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EXISTENCE OF EXCEPTIONAL POINTS
FOR FUCHSIAN GROUPS OF FINITE COAREA
TOSHIHIRO NAKANISHI AND AKIRA USHIJIMA
Abstract. It is shown by Fera that there exists uncountably many exceptional points for cocompact Fuchsian groups. We generalize this result to the
case that Fuchsian groups are of ﬁnite coarea.

1. Introduction
Let G be a Fuchsian group of ﬁnite coarea acting on the hyperbolic plane H2 .
Such a group must be ﬁnitely generated, and every Dirichlet polygon has ﬁnitely
many sides (see, for example, Theorem 10.1.2 in [2]). A point z ∈ H2 that is not
ﬁxed by any non-trivial element of G is said to be regular if the number of the sides
of the Dirichlet polygon D(z) centered at z is maximal, and exceptional otherwise.
If G is of type (g, m), then the number of the sides of the Dirichlet polygon D(z)
with center z ∈ H2 is at most 12g − 4m − 6. So a point z is regular if and only if
the number of the sides of D(z) is 12g − 4m − 6. It is shown by Theorem 9.4.5 in
[2] that generic points are regular.
Joseph Fera studied in [3] the existence of exceptional points for cocompact
Fuchsian groups; it is shown that the set of exceptional points is uncountable. We
generalize this result to Fuchsian groups of ﬁnite coarea. The following is our main
result, which will be proved as Theorem 5.1.
Theorem. For any Fuchsian group of ﬁnite coarea, the set of exceptional points
contains uncountably many points.
The statement of this theorem is the same as in the case for cocompact Fuchsian
groups. However, several phenomena which are not observed for cocompact Fuchsian groups make Fera’s proof as it is not enough to obtain the result. For example,
if G is of ﬁnite coarea but not cocompact, then, as Umemoto’s result shows (see
Example 5.2), there exists a case where the Dirichlet polygons D(zn ) for a converging sequence zn to z have a common side-pairing transformation g and the sides
sn and g(sn ) of D(zn ) paired by g eventually leave any compact set including z.
It is also possible that the set of points having the same collection of side-pairing
transformations is unbounded, contrary to the case of cocompact Fuchsian groups.
These facts forced us to employ several additional arguments as presented in the
whole sections.
2. Preliminaries
2.1. Dirichlet polygons. Let H2 be the hyperbolic plane with distance function
ρ. The circle at inﬁnity is denoted by ∂∞ H2 . For a subset A ⊂ H2 , we denote its
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closure and boundary relative to H2 by A and ∂A, respectively.
disk in H2

 The2open
2
with radius r > 0 and center z ∈ H is denoted by Br (z) := w ∈ H  ρ(z, w) < r .
Let G be a Fuchsian group, that is, a discrete group of orientation-preserving
isometries of H2 . For such a group G and a point z ∈ H2 , we introduce a polygon,
called the Dirichlet polygon, D(z) following [2]. Let Fix(G) be the set of points in
H2 that are ﬁxed by a non-trivial element of G:



Fix(G) := z ∈ H2  g(z) = z for some g ∈ G − {id} ,
where id represents the trivial element of G, which is also the identity mapping on
H2 . For an isometry f on H2 , we denote by Hf (x) the set of points in H2 which
are closer to z than f (z), and its boundary by Lf (z):



Hf (z) := w ∈ H2  ρ(w, z) < ρ(w, f (z)) ,



Lf (z) := ∂Hf (z) = w ∈ H2  ρ(w, z) = ρ(w, f (z)) .
For z ∈ H2 − Fix(G), let D(z) be the Dirichlet polygon for G with center z:

D(z) :=
Hg (z).
g∈G−{id}

It is known that Dirichlet polygons are convex and locally ﬁnite fundamental domains for G; see Theorem 9.4.2 in [2].
A vertex of D(z) is a single point of the form D(z) ∩ g(D(z)) ∩ h(D(z)) for some
distinct elements g, h ∈ G − {id}. A side of D(z) is a geodesic segment of the
form D(z) ∩ g(D(z)) of positive length for some g ∈ G − {id}. So, for each side s,
there exists a unique element g ∈ G such that g(s) is another side of D(z). Such an
element is called a side-pairing transformation of D(z), and we denote the set of
all side-pairing transformations of D(z) by S(z). The set S(z) not only generates
G, but its elements also have the following property (see Chapter 9 in [2] for the
proof).
Proposition 2.1. Let G be a Fuchsian group and suppose that g ∈ G.
(1) Let s be a side of D(z). The side s is given by D(z) ∩ g(D(z)) if and only
if s ⊂ Lg (z).
(2) The element g is in S(z) if and only if D(z) has a side given by D(z) ∩
g −1 (D(z)).

(3) If g ∈ S(z), then g −1 ∈ S(z).
The terminology of vertices are generalized to the points on ∂∞ H2 . Let E(z) be
the set of points on the boundary of D(z) relative to H2 ∪ ∂∞ H2 , but not on the
boundary ∂D(z) of D(z) relative to H2 . A free side of D(z) is a maximal interval
in E(z). A point v ∈ E(z) is called a proper vertex if it is the endpoint of two sides
of D(z), and called an improper vertex if it is the endpoint of a side and a free side
of D(z).
We introduce two types of characterizations of Dirichlet polygons with respect
to their combinatorial structure. The ﬁrst one is a generic Dirichlet polygon. For a
point v on the boundary of D(z) relative to H2 ∪ ∂∞ H2 , its cycle is the intersection
of G(v) with this boundary, where G(v) is the G-orbit of v:



G(v) := w ∈ H2 ∪ ∂∞ H2  w = g(v) for some g ∈ G .
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The number of points in the cycle is called its length. A vertex, a proper vertex, or
an improper vertex is said to be accidental if the length of its cycle is greater than
2.
Deﬁnition 2.2. For a Fuchsian group G and for z ∈ H2 − Fix(G), the Dirichlet
polygon D(z) is said to be generic if it satisﬁes the following conditions:
(1) The cycle of a vertex of D(z) ﬁxed by an elliptic element of G has length
1.
(2) The cycle of an accidental vertex of D(z) in H2 has length 3.
(3) The cycle of an improper vertex of D(z) that is not a limit point of G has
length 2.
(4) The cycle of a proper vertex of D(z) has length 1, and the cycle consists of
a parabolic ﬁxed point.
(5) The cycle of a parabolic ﬁxed point on the boundary of D(z) relative to
H2 ∪ ∂∞ H2 has length 1, and the cycle consists of a proper vertex.
A point in H2 is said to be generic if it is the center of a generic Dirichlet polygon.
We remark that almost all points in H2 are generic by Theorem 9.4.5 in [2].
Before introducing the other characterization of Dirichlet polygons, we introduce
the type of a Fuchsian group. For any z ∈ H2 , the orbit G(z) has no accumulation

points in H2 as G acts discontinuously on H2 . The resulting quotient surface H2 G
becomes a hyperbolic orbifold with complete hyperbolic
metric induced from ρ. We

2
2
G
by
π.
A
Fuchsian group G is said
to
H
denote the canonical projection from H

2
to be of ﬁnite coarea if the area of H G is ﬁnite. We mainly consider these groups
in what follows. Let m be the number of conjugacy classes of maximal parabolic or
maximal elliptic cyclic subgroups of G. We remark that m is a ﬁnite number, 
and
2
G.
that each maximal parabolic
cyclic
subgroup
corresponds
to
a
puncture
on
H

2
Let g be the genus of H G. Then the group G is said to be of type (g, m). The
maximal number of sides of Dirichlet polygons for a Fuchsian group of ﬁnite coarea
is characterized by its type in the following proposition.
Proposition 2.3. For a Fuchsian group G of ﬁnite coarea, if it is of type (g, m),
then the maximal number SG of sides is 12g + 4m − 6. Furthermore, a Dirichlet
polygon has SG sides if and only if it is generic.
Proof. By the proof of Theorem 10.5.1 of [2], the Dirichlet polygon D(z) has SG =
12g + 4m − 6 sides if and only if all cycles of parabolic and elliptic ﬁxed points on
the vertices of D(z) have length 1 and all accidental cycles have length 3.

Deﬁnition 2.4. Let G be a Fuchsina group of ﬁnite coarea. The Dirichlet polygon
D(z) is said to be regular if it has SG sides. A point z ∈ H2 − Fix(G) is said to be
regular if it is the center of a regular Dirichlet polygon, and exceptional otherwise.
We denote by Reg(G) and Exc(G) the set of regular points and the set of exceptional points, respectively. We remark that these sets together with Fix(G)
disjointly decompose H2 . Theorem 9.4.5 in [2] together with Proposition 2.3 implies that almost all points in H2 are regular. This conclusion, however, does not
mean that Exc(G) is non-empty. Our main result, Theorem 5.1, is that Exc(G) is
actually non-empty for every Fuchsian group G of ﬁnite coarea.
We close this subsection with a characterization of proper vertices for Fuchsian
groups of ﬁnite coarea. We ﬁrst remark that every point in E(z) is a proper vertex
when G is of ﬁnite coarea. Furthermore, we have the following result.
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Lemma 2.5. Each proper vertex of a Fuchsian group of ﬁnite coarea is a parabolic
ﬁxed point.
Proof. For a Fuchsian group G of ﬁnite coarea, let p be a proper vertex of D(z)
that is an endpoint of a side s. Suppose that a point ζ on s approaches p. Then
the distance ρ(z, ζ) diverges. By the deﬁnition of the Dirichlet polygon D(z), the
distance
ρ(z, ζ) coincides with the distance from

 π(z) to π(ζ) on the quotient surface

H2 G. Hence π(ζ) tends to a puncture of H2 G.
2.2. Truncated Dirichlet polygons. If a Fuchsian group G is of ﬁnite coarea but
not cocompact, then its Dirichlet polygon cannot be compact. To proceed with our
argument, we need to prepare suitable compact subsets of the Dirichlet polygons
under consideration. Such subsets will be called truncated Dirichlet polygons.
To deﬁne truncated Dirichlet polygons, we use a particular model of H2 ; from
here until the proof of Theorem 5.1, we regard H2 as the so-called upper half-plane
model, i.e.,
H2 := { z = x + iy ∈ C | x, y ∈ R and y > 0}


equipped with ds2 = dx2 + dy 2 /y 2 , where i means the imaginary unit. The
orientation-preserving isometry group is then isomorphic to the special linear group
SL(2, R) of degree 2 over R, and the circle at inﬁnity ∂∞ H2 is then described as
R ∪ {∞}, where ∞ means the point at inﬁnity. The hyperbolic distance ρ(z, w) for
z, w ∈ H2 is given by
(2.1)

sinh

|z − w|
ρ(z, w)
=
.
2
2 Im[z] Im[w]

See Theorem 7.2.1 in [2].
Before introducing the truncated Dirichlet polygon, we review properties of parabolic elements in a Fuchsian group. Let G be a Fuchsian group containing parabolic
elements, and let p ∈ ∂∞ H2 be a parabolic ﬁxed point of G. A parabolic element
f ∈ G is said to be primitive if it generates the stabilizer
Gp := { g ∈ G | g(p) = p}
of p. For such a parabolic primitive element f with respect to Gp and for any
g ∈ G, gf g −1 is a primitive element with respect to Gg(p) .
For each parabolic ﬁxed point of a Fuchsian group G, we introduce two kinds of
sets in H2 , called a horodisk and a horocycle. We ﬁrst consider the case that ∞ is
a parabolic ﬁxed point of G and that
(2.2)

t :=

1 1
0 1

∈ SL(2, R)

is a primitive element of G∞ ; otherwise take a conjugation of G to hGh−1 for a
suitable element h ∈ SL(2, R) with h(p) = ∞ for a parabolic ﬁxed point p. For any
r ∈ R, the horodisk Dr (∞) and the horocycle Hr (∞) at ∞ are deﬁned as


Dr (∞) := z ∈ H2 | Im[z] > er ,


Hr (∞) := ∂Dr (∞) = z ∈ H2 | Im[z] = er .
Let p ∈ R = ∂∞ H2 − {∞} be a parabolic ﬁxed point which is G-equivalent to ∞,
i.e., there exists some h ∈ G such that p = h(∞). This h can be taken such a way
that h−1 f h = t for some primitive element f of Gp . The horodisk Dr (p) and the
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horocycle Hr (p) at p are then deﬁned as h(Dr (∞)) and h(Hr (∞)), respectively.
We remark that both h(Dr (∞)) and h(Hr (∞)) are independent of the choice of h.
The following lemma, which is a corollary of the Shimizu-Leutbecher inequality,
is well known. See Corollary 5.3 in [1].
Lemma 2.6. Let G be a Fuchsian group, and let p be a parabolic ﬁxed point of
G. Then, for any r ∈ R and any g ∈ G, g(Dr (p)) = Dr (g(p)) holds. Furthermore,
for any r > 0 and any distinct but G-equivalent parabolic ﬁxed points p and q,
Dr (p) ∩ Dr (q) = ∅ holds.

An immediate consequence of Lemma 2.6 is that for any r > 0, the closure of a
horodisk Dr (p) is precisely invariant under Gp , that is, g m (Dr (p)) = Dr (p) holds
for a primitive element g ∈ Gp and any integer m, and Dr (p) ∩ h(Dr (p)) = ∅ holds
for any h ∈ G − Gp .
Proposition 2.7. Let G be a Fuchsian group of ﬁnite coarea but not cocompact.
Then there exists some R ∈ R such that for any r ≥ R and any distinct parabolic
ﬁxed points p and q of G, Dr (p) ∩ Dr (q) = ∅ holds.
Proof. For any r > 0 and any G-equivalent distinct parabolic ﬁxed points p and q,
Dr (p)∩Dr (q) = ∅ holds by Lemma 2.6. There exist only ﬁnitely many G-equivalent
classes of parabolic ﬁxed points as G is of ﬁnite coarea. We can thus take R to be
a suﬃciently large positive number, and for any r ≥ R and any distinct parabolic
ﬁxed points p and q, which are not necessarily G-equivalent, Dr (p) ∩ Dr (q) = ∅
holds.

For R ∈ R chosen from Proposition 2.7 and for any r ≥ R, we deﬁne the truncated
Nielsen region Nr as
Nr := H2 − Dr (p),
p

where p runs over all parabolic ﬁxed points of G. Since π( p Dr (p)) is a ﬁnite

disjoint union of closed cusp neighborhoods on H2 G,the set π(Nr ) is a bounded
open set that is isotopic to the hyperbolic orbifold H2 G. Let Mr be the diameter

of the compact subset π(Nr ) in H2 G.
For each point z ∈ H2 − Fix(G), we deﬁne the truncated Dirichlet polygon, by
Dr (z) := D(z) ∩ Nr = D(z) −

Dr (p).
p

This (open) polygon is bounded in H2 . By the deﬁnition of the Dirichlet polygon,
for any point w ∈ D(z), the distance ρ(z, w) is the shortest among the distances
ρ(z, g(w)) for any g ∈ G. Therefore, for any z ∈ H2 − Fix(G), the diameter of
Dr (z) is bounded above by 2Mr .
The boundary ∂Dr (z) of Dr (z) consists of two types of points; whether it comes
from the boundary of D(z) or not. The set of points of the former type is denoted
by ∂D Dr (z):
∂D Dr (z) := ∂Dr (z) ∩ ∂D(z) = ∂D(z) −

Dr (p).
p

The truncated Dirichlet polygon Dr (z) is a “Dirichlet polygon” of G with respect to Nr in the following sense: we ﬁrst remark that π(Nr ) = π(Dr (z)) by the

EXCEPTIONAL POINTS FOR FUCHSIAN GROUPS OF FINITE COAREA

169

deﬁnition of Dr (z). We mean a side of Dr (z) as the restriction of a side of D(z)
on ∂D Dr (z).
If a Fuchsian group G is of ﬁnite coarea but not cocompact, then the center z of
D(z) might not lie in Dr (z), for z could lie in Dr (p). This is a signiﬁcant diﬀerence
between cocompact Fuchsian groups and Fuchsian groups of ﬁnite coarea. The
following lemma characterizes the shape of D(z) when z is suﬃciently close to a
parabolic ﬁxed point.
Lemma 2.8. Let G be a Fuchsian group, and let p be a parabolic ﬁxed point of G.
Then, for any z ∈ D1/2 (p) − Fix(G), there exists some R ∈ R such that for any
r ≥ R, ∂D(z) ∩ Dr (p) consists of two sides that are paired by a primitive element
of Gp .
Proof. We assume without loss of generality that the parabolic ﬁxed point p in
question is ∞ and that t of (2.2) is primitive with respect to G∞ . By conjugating
G with a translation z → z+ with a suitable real number , we additionally assume
that the center z of a Dirichlet polygon is represented as ieζ for some ζ ∈ R. Then
we have ζ > 1/2 by z = ieζ ∈ D1/2 (∞).
For R ∈ R, let
SR := Ht (ieζ ) ∩ Ht−1 (ieζ ) ∩ DR (∞)



= w ∈ H2  −1/2 < Re[w] < 1/2, Im[w] > eR .
Our aim is to ﬁnd some R ∈ R which satisﬁes D(ieζ ) ∩ DR (∞) = SR . Then, for
any r ≥ R, we also have D(ieζ ) ∩ Dr (∞) = Sr , since Dr (∞) ⊂ DR (∞).
For any R ∈ R, D(ieζ ) ∩ DR (∞) ⊂ SR holds by the deﬁnition of the Dirichlet
polygon. So we need to ﬁnd R ∈ R which satisﬁes D(ieζ ) ∩ DR (∞) ⊃ SR , or
equivalently ρ(w, ieζ ) < ρ(w, g(ieζ )) for any w ∈ SR and any g ∈ G − {id}.
We ﬁrst suppose that g ∈ G∞ − {id}. Then there exists some m ∈ N such that
g = tm . So g(ieζ ) = m + ieζ . A straightforward calculation by (2.1) shows that for
any w ∈ Ht (ieζ ) ∩ Ht−1 (ieζ ), ρ(w, ieζ ) < ρ(w, m + ieζ ) holds.
We next suppose that g ∈ G − G∞ , and we will see that R can be taken as
ζ; let R := ζ from now on. We ﬁrst show that for any w ∈ Sζ , ρ(w, g(ieζ )) ≥
ρ(w, H−ζ (∞)) holds. The point g(ieζ ) is on the horocycle g(Hζ (∞)) as ieζ ∈
−2
Hζ (∞). This horocycle is a Euclidean circle with diameter |c| e−ζ being tangent
to the real axis if
a b
g=
.
c d
Hence Im[g(ieζ )] ≤ e−ζ by the Shimizu-Leutbecher
inequality.
The


 hyperbolic
segment between w and g(ieζ ) meets H0 (∞) = w ∈ H2  Im[w] = 1 at a point,
say w0 , since Im[w] > eζ and r > 0. Then we have
ρ(w, g(ieζ )) = ρ(w, w0 ) + ρ(w0 , g(ieζ ))
≥ ρ(w, H0 (∞)) + ρ(w0 , H−ζ (∞))
≥ ρ(w, H0 (∞)) + ρ(H0 (∞), H−ζ (∞))
= ρ(w, H−ζ (∞)).
We next show that for any w ∈ Sζ , ρ(w, H−ζ (∞)) = ζ + ln Im[w] holds. Since
H−ζ (∞) is a horizontal line, ρ(w, H−ζ (∞)) = ρ(w, Re[w] + ie−ζ ) holds. Apply
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(2.1) to the right-hand side of this equation together with Im[w] > eζ > e−ζ by
eζ > e1/2 > 1, we have the desired equality as
ρ(w, H−ζ (∞)) = ρ(w, Re[w] + ie−ζ )
2Im[w]
2e−ζ
= ζ + ln Im[w].
= ln

We ﬁnally show that for any w ∈ Sζ , ζ + ln Im[w] > ρ(w, ieζ ) holds. By the
formula (2.1), it is enough to show the following inequality:


w − ieζ 
ζ + ln Im[w]
eζ Im[w] − 1
ρ(w, ieζ )
sinh
= √
,
> √
= sinh
2
2
2 eζ Im[w]
2 eζ Im[w]
2

2 
or equivalently eζ Im[w] − 1 − w − ieζ  > 0, and it is shown as
2
2 
 ζ
e Im[w] − 1 − w − ieζ 


 
= e2ζ Im[w]2 − 2eζ Im[w] + 1 − Re[w]2 + Im[w]2 − 2eζ Im[w] + e2ζ


2

 2ζ
1
+ Im[w]2 − 2eζ Im[w] + e2ζ
≥ e Im[w]2 − 2eζ Im[w] + 1 −
2
=

 2


eζ − 1 Im[w]2 − 1 −

>

 1 2
e2 − 1

=

e−

1
2

e−

1
2

 1 2
e2 − 1 −
3
2

2

1
2

2

> 0,

where the ﬁrst inequality comes from |Re[w]| < 1/2 and the second inequality comes
from Im[w] > eζ > e1/2 , since we assume that w ∈ Sζ .

Since R in Lemma 2.8 can always be chosen to satisfy z ∈ DR (p), we have the
following corollary.
Corollary 2.9. Let G be a Fuchsian group of ﬁnite coarea but not cocompact, and
let r ∈ R be greater than both R in Proposition 2.7 and 1/2. For z ∈ H2 − Fix(G),
suppose that z ∈
/ Dr (z). Then there exists a parabolic ﬁxed point p of G such that

z ∈ Dr (p) and that ρ(z, Dr (z)) = ρ(z, Hr (p)).
3. Hausdorff convergence of the boundary
of truncated Dirichlet polygons
Though the following fact, which is a generalization of Proposition 2.6 in [3],
may be well-known, we will provide its proof.
Theorem 3.1. Let G be a Fuchsian group of ﬁnite coarea but not cocompact, and
let r ∈ R be greater than both R in Proposition 2.7 and 1/2. If a sequence of
points {zn }n∈N in H2 − Fix(G) has the limit z ∈ H2 − Fix(G) with respect to the
distance ρ, then a sequence of sets {∂D Dr (zn )}n∈N converges to a set ∂D Dr (z) in
the Hausdorﬀ topology.
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To prove this fact, we ﬁrst prove the following lemma, which will be the key
ingredient to prove not only Theorem 3.1 but also Lemma 4.3.
Lemma 3.2. Let G be a Fuchsian group of ﬁnite coarea but not cocompact, and let
r ∈ R be greater than both R in Proposition 2.7 and 1/2. Let {zn }n∈N be a sequence
of points in H2 − Fix(G) with limit z ∈ H2 − Fix(G) with respect to the distance
ρ. Let {wn }n∈N be a sequence of points in H2 with wn ∈ ∂D Dr (zn ) for any n ∈ N.
Let W be the set of accumulation points of {wn }n∈N . Then the following holds:
(1) The set W is non-empty and contained in ∂D Dr (z).


(2) For any w ∈ W , there exist an element g ∈ G and a subsequence wnj j∈N
converging to w such that for any j ∈ N, both g ∈ S(znj ) and wnj ∈
∂D Dr (znj ) ∩ Lg (znj ) hold.
Proof. We ﬁrst see the non-emptiness of W , which is mentioned in (1). Finding a
compact subset in H2 containing a subsequence of {wn }n∈N is enough to prove it.
We ﬁrst consider the case that z ∈ Dr (z). Since {zn }n∈N is a converging sequence, there exists some M  > 0 such that {zn }n∈N ⊂ BM  (z). Set M :=
2Mr + M  . Then BM (z) is the desired compact subset. Actually, we have Dr (zn ) ⊂
B2Mr (zn ) for any n ∈ N, which implies
(3.1)

wn ∈ Dr (zn ) ⊂ B2Mr (zn ) ⊂ BM (z)

for any n ∈ N.
We next consider the case that z ∈
/ Dr (z). We can apply Corollary 2.9 by our
assumption of r. So there exists a parabolic ﬁxed point p of G such that z ∈ Dr (p).
The hyperbolic distance  between z and Dr (z) coincides with the one between z and
Hr (p). Since zn converges to z, by dropping a ﬁnite number of terms if necessary,
we may assume without loss of generality that for any n ∈ N, ρ(z, zn ) <  holds,
which means that {zn }n∈N ⊂ Dr (p). So, by Corollary 2.9 again, the hyperbolic
distance n between zn and Dr (zn ) is positive, and it is provided by the distance
from zn to Hr (p). So n ≤ 2 for any suﬃciently large n. Set M := 2Mr + 3 in
this case. Then BM (z) is the desired compact subset, since
(3.2)

wn ∈ Dr (zn ) ⊂ B2Mr +n (zn ) ⊂ B2Mr +2 (zn ) ⊂ BM (z)

holds for any n ∈ N.
Before proving the remaining part of (1), we prove (2). For a chosen w ∈ W ,
there exists a subsequence {wni }i∈N such that wni converges to w as i → ∞.
Since wni ∈ ∂D Dr (zni ), we can ﬁnd a side-pairing transformation fi ∈ S(zni )
which sends wni to a point f (wni ) in ∂D Dr (zni ) by Proposition 2.1. We thus have
ρ(wni , f (wni )) ≤ Mr . Combine (3.1) or (3.2) with this inequality and we have
(3.3)

ρ(z, fi (z)) ≤ ρ(z, wni ) + ρ(wni , fi (wni )) + ρ(fi (wni ), fi (z)) ≤ 2M + Mr .

Since G acts discontinuously on H2 , there exist ﬁnitely many distinct fi satisfying
(3.3) by Theorem 5.3.2 in [2]. Choose a subsequence {ij }j∈N of the indexes of fi
:= nij and we have a subsequence
such
that

 fij are the same element f in G. Set nj
wnj j∈N such that for any j ∈ N, f = fnj and wnj ∈ ∂D Dr (znj ) ∩ Lf −1 (znj ) hold.
The desired g is then chosen to be f −1 .
We ﬁnally prove the remaining part 
of (1): W ⊂ ∂D Dr (z). For a chosen w ∈ W ,
let g ∈ S(znj ) and a subsequence wnj j∈N of {wn }n∈N satisfying (2). We ﬁrst see
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w ∈ Lg (z). This is shown by the equations
ρ(z, w) = lim ρ(znj , wnj )
j→∞

= lim ρ(g(znj ), wnj )
j→∞

= ρ(g(z), w).
We next see that w ∈ ∂D(z). As we have seen in (2), for any j ∈ N, wnj ∈
∂D Dr (znj ) ∩ Lg (znj ) holds. So ρ(znj , wnj ) ≤ ρ(f (znj ), wnj ) holds for any f ∈ G.
Take the limits of the both sides and we have ρ(z, w) ≤ ρ(f (z), w) for any f ∈ G,
i.e., w ∈ D(z). This implies that w ∈ D(z) ∩ Lg (z) ⊂ ∂D(z). We ﬁnally see that
w ∈ ∂D Dr (z). Since π(wnj ) ∈ π(Nr ) and π(Nr ) is compact, π(w) ∈ π(Nr ) holds.

Since Nr ∩ ∂D(z) = ∂D Dr (z), we have w ∈ ∂D Dr (z).
Proof of Theorem 3.1. By the deﬁnition of Hausdorﬀ topology, all we need to prove
is that, for any chosen ε > 0, there exists some N ∈ N such that for any n ≥ N ,
both of the following hold:
(a) Bε (w) ∩ ∂D Dr (z) = ∅ for any w ∈ ∂D Dr (zn ), and
(b) Bε (w) ∩ ∂D Dr (zn ) = ∅ for any w ∈ ∂D Dr (z).
We remark that Lemma 3.2 is used only in the proof of (a), but not in the proof
of (b).
In order to prove (a) in the way of contradiction, we assume that there exists
some ε > 0 such that, for any N ∈ N, there exist n ≥ N and wn ∈ ∂D Dr (zn )
satisfying Bε (wn ) ∩ ∂D Dr (z) = ∅. Lemma 3.2(1) provides an accumulation point
w of {wn }n∈N with w ∈ ∂D Dr (z). This is a contradiction for a large n such that
ρ(w, wn ) < ε.
In order to prove (b) in the way of contradiction, we assume that there exists
some ε > 0 such that, for any N ∈ N, there exist n ≥ N and some w ∈ ∂D Dr (z)
satisfying Bε (w) ∩ ∂D Dr (zn ) = ∅. This assumption means that there exist a subsequence of {zn }n∈N , again denoted by {zn }n∈N for simplicity, converging to z as
n → ∞, and a point wn ∈ ∂D Dr (z) for each n ∈ N such that
Bε (wn ) ∩ ∂D Dr (zn ) = ∅.
Since the set ∂D Dr (z) is compact, by passing to a subsequence if necessary, we
can assume that the sequence {wn }n∈N converges to a point w0 in ∂D Dr (z). In
particular, we can assume also that ρ(w0 , wn ) < ε/2 holds for any n ∈ N. Then
∂D Dr (zn ) ⊂ H2 − Bε/2 (w0 ) holds as
ρ(u, w0 ) ≥ ρ(u, wn ) − ρ(wn , w0 ) > ε −

ε
ε
=
2
2

for any u ∈ ∂D Dr (zn ). Since Dr (z) is a polygon with ﬁnitely many sides, there
exists a point w of a side of Dr (z) with ρ(w0 , w ) < ε/4. We replace ε by a number
less than ε/4 so that Bε (w ) is included in the truncated Nielsen region Nr and
that Bε (w ) ∩ ∂D Dr (zn ) = ∅ for any n ∈ N. This condition also implies that Bε (w )
is disjoint from ∂D(zn ) for any n ∈ N. Passing to a subsequence if necessary, we
assume that either one of the following holds:
(b.i) Bε (w ) ⊂ D(zn ) for any n ∈ N, or
(b.ii) Bε (w ) ⊂ H2 − D(zn ) for any n ∈ N.
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If (b.i) occurs, then Bε (w ) is fully contained in D(z), since we have ρ(u, z) ≤
ρ(u, g(z)) for any u ∈ Bε (w ) and any g ∈ G, by taking the limit of ρ(u, zn ) ≤
ρ(u, g(zn )). This contradicts the assumption that w ∈ ∂D Dr (z) ⊂ ∂D(z). If
(b.ii) occurs, then, for any u ∈ Bε (w ) and any n ∈ N, there exists some element
gn ∈ G − {id} such that ρ(u, zn ) > ρ(u, gn (zn )). Then ρ(u, gn (z)) is bounded as
ρ(u, gn (z)) ≤ ρ(u, gn (zn )) + ρ(gn (zn ), gn (z))
< ρ(u, zn ) + ρ(zn , z)
≤ ρ(u, z) + 2ρ(z, zn ),
and zn converges to z. So, there exists an element g ∈ G − {id} such that g = gn
for inﬁnitely many n ∈ N. By taking the limit in ρ(u, zn ) > ρ(u, g(zn )), we have
ρ(u, z) ≥ ρ(u, g(z)). Thus u ∈ H2 − D(z). Since u is an arbitrary point of Bε (w ),
we conclude that Bε (w ) ⊂ H2 − D(z). This also contradicts the assumption that

w ∈ ∂D Dr (z).
4. Openness of the set of regular points
Let PS(z) be the set of points having the same side-paring transformations of
D(z):



PS(z) := w ∈ H2  S(w) = S(z) .
The main result in this section is the following theorem, which is a generalization
of Proposition 3.3 in [3] and will be used to prove Theorem 5.1.
Theorem 4.1. For a Fuchsian group G of ﬁnite coarea and for a regular point
z ∈ Reg(G), the set PS(z) is open in H2 .
An immediate corollary, though it will not be used to prove Theorem 5.1, is the
openness of Reg(G), since it is the union of PS(z) for any z ∈ Reg(G). Similar
results have already been obtained as Corollary 2.1 in [5] and Theorem 3.4 in [3].
Corollary 4.2. For a Fuchsian group G of ﬁnite coarea, the set Reg(G) of regular

points is open in H2 .
Our proof of Theorem 4.1 is based on a series of lemmas, which are prepared
from now on.
Lemma 4.3. For a Fuchsian group G of ﬁnite coarea, any sequence of points

{zn }n∈N in H2 − Fix(G) with limit z ∈ H2 − Fix(G) has a subsequence znj j∈N

such that S(z) ⊂ j∈N S(znj ).
Proof.
 It is enoughto show that, for each f ∈ S(z), there exists a subsequence

znj j∈N with f ∈ j∈N S(znj ). Then choose any f1 from S(z) and a subsequence
 

znj j∈N such that f1 ∈ j∈N S(znj ). Next choose a second element f2 from S(z)
 

and extract a subsequence from znj j∈N so that f2 ∈ j∈N S(znj ). Since S(z) is
a ﬁnite set, by repeating this procedure we obtain a desired subsequence.
Recall that E(z) is the set of vertices of D(z) that lie on ∂∞ H2 . By Lemma 2.5,
every point in E(z) is a parabolic ﬁxed point of G. Since D(z) has ﬁnitely many
sides, we can choose a large number r such that the following properties hold for
all vertices p ∈ E(z):
• r satisﬁes the condition in Theorem 3.1, i.e., r is greater than both R in
Proposition 2.7 and 1/2;
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• ∂D(z) meets Dr (p) in two sides both ending at p;
• Hr (p) = ∂Dr (p) cuts the above two sides in their interior points.
We remark that the two sides above are not necessarily paired by an element of S(z),
since we do not assume here that z is a regular point. Let f ∈ S(z) be a side-pairing
transformation. There exists a side s ⊂ ∂D(z) such that s = D(z) ∩ f (D(z)) ⊂
Lf (z). Let w be a point in the intersection of ∂D Dr (z) and the interior of s with
respect to the relative topology of s. For this w, (b) in the proof of Theorem 3.1
provides a point wn ∈ ∂D Dr (zn ) for each n ∈ N such that wn converges to w as
2
. Apply
Lemma 3.2(2) to the sequence {wn }n∈N and we can ﬁnd a
n → ∞ in H


subsequence wnj j∈N and h ∈ j∈N S(znj ) such that wnj ∈ Lh (znj ).
 
In order to see that the subsequence znj j∈N is the desired one, it is enough
to show that h = f . Since wnj ∈ Lh (znj ) together with the continuity of the
bisector, we have w ∈ Lh (z). Since w ∈ s, we also have w ∈ Lf (z). So we
have w ∈ Lf (z) ∩ Lh (z). Since w is taken from the interior of s, it cannot be a
vertex of D(z). So, by the uniqueness of the side-paring transformation, we have

Lf (z) = Lh (z), which implies f = h.
Lemma 4.4. For a Fuchsian group G of ﬁnite coarea and a point z ∈ H2 − Fix(G),
there exists an open neighborhood U ⊂ H2 − Fix(G) of z such that for any u ∈ U ,
S(z) ⊂ S(u) holds.
Proof. We ﬁrst show that for any f ∈ S(z), there exists an open neighborhood
Uf ⊂ H2 − Fix(G) of z such that for any u ∈ Uf , the map f ∈ S(u) holds. By
way of contradiction, assume that there exist some z ∈ H2 − Fix(G) and some
f ∈ S(z) such that for any open neighborhood U ⊂ H2 − Fix(G) of z, there exists
some u ∈ U with f ∈ S(u). Then there exists a positive number n0 such that
B1/n0 (z) ∩ Fix(G) = ∅ as Fix(G) is a discrete set of points. Regarding
 U above as
B1/n (z) we can ﬁnd a point zn ∈ B1/n (z) for any n > n0 such that f ∈
/ n>n0 S(zn ),
which contradicts Lemma 4.3.
So there exists an open neighborhoodUf ⊂ H2 − Fix(G) of z such that for any
u ∈ Uf , f ∈ S(u) holds. The set U := f ∈S(z) Uf is a desired neighborhood of z
as S(z) is a ﬁnite set.

Proof of Theorem 4.1. For any w ∈ PS(z), let Uw be an open neighborhood of w
obtained in Lemma 4.4. We show that Uw ⊂ PS(z), i.e., S(u) = S(z) for any
u ∈ Uw . For any such u, the inclusion S(z) = S(w) ⊂ S(u) comes from the
deﬁnition of Uw . We thus have |S(z)| ≤ |S(u)|. Since z ∈ Reg(G), SG = |S(z)| is
the maximal number of sides. So we have |S(z)| = |S(u)|. We can conclude that
S(u) = S(z) as S(z) is a ﬁnite set.

5. Existence of exceptional points
It is unknown whether the set Exc(G) of all exceptional points is empty or not
at this point. For cocompact Fuchsian groups G, Theorem 4.3 in [3] shows that
Exc(G) contains uncountably many points. We provide a generalization of this
result for Fuchsian groups of ﬁnite coarea.
Theorem 5.1. For any Fuchsian group G of ﬁnite coarea, the set Exc(G) of exceptional points contains uncountably many points.
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We remark that the proof of Theorem 5.1 is not a straightforward generalization
of Fera’s one.
Example 5.2. Let  be the open triangular region bounded by three geodesics


m1 := z ∈ H2 | |z| = 1 ,



m2 := z ∈ H2  Re[z] = 1 ,



m3 := z ∈ H2  Re[z] = −1 .
Let Rj ∈ SL(2, R) be the reﬂection in mj for j = 1, 2, 3. We deﬁne
T1 := R1 ◦ R3 =

0 −1
,
1 2

T2 := R2 ◦ R1 =

2 −1
,
1 0

T3 := T2 ◦ T1 =

1 4
,
0 1

and consider the Fuchsian group generated by T1 and T2 . For any z ∈ , D(z)
is the open hexagonal region bounded by the bisection lines LT ±1 (z), LT ±1 (z),
1
2


LT ±1 (z) by Theorem 24 in [8]. So S(z) = T1±1 , T2±1 , T3±1 . On the other hand,
3
again by Theorem
24 in
 [8], D(i) is the open quadratic region  ∪ m1 ∪ R1 ()

and S(i) = T1±1 , T2±1 . So T3 belongs to S(z) for any z ∈  but not to S(i).
The two sides of D(z) which are paired by T3 leave any compact subset of H2 as
z approaches i from the inside of . This fact makes the situation diﬃcult when
we try to generalize Theorem 4.3 in [3] to Fuchsian groups of ﬁnite coarea but not
cocompact.
From now on, we regard H2 as the so-called Poincaré disk model :
H2 := {z ∈ C | |z| < 1 } .
Then ∂∞ H2 is the unit circle centered at the origin 0. A point ξ ∈ ∂∞ H2 is called a
transitive limit point (or a Myrberg point) of G if the projection to the unit tangent
bundle of the quotient surface H2 G of the unit tangent ﬁeld along
 a geodesic ray
from any point in H2 to ξ is dense (and hence the projections to H2 G of all geodesic
rays ending at ξ is dense). See §2.2 in [6]. Let TG be the set of all transitive limit
points of G. If G is of ﬁnite coarea (or if, more generally, G is of divergence-type),
it is shown in [7] that the measure of TG is 2π.
Proof of Theorem 5.1. By replacing G by its suitable conjugate if necessary, we can
assume without loss of generality that 0 is a regular point for G. We delete the
radial projection of Fix(G) from TG , and we denote the remaining set again by TG .
Our new TG still has measure 2π as Fix(G) is a countable set. It is thus enough to
the proof.
construct an injection from T
G to Exc(G)
 to complete

For any ξ ∈ TG , let γξ := tξ ∈ H2  0 < t < 1 be a geodesic from 0 to ξ. We
will see that for any ξ ∈ TG , γξ ∩ Exc(G) = ∅ holds. The desired injection is then
given by corresponding ξ ∈ TG to a point in γξ ∩ Exc(G).
Let U ⊂ PS(0) ∩ D(0) be
 an open neighborhood of 0. The image π(γξ ) of γξ
on the quotient surface H2 G visits π(U ) inﬁnitely many times, since ξ ∈ ∂∞ H2
is a transitive limit point. So there exist a sequence ξn := tn ξ on γξ with tn
converging to 1 as n → ∞ and a sequence of distinct elements hn ∈ G such
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that ξn ∈ hn (U ) holds. We then have S(ξn ) = S(hn (0)) = hn S(0)h−1
n , since
hn (U ) ⊂ hn (PS(0) ∩ D(0)) ⊂ hn (PS(0)) ∩ hn (D(0)).
The subset γξ ∩ PS(0) of γξ is non-empty and open with respect to the relative
topology, since 0 ∈ Reg(G) and PS(0) is open in H2 by Theorem 4.1. Furthermore,
γξ is a proper subset, that is, γξ ⊂ PS(0). Actually, if γξ ⊂ PS(0), then ξn ∈ PS(0)
for any n ∈ N, which means that S(ξn ) = S(0). So, for any n ∈ N, hn S(0)h−1
n =
S(0) holds. Since S(0) is a ﬁnite set, there exists a permutation σ of S(0) such that
for inﬁnitely many n ∈ N and for any f ∈ S(0), hn f h−1
n = σ(f ) holds. In particular,
−1
there exist distinct m, n ∈ N such that for any f ∈ S(0), hn f h−1
n = hm f hm holds.
−1
So hm hn commutes with all elements of G as S(0) generates G. The element
h−1
m hn must be the trivial element id as G is non-elementary. This contradicts the
assumption that hn = hm .
We now have a non-empty proper open subset γξ ∩PS(0) of γξ with respect to the
relative topology. If γξ ⊂ Reg(G), then the geodesic segment γξ must be covered
by more than one disjoint open sets of the form PS(w). However, this contradicts
the connectivity of γξ . So we have γξ ⊂ Reg(G), which implies γξ ∩ Exc(G) = ∅,

since γξ ⊂ Reg(G) ∪ Exc(G).
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