V() —W(x—t) _ Mo
Uat 1)~ W(x) = wE(2)

(iii) If # € [1,k] and t > 2, then we put

B U(z) — U(x —1t)
Mo B Ve - V)

> 0.
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and

e = inf @) =@ —t)
3 1<a<ki>1 U(z+1t) — U(x)

We take sequences {z,}, {t,} so that z,, € [1,k],t, > 1 and
o Y(an) = W(zn — tn)
1 = Ms.
oo U(zp + ) — U(an) 0

If {t,,} is bounded, it is obvious that M3 < oo. We suppose that {¢,} is unbounded.
Since z,, € [1,k], we have

Tp —tn €1 —tn, k—t,], p+t, €[1+1tn, k+1y,)

Hence, we have
V() = V(a, —t,) <Uk)— V(1 —t,) =k —T(1 —t,)
and
U(x, +tn) — U(x,) > V(1 +1t,) —U(k) =¥(1+1t,) —
We take m(n) € N such that
Em(n) <t, < fm(n)+1
Note that m(n) — oo as n — co. Then
U1 —t,) > U(—t,) > W(—kmH) = Iy (1) = —gm)+!
and
U(1+t,) > UE™M) = gm0,
Thus, we have
U(xy,) — U(x, —t,) < 1+ k™)
U(zy, +t,) — V(z,) — kmm)-1 -1

and we get
M3 <k
as m(n) — oco. A similar argument shows that mg > 0.
Thus, we conclude that 0 < m < M < oo. By using the same argument as
above, we can show that

0< inf \Il(x)—\IJ(:E—t)< < \le)—\ll(aj—t)<

inf —————~ up ————= < .
2<00<t U(z + 1) — V() — scober Uz +1) — U(z)

(iv) If © = 0, we have

KVTLSW(t) <K
—K" = K"U(=1) <U(—t) <KIU(=1) = k"t
if k»~1 <t < k" (n € N). Hence,
YO -y
U(t) —¥(0)

The same argument gives us the same estimate for k™" <t < e (n € N).

It follows from (i) — (iv) that ¥ is quasisymmetric on R.

Now, we take the Douday-Earle extension E (V) of W. It is a quasiconformal
self-mapping of H because of the quasisymmetricity of ¥. Since U satisfies ([@2)),

the equation
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)

also holds for any z € H. Therefore, E (W) is projected to a quasiconformal mapping
¥ from A to B. Moreover, we have ¥|o; = filay, Ylas = f2la,- We define a map
f: X =Y by

_ ) filp), (peXi\Aji=12),
f(p){w(p% (p € A).

The map f is a homeomorphism and quasiconformal except on a3 U as. It follows
from the removability for quasiconformal mapping that f is quasiconformal on X.
Moreover, from the construction we see that the maximal dilatation of f depends
only on those of f; and the local behavior of them near o. ]

5. CONDITIONS FOR THE QUASICONFORMAL EQUIVALENCE
OF RIEMANN SURFACES

Let Ry, Ro be open Riemann surfaces which are homeomorphic to each other.
Suppose that Ry and Ry are quasiconformally equivalent near the ideal boundaries,
namely, there exist compact subsets K; of R; (j = 1,2) and a quasiconformal map-
ping such that f(Ry \ K1) = Ry \ K2. As we have seen in the previous section, the
quasiconformal equivalence near the ideal boundaries does not imply the quasicon-
formal equivalence of the surfaces in general. In this section, we will give sufficient
conditions for two open Riemann surfaces which are quasiconformally equivalent
near the ideal boundaries to be quasiconformally equivalent.

We say that an open Riemann surface R admits a bounded pants decomposition
if there exists a pants decomposition {P,}32; of R such that each P, is bounded
by hyperbolic closed geodesics and the lengths of the geodesics are in [M~1, M],
where M > 0 is a constant independent of n.

Definition 5.1. Let E be an end of an open Riemann surface R. We say that F
is an infinite ladder end (ILE) if E is an end of infinite genus having a bounded
pants decomposition { P, }2°; given by the dotted lines as in Figure

Theorem 5.1. Let Ry, Ry be homeomorphic open Riemann surfaces which are
quasiconformally equivalent near the ideal boundaries.
(1) If the genus of Ry is finite, then Ry and Ry are quasiconformal equivalent.
(2) If Ry has an ILE, then Ry and Ry are quasiconformally equivalent.

Proof. From the assumption, there exist compact subsets K; of R; (i =1,2) and a
quasiconformal mapping f on R; \ K; such that f(R; \ K1) = Ra \ Ko.
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(1) Let Ry = Uzozl W, be a regular exhaustion of Ry. Each W, is a relatively
compact subregion of R; bounded by a finite number of mutually disjoint simple
closed curves, and every connected component of the complement of W, is not
relatively compact in R;. Hence, there exists N € N such that K; C Wy and
the genus of Wy is the same as that of R;. Also, the number of the connected
components of Ry \ Wy is not more than that of the boundary components of Wy .
Thus, it has to be finite.

Let Ey,..., Ex be the set of connected components of R; \ Wy. Since Wy is of
the same genus as Ry, every E; is a planar and so is f(E;). Hence, we may take
a simple closed curve a; in E; which separates the ideal boundary of E; and the
relative boundaries of E;. We see that there is a unique connected component of
Ry \ U?:l f(a;) which is relatively compact in Rs.

Indeed, if we have that there are two relatively compact connected components
in Ro \ U§:1 f(e;), then each of them together with its connected components of
the complement is a subdomain of Ry with no relative boundaries. It is absurd
because of the connectivity of Rs. It has to be unique.

We denote by S, the relatively compact connected component of Rg\U?Zl f(ay).

It is also seen that there is a unique connected component of Ry \ U§:1 aj. The
component is denoted by S;. Then, both S; and S5 are open Riemann surfaces of
the same genus bounded by the same number of simple closed curves. Hence, they
are quasiconformally equivalent as well as their complements. Thus, we see from
Lemma [£.1] that R; and Ry are quasiconformally equivalent.

(2) Let E C Ry be an ILE of Ry with a bounded pants decomposition {P,}22
as Figure 2l shows. Every boundary curve of P, (n € N) is the hyperbolic geodesic
whose length is in [M !, M] for some M > 0 independent of n.

From the assumption, there exist a compact subset K; of R; (i = 1,2) and a
quasiconformal mapping f : R; \ K1 — Ra \ K». We may assume that K is the
closure of a regular region S; of Ry and F is a connected component of R; \ Sj.
‘We put SQ = RQLf(Rl \Sl)

Since K; = Si, the boundary 0K; = 05; consists of finitely many Jordan
curves in R;. Hence, so is f(0K71) = 0S2. In particular, the number of boundary
components of So are the same as that of S;. If the genus of S5 is the same as
that of Sy, then S7 and Ss are quasiconformally equivalent. Thus, it follows from
Lemma [£.]] that R; and R, are quasiconformally equivalent.

Suppose that the genus of Ss is greater than the genus of S; and let m € N be
the difference of them. For a bounded pants decomposition {P,}32; of E as in
Figure 2 pairs of pants Pi,..., Ps,, make a regular region W,, of genus m with
two boundary components. By gluing S; and W,,, we get a regular region S; of
the same genus as that of S3. We also see that S7 is bounded by the same number
of closed curves as So. Therefore, S7 and Sy are quasiconformally equivalent.

Now, we consider an end E,, := E \ Ui:l P,. The end E,, is still an ILE end
with a bounded pants decomposition { P, };,>m+1. On the other hand, the end £ :=
f(F)is also an ILE and it admits a bounded pants decomposition {P),}>2 ; as Figure
Rl It follows from Wolpert’s formula that the hyperbolic length of any boundary
curve of P is in [K(f)"*M~1, K(f)M], where K(f) is the maximal dilatation of
f. Therefore, P; and P]’- are quasiconformally equivalent for any ¢ > m + 1 and
for any j7 € N. We may also see that the maximal dilatations of quasiconformal
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mappings from P; onto PJ’» (i > m+ 1,5 € N) can be uniformly bounded. From
Lemma [£.1] we see that F,, and E’ are quasiconformally equivalent.

From the assumption, R; \ (57 U E,,) and Rs \ (S2 U E’) are quasiconformally
equivalent. By using Lemma [£.]] again, we conclude that R; and Ry are quasicon-
formally equivalent.

The same argument works for f~! when the genus of S; is greater than the genus
of S5. Thus, we complete the proof of the theorem. |

6. A UNIVERSALITY OF SCHOTTKY REGIONS
AND THE UNIVERSAL SCHOTTKY SPACE

Let G4 (g > 1) be a Schottky group of genus g. Then, the limit set A(G) of G,
is a Cantor set in C. We call the complement Q(G,) of A(G,), which is the region
of discontinuity of G4, a Schottky region for genus g.

Let ©2(G7) be another Schottky region for the same genus g. Then the quotient
surfaces X := Q(G,) /Gy, X' == Q(G}) /G, are compact Riemann surfaces of genus
g. We see that there is a quasiconformal mapping from X onto X’ and the mapping
is lifted to a group equivariant quasiconformal map from Q(G ) onto Q(GY). There-
fore, Schottky regions Q(Gy) and Q(GY) for genus g are quasiconformal equivalent
as open Riemann surfaces of infinite-type. In fact, the quasiconformal mapping is
extended to a quasiconformal mapping on C.

We also see in Example that for a Kleinian group G’ of Schottky-type with
cusps, Q(G,) and Q(G’) are not quasiconformally equivalent while both are the
complements of some Cantor sets.

Now, we consider a Schottky group Gy of genus h # g. Of course, there are no
group equivariant quasiconformal mappings between Q(G,) and Q(G},) since those
groups represent topologically different Riemann surfaces. However, it may be
possible that Q(G,) and Q(G),) are quasiconformally equivalent as open Riemann
surfaces. In fact, it is always possible. We may show the following.

Theorem 6.1. Schottky regions are quasiconformally equivalent to each other.
More precisely, for any Schottky groups G, G’ there exists a quasiconformal mapping
f on C such that f(Q(G)) = QG").

As an immediate consequence, we have the following universality of Teichmiiller
spaces of Schottky regions.

Corollary 6.1. For any g,h > 1, the Teichmiiller space of a Schottky region of
genus g and the Teichmiller space of a Schottky region of genus h are the same.

Proof of Theorem [6.1l Let P be a pair of pants bounded by three hyperbolic geo-
desics oy, ag, ag of length 1. We make infinite copies {P,},cz of P and construct
a Riemann surface X, as follows (see also Figure [3)).

Let aq n, @2 pn, and as, be boundary curves of P, corresponding to o, as, and
as, respectively. First, we put X; = P;, which is the surface of the 1st generation.
We glue P; and P, by identifying as; and a;2. We also glue P, and Ps by
identifying «3; and oy 3. The resulting surface denoted by X, is the surface of
the 2nd generation, which is bounded by 5 geodesics, aq 1, a2.2, 03,2, a2 3, and as 3.
Inductively, we make X1 from X (k € N) by attaching copies of P along all
boundary curves of X except ay.1. Symmetrically, we make X_j for k € N (see

Figure [3]).
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FIGURE 3

We obtain the Riemann surface X, by identifying a;,; C 9 UkeN Xpand oy, 1 C
OUpen X—k- Then, both Xj, and X, are subsurfaces of X, bounded by 2k 41
geodesics of length 1. X is made by Py, Ps, ..., Por_; and X_j is by P_q,..
P_okiq.

Let G be a Schottky group of genus g > 1. We show that Q(G) is quasiconfor-
mally equivalent to X

From the definition of Schottky groups, there are mutually disjoint 2g Jordan
curves C1,Ca, ..., Coy in C such that the outside of them, which is denoted by Iy,
is a fundamental domain for G. The group G is a free group of rank g generated
by 71,...,7, and each -, maps the inside of Cy;_1 onto the outside of Cy; (j =
1,...,9). Thus, Q(G) is constructed from infinite copies of Fy by gluing their
boundary curves according to those correspondences (see Figure [ for g = 3). The
correspondence gives a regular exhaustion of Q(G)

Fo=WoCWi1C---CW, CWpg1 C--- CQG).

The precise construction is the following.
We start at Wy := F,;. It is a region bounded by 2g simple closed curves
C1,Cy,...,Ch. We put

*

g
Wy =Int [ WU U 'yjil(fq)
j=1
W is a region bounded by 2¢g(2g — 1) simple closed curves.
Inductively, we make

W i=Tnt | W1 U | +(Fy)
YESn

where S,, C G is the set of v € G whose word lengths with respect to vlﬂ, e ,73[1
are precisely n. For each component ¢ of OW,,_1, there exist a unique v € S,, and
a unique C' € {C1,...,C5} such that ¢ = y(C). Thus, W, is a region bounded
by 2g(2¢g — 1)™ simple closed curves coming from C1,...,Ca. We also see that the
region W, consists of N(g) :=1+>,_, ' 92¢(29 — 1)* copies of Fy.
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FIGURE 4

Next, we make a regular exhaustion of X, to give a quasiconformal mapping
from X, onto Q(G).

Let k € NU {0} with 2* < 2g — 1 < 2**1. In the above construction of X, we
consider a subsurface of X, made by P,...,P»,_; and denote it by F,;. We see
that X, C Fy C Xp41 and Fy is bounded by 2g closed geodesics. Since both F,
and F, are Riemann surfaces of genus 0 bounded by 2g simple closed curves, there
exists a quasiconformal mapping F' from F,; onto F,;. The quasiconformal mapping
F yields a correspondence between the set of boundary curves of 7, and that of
F,. Weput C; = F~1(C;) (j =1,...,29).

By using this correspondence between C'; and C; together with the configuration
of {W,,}22, by copies of F,, we construct a regular exhaustion of X,

‘Fg:WOCW1"'CWnCW7L+1C-~-CXOO

Because of those constructions of the exhaustions, the quasiconformal mapping
F : F; — F, gives a quasiconformal mapping F from X \ Unen 5‘W onto

QUG) \ Upey OWy. Noting that there are finitely many boundary behaviors of F

near | J,, oy OW,, we see from Lemma I that Q(G) and X, are quasiconformally
equivalent.

Let G’ be another Schottky group. Using the same argument as above for G, we
may show that Q(G’) is quasiconformally equivalent to X.,. Hence, we conclude
that Q(G) and Q(G’) are quasiconformally equivalent. As we have already noted
(ctf. [13]), every quasiconformal mapping on Q(G) is extended to a quasiconformal
mapping on C.T hus, we have a quasiconformal mapping f on C with f(QUG)) =

Q(G"), as desired. O

The universal Schottky space.

Let C be the standard middle 3-Cantor set for [~1,1]. It is obtained by removing
the middle one thirds open intervals from [—1,1] successively. Let us recall the
precise construction.

First, we remove an open interval J; of length 2/3 from Ey := I = [—1, 1] so that
I\ Jp consists of two closed intervals Ifl, I} of the same length, where Ifl CRoo
and I C Ryg. We put By = I; ' UI}. We remove an open interval of length |I}|



QUASICONFORMAL EQUIVALENCE 203

from each I7 +1 4o that the remainder F5 consists of four closed intervals of the same
length, Where |J] is the length of an interval J. Inductively, we define Ej; from

E, = U;__% U UZ ; I} by removing an open interval of length £|I}| from

each closed interval I, i of E), so that Ej,; consists of 2¥*! closed intervals of the
same length. The Cantor set C is defined by

k=1

We put X := C \ C. We denote the Teichmiiller space 7 (C) of C by .. Then,
we insist on the following.

Theorem 6.2. For any g > 1, there exists a holomorphic injection
(6.1) Lg 1 Sy =S
similar to (210).

Proof. We take a pants decomposition {P, }nez of the Riemann surface X := (E\C
as follows.

We denote the imaginary axis by CJ. For any (k,i) (k € Z\ {0};i = &1,--- +
2k=1) we take a circle C} ' which is a circle centered at the midpoint of I} with
radius 2|I7|. We see that all Ci’s are mutually disjoint curves in X and each
O} contains Cy P17V 02 where e(i) = —1if i < 0 and £(i) = 1 if i > 0.
Hence, they make a pants decomposition of X. A pair of pants bounded by CJ, C}
(resp., C7 1) and C? (resp., C;?) is denoted by P; (resp., P_1). We also denote by
Pe(iy(2h+(i_1)) & pair of pants bounded by Cf, Cf 1™ and €21, Obviously,
for every n with |n| > 2, P, is conformally equivalent to Ps.

Because of the construction of {P,, } ez, the configuration of the pants decompo-
sition {P,, }nez of X is exactly the same as that of the Riemann surface X, of the
proof of Theorem It is also seen that each P, is quasiconformally equivalent
to P,. From Lemma ATl we see that the Riemann surface X, is quasiconformally
equivalent to X.

Let G4 be a Schottky group of genus ¢ and let Q(G,) be the region of disconti-
nuity of G4. From Theorem [6.1] and the above argument, we see that there exists
a quasiconformal mapping f : C — C with f (X) = Q(Gy). For each quasicon-
formal deformation h of G4, Hy := ho f is a quasiconformal deformation of the
Riemann surface X. It is obvious that h1 and hso are equivalent as quasiconformal
deformations of G, if and only if Hj, and Hj, are equivalent as quasiconformal
deformations of X. Thus, we have a well-defined map ¢4 : .75 — . The injectivity
of the map follows from the definitions of .7, and .”.

The complex structure of ., is defined by that of the space of Beltrami dif-
ferentials. It is the same for the complex structure of .. Hence, the map ¢4 is
holomorphic. O
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