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SCALAR FLAT COMPACTIFICATIONS OF

POINCARÉ-EINSTEIN MANIFOLDS AND APPLICATIONS

SIMON RAULOT

Abstract. We derive an integral inequality between the mean curvature and
the scalar curvature of the boundary of any scalar flat conformal compact-
ifications of Poincaré-Einstein manifolds. As a first consequence, we obtain
a sharp lower bound for the first eigenvalue of the conformal half-Laplacian
of the boundary of such manifolds. Secondly, a new upper bound for the
renormalized volume is given in the four dimensional setting. Finally, some
estimates on the first eigenvalues of Dirac operators are also deduced.

1. Introduction

In the seminal work [GZ03], Graham and Zworski use scattering theory to study
a family of conformally covariant operators defined on the boundary at infinity
(∂X, [g]) of an (n+1)-dimensional Poincaré-Einstein (PE) manifold (X, g+). These
operators, denoted by Pα

ĝ
for ĝ ∈ [g], are usually called the fractional conformal

Laplacians and they define pseudo-differential self-adjoint operators of order 2α
for suitable α ∈ C. The simplest example of a PE manifold is the hyperbolic
space (Hn+1, gH) whose boundary at infinity is the Möbius sphere (Sn, [gS]). Let us
explain the construction of these operators when we consider the upper half-space
model of the hyperbolic space(

R
n+1
+ :=

{
(x, y) ∈ R

n × R / y > 0
}
, gH = y2gR

)
,

where gR is the Euclidean metric. To avoid technical difficulties, we assume that
0 < α < 1 and we refer to Section 3 for the general case. For a function f : Rn → R,
the eigenvalue problem

(1.1) −ΔgHu− s(n− s)u = 0 in H
n+1,

where ΔgH is the Laplacian on the hyperbolic space and s = n
2 +α, admits a solution

of the form

u = Fyn−s +Gys, F,G ∈ C∞(X), F|y=0 = f.

If gR denotes the restriction of gR to ∂Rn+1
+ , the maps

(1.2) Pα
gR
f := dαS

(n
2
+ α

)
f, dα := 22α

Γ(α)

Γ(−α)
,

where S(s)f = G|y=0 is the scattering operator, define a family of conformally
covariant self-adjoint pseudo-differential operators of order 2α on (Rn, gR).
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A typical example of such an operator on Rn is the fractional Laplacian. This
is a nonlocal operator of order 2α which can be defined by the singular integral
(suitably regularized)

(−Δx)
αf(x) = Cn,α

∫
Rn

f(x)− f(ξ)

|x− ξ|n+2α
dξ,

where Cn,α is some normalization constant. In [CS07], Caffarelli and Silvestre
proved that this operator can be derived in an alternative way. More precisely, for
a function f : Rn → R, they consider the extension problem

(1.3)

{
ΔxU + a

y∂yU + ∂yyU = 0, for (x, y) ∈ R
n+1
+ ,

U(x, 0) = f(x), for x ∈ Rn,

where U : Rn+1
+ → R and a = 1− 2α and they prove the remarkable result that

(−Δx)
αf =

dα
2α

lim
y→0

ya∂yU,

where the constant dα is defined in (1.2). This operator can then be thought of as
a generalized Dirichlet-to-Neumann operator since for α = 1/2 this is precisely the
well-known Dirichlet-to-Neumann operator.

Noticing that a function u is a solution to the eigenvalue problem (1.1) if and
only if the function U := ys−nu is a solution of the extension problem (1.3), Chang
and González [CG11] made the fundamental observation that

Pα
gR
f =

dα
2α

lim
y→0

ya∂yU = (−Δx)
αf.

This is the key point which allows to generalize this construction in the context
of PE manifolds (see Section 2 for precise definitions). In fact, fractional confor-
mal Laplacians on the conformal infinity (∂X, [g]) of PE manifolds (X, g+) can
be defined as generalized Dirichlet-to-Neumann operators on compactifications of
(X, g+).

On the other hand, in the context of PE manifolds, it is natural to search for
relations between the conformal structure of the boundary at infinity and the Rie-
mannian geometry of (X, g+). Recently with O. Hijazi and S. Montiel [HMR20], we
proved that the nonnegativity of the Yamabe invariant of the boundary at infinity,
denoted by Y(∂X, [g]), is equivalent to the fact that the linear isoperimetric

nVol(Ω) ≤ Area(∂Ω)

holds for any compact domains Ω contained in X. Here Vol(Ω) and Area(∂Ω)
denote respectively the volume of Ω and the area of ∂Ω with respect to g+. Another
characterization, previously obtained by Guillarmou and Qing [GQ10], state that
Y(∂X, [g]) > 0 if and only if the first real scattering pole of X is less than n

2 −1. In
the same work, it is also shown that the positivity of the Yamabe invariant implies
the positivity of the first eigenvalue of the operator Pα

ĝ
for all 0 < α ≤ 1 and ĝ ∈ [g].

In this paper, we prove a sharp inequality between the first eigenvalue of the

half-conformal Laplacian P
1/2
ĝ

and the first eigenvalue of the conformal Laplacian

P 1
ĝ
for any ĝ ∈ [g]. This result particularly fits well with the aforementioned result

of Guillarmou and Qing since the positivity of the first eigenvalue of P 1
ĝ
is equivalent

to the positivity of the Yamabe invariant of the boundary at infinity. Moreover,
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this estimate is sharp since equality occurs if, and only if, the PE manifold is iso-
metric to the hyperbolic space. The proof of this result relies on a new integral
inequality (see Theorem 2.1) involving the mean curvature and the scalar curva-
ture of the boundary of any scalar flat compactifications of the PE manifold. The
fact that scalar flat metrics appears naturally in this proof comes from the mere
observation that the generalized Dirichlet-to-Neumann operator associated to the
half-conformal Laplacian via the previous construction has a nice geometric descrip-
tion. Indeed it precisely appears in a Yamabe-type problem on compact manifolds
with boundary introduced by Escobar [Esc92a] and which asks for the existence of a
conformally related metric with zero scalar curvature and constant mean curvature
(see Section 3). We will also give several other direct applications of this integral
inequality. For example, it implies that a PE manifold which admits a Ricci-flat
compactification has to be the hyperbolic space. This generalizes a recent result
of Chen, Wang and Zhang [CWZ19] where a similar result is obtained under the
additional assumption that the mean curvature is constant. Moreover, in Section
4, we prove a new upper bound for the renormalized volume of four dimensional
PE manifolds. Finally in the last section, we consider spin PE manifolds and study
more precisely the first eigenvalue of the boundary Dirac operator on the confor-
mal infinity. In particular, when combined with a conformal lower bound of Hijazi,
Montiel and Zhang [HMZ02] and the Hijazi inequality [Hij86], we obtain a new
proof of a uniqueness result of Hijazi and Montiel [HM14] concerning PE manifolds
whose conformal infinity carries a twistor spinor (see Theorem 5.1.2). Although
our assumptions here are in fact stronger than [HM14] it seems interesting to the
author to give an alternative proof of this result. Finally, our previous estimates
on the renormalized volume are used to bound from below the first nonnegative
eigenvalue of the boundary Dirac operator of four dimensional spin PE manifolds
(see Theorem 5.1.3).

2. An integral formula

Let X be the interior of an (n+1)-dimensional connected and compact manifold
X with (possibly disconnected) boundary ∂X. Recall that (X, g+) is a conformally
compact manifold of order Cm,α with m ≥ 3 and α ∈ (0, 1) if g+ is a Riemannian
metric on X such that the conformally related metric g = ρ2g+ extends to a Cm,α

Riemannian metric on X for a defining function ρ of the boundary ∂X. A defining
function is a smooth function ρ : X → R which is positive on X, zero on ∂X
and such that dρ|∂X �= 0. There exist actually plenty of defining functions so that
a canonical choice of the metric on the boundary is not possible. However, it is
clear that such compactifications of g+ induce a well-defined conformal structure
on the boundary ∂X denoted by [g] where g := g|∂X . The conformal manifold

(∂X, [g]) will be referred to as the conformal infinity or the boundary at infinity
of the conformally compact manifold (X, g+). Moreover, it is a well-known fact
(see [GL91, Lee95] for example) that a metric ĝ ∈ [g] on ∂X determines a unique
defining function r in a neighborhood of ∂X such that the metric g̃ = r2g+ satisfies

g̃|∂X = ĝ and |∇̃r|2 = 1. Here ∇̃r denotes the gradient of the function r with
respect to the metric g̃ whose norm is also taken with respect to g̃. Such a function
is called the geodesic defining function associated to ĝ since the integral curves of

the vector field ∇̃r are geodesics orthogonal to the boundary ∂X. In particular,
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the metric g+ takes the form

(2.1) g+ = r−2
(
dr2 + g̃r

)
in a neighborhood of ∂X where g̃r is a one-parameter family of metrics on ∂X with
g̃0 = ĝ.

If now we assume that g+ is at least C2 and satisfies the Einstein equation

Ricg+ = −ng+,

we say that (X, g+) is a PE manifold. Note that in this situation if the boundary
at infinity admits a smooth representative then it follows from [CDLS05] that for
any smooth defining function, the metric g = ρ2g+ is at least of class C3,α on X.
We will always assume that these assumptions are fulfilled unless otherwise stated.

In the following, we will denote by g, ĝ or g̃ metrics on the compact manifold
with boundary X = X ∪ ∂X and by g, ĝ and g̃ their corresponding restrictions to
the boundary ∂X.

Now we prove our main inequality (see Theorem 2.1) which will be of constant use
in this paper. For this, we generalize the arguments used in [CLW19,GH17,Rau19]
largely inspired by Obata [Oba72] in his work on the uniqueness of Yamabe metrics
for Einstein closed manifolds. First, we remark that if ĝ = ρ2g+ for ρ a smooth
defining function, the formula which gives the Ricci curvatures of two conformally
related metrics (see [Bes08] for example) leads to

(2.2) Ricĝ = −(n− 1)ρ−1∇̂2ρ+
(
nρ−2

(
|∇̂ρ|2 − 1

)
− ρ−1Δ̂ρ

)
ĝ.

Here ∇̂, ∇̂2 and Δ̂ denote respectively the gradient, the Hessian and the Laplace
operator on (X, ĝ). Taking the trace of the previous identity with respect to the
metric ĝ implies that the scalar curvature Rĝ of (X, ĝ) is given by

(2.3) Rĝ = −2nρ−1Δ̂ρ+ n(n+ 1)ρ−2(|∇̂ρ|2 − 1).

From (2.2) and (2.3), we can compute that if the defining function ρ is a geodesic
one, the boundary ∂X of X is totally geodesic with respect to ĝ. This is due to
the fact that the first order term in the asymptotic expansion of g̃r in (2.1), which
is precisely twice the second fundamental form of ∂X in (X, g̃), is zero by [FG85].
In particular, for any metric ĝ ∈ [g], ∂X is a totally umbilical hypersurface in X
with respect to ĝ since this property only depends on the conformal class of g. As
we will see, this is of great importance in the following. Now denote by

Eĝ := Ricĝ −
Rĝ

n+ 1
ĝ

the trace free part of the Ricci tensor which, from (2.2) and (2.3), can be written
as

(2.4) Eĝ = −(n− 1)ρ−1
(
∇̂2ρ− Δ̂ρ

n+ 1
ĝ
)
.

Then for ε > 0 sufficiently small and x ∈ ∂X× [0, ε[⊂ X, we let y(x) = distĝ(x, ∂X)
in such a way that the metric takes the form

(2.5) ĝ = dy2 + ĝy,
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where ĝy is a one-parameter family of metrics on ∂X. Moreover, in this coordinate
system, the defining function ρ has the following expansion

(2.6) ρ = y +O(y2).

Now if

Xε :=
{
x ∈ X /y(x) ≥ ε

}
,

we compute using (2.4) that∫
Xε

ρ|Eĝ|2dvĝ = −(n− 1)

∫
Xε

〈
(
∇̂2ρ− Δ̂ρ

n+ 1
ĝ
)
, Eĝ〉dvĝ

= −(n− 1)

∫
Xε

〈∇̂2ρ,Eĝ〉dvĝ

since Eĝ is trace-free. An integration by parts gives∫
Xε

ρ|Eĝ|2 dvĝ = −(n− 1)

∫
Xε

〈∇̂ρ, δ̂Eĝ〉 dvĝ − (n− 1)

∫
∂Xε

Eĝ

(
∇̂ρ, N̂ε

)
dsĝ,

where δ̂ denotes the divergence of tensor fields with respect to ĝ, dvĝ (resp. dsĝ) is

the Riemannian volume element of (X, ĝ) (resp. of (∂X, ĝ)) and N̂ε is the outward
unit normal to ∂Xε. From the second Bianchi identity, we deduce that

δ̂Eĝ = − n− 1

2(n+ 1)
∇̂Rĝ

and this implies, by letting ε → 0, the following general formula∫
X

ρ|Eĝ|2 dvĝ =
(n− 1)2

2(n+ 1)

∫
X

〈∇̂ρ, ∇̂Rĝ〉 dvĝ + (n− 1)

∫
∂X

Eĝ

(
N̂ , N̂

)
dsĝ.

Here we used the facts that ∇̂ρ = ∂/∂y + O(y) by (2.5) and that N̂ := −∂/∂y is
the outward unit normal along ∂X in (X, ĝ). If now we assume that Rĝ is constant,
the previous equality reads as

(2.7)

∫
X

ρ|Eĝ|2 dvĝ = (n− 1)

∫
∂X

Eĝ

(
N̂ , N̂

)
dsĝ.

On the other hand, if R/ ĝ denotes the scalar curvature of (∂X, ĝ), the Gauss formula
gives

(2.8) R/ ĝ = Rĝ − 2Ricĝ(N̂ , N̂) + n(n− 1)H2
ĝ

since ∂X is totally umbilical so that

(2.9) Eĝ(N̂ , N̂) =
1

2

(n− 1

n+ 1
Rĝ −R/ ĝ + n(n− 1)H2

ĝ

)
.

Here Hĝ = 1
nTrĝ(Lĝ) is the (inner) mean curvature of ∂X in (X, ĝ) defined by

taking the normalized trace of the second fundamental form Lĝ. Combining (2.7)
and (2.9) implies that

(2.10)
n− 1

n+ 1
Rĝ Vol(∂X, ĝ) +

∫
∂X

(
n(n− 1)H2

ĝ −R/ ĝ

)
dsĝ ≥ 0

for all compactified metrics ĝ with constant scalar curvature. Moreover equality
occurs if and only if the metric ĝ is Einstein. From this observation, we deduce the
main result of this section:
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Theorem 2.1. Let (X, g+) be a PE manifold which has a smooth representative in
its conformal infinity (∂X, [g]). Then, for any defining function ρ of ∂X such that
the scalar curvature Rĝ of the compactified manifold (X, ĝ) is zero with ĝ = ρ2g+,
we have

(2.11) n(n− 1)

∫
∂X

H2
ĝ dsĝ ≥

∫
∂X

R/ ĝ dsĝ.

Moreover, there exists a compactification of (X, g+) for which (2.11) is an equality
if and only if (X, g+) is isometric to the hyperbolic space (Hn+1, gH).

Proof. The integral inequality (2.11) follows directly using (2.10) for any scalar flat
compactification (X, ĝ) of the PE space (X, g+). If equality occurs, it follows from
(2.7) and (2.9) that Eĝ vanishes on X and since ĝ is scalar flat it has to be Ricci-flat.
In particular, we have

(2.12) n(n− 1)H2
ĝ = R/ ĝ.

From (2.4), we also deduce that ρ satisfies the boundary value problem

(2.13)

{
∇̂2ρ =

̂Δρ
n+1 ĝ on X,

ρ|∂X = 0, N̂(ρ)|∂X = −1 on ∂X,

where the boundary conditions follow from (2.6) and the fact that on ∂X, it holds

that N̂ = −∂/∂y. Now from the Ricci identity and the first equation in (2.13) we
compute that

n

n+ 1
∇̂(Δ̂ρ) = 0

and then Δ̂ρ is constant on X. We claim that Hĝ is a nonzero constant. For this,

it is enough to recall that for all f ∈ C2(X) it holds on ∂X that

Δ̂f = Δ̂/ f + ∇̂2f(N̂ , N̂) + nHĝN̂(f),

where Δ̂/ denotes the Laplacian on (∂X, ĝ). With the help of (2.13), the previous
formula for f = ρ yields

Δ̂ρ =
Δ̂ρ

n+ 1
− nHĝ

that is

(2.14) Δ̂ρ = −(n+ 1)Hĝ

at all points of ∂X. Since Δ̂ρ is a constant, the mean curvature has to be constant.
If this constant is zero, the defining function is a harmonic function which vanishes
on the boundary and so it has to vanish on the whole of X. This gives a contradic-
tion and then Hĝ is a nonzero constant as well as R/ ĝ because of (2.12). Now since

(2.14) holds on the whole of X, it follows from the Stokes formula and (2.13) that

Hĝ =
1

n+ 1

Vol(∂X, ĝ)

Vol(X, ĝ)
.

Since (X, ĝ) is also Ricci-flat, we deduce from [Xia97, Lemma 1] that this com-
pactification is isometric to a Euclidean ball. The PE manifold (X, g+) has to be
the hyperbolic space. Conversely, it is obvious to check that the unit Euclidean
ball (Bn+1, gB) is a compactification of the hyperbolic space (Hn+1, gH) for which
inequality (2.11) is an equality. �
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Remark 2.2. It is easy to see from (2.10) that Theorem 2.1 also holds if we only
assume that the compactifications of the PE space have nonpositive constant scalar
curvature.

Remark 2.3. We can also note that the only compactifications of the hyperbolic
space for which (2.11) is an equality are the metrics homothetic to the Euclidean
metric on the unit ball. Indeed, it follows from the proof of the equality case of
Theorem 2.1 that such a compactified metric has zero scalar curvature and positive
constant mean curvature. From [Esc90, Theorem 2.1], we conclude that this metric
is a constant multiple of the flat metric on the unit ball.

As a direct consequence, we obtain the following rigidity result for the hyperbolic
space which generalizes a recent result of [CWZ19, Theorem 3.2]. It is interesting
to note that no restriction is made on the conformal infinity.

Corollary 2.1. The only PE manifold which has a smooth representative in its
conformal infinity and which admits a Ricci-flat conformal compactification is the
hyperbolic space.

Proof. If ĝ is a Ricci-flat compactification it is scalar flat so that Inequality (2.11)
holds. On the other hand, the Gauss formula (2.8) implies that this inequality is in
fact an equality and then the rigidity part of Theorem 2.1 allows to conclude. �

It is important to remark that if we allow the PE manifold (X, g+) to have sin-
gularities one can easily produce examples of PE manifolds with Ricci-flat (partial)
compactifications which are not isometric to the hyperbolic space. Indeed, it is
well-known that the hyperbolic cusps defined by the warped products

(X = R× P, g+ = ds2 + e2sg),

where (P, g) is an n-dimensional compact nonflat Ricci-flat Riemannian manifold,
are Einstein manifolds with scalar curvature equal to −n(n+ 1). Then defining a
new variable t ∈ R+ as t = es, we obtain

g = e−2sg+ = dt2 + g

so that the Ricci-flat metric dt2 + g extends to [0,+∞[×P . We conclude that a
hyperbolic cusp is a PE manifold with (P, [g]) as conformal infinity and a cusp
singularity at s = +∞ which has a Ricci-flat (partial) compactification with one
cylindrical end and which is not isometric to the hyperbolic space.

3. Sharp lower bound for the first eigenvalue of the conformal

half-Laplacian

In this section, we apply Theorem 2.1 to prove a sharp inequality relating the
first eigenvalues of the conformal half-Laplacian and the conformal Laplacian of the
boundary at infinity of a PE manifold.

Let first recall the relation between the conformal half-Laplacian and the gen-
eralized Dirichlet-to-Neumann operator which was studied by Escobar [Esc92a].
This correspondence was established by Guillarmou and Guillopé [GG07] in this
situation and largely generalized in Chang and González [CG11].

From the work of Graham and Zworski [GZ03], it is well-known that for f a
smooth function on ∂X, there exists a solution to the problem

(3.1) −Δg+u− s(n− s)u = 0 in X
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such that

(3.2) u = Frn−s +Grs, F,G ∈ C∞(X), F|r=0 = f,

for all s ∈ C with

Re (s) ≥ n

2
, s(n− s) /∈ σp(−Δg+), s �∈ n

2
+ N.

Here σp(−Δg+) denotes the pure point spectrum of the Laplace operator −Δg+ on
(X, g+) and r the geodesic defining function corresponding to a boundary metric
ĝ ∈ [g]. The scattering operator acts on C∞(∂X) by

S(s)f = G|r=0

and defines a meromorphic family of pseudo-differential operators for Re (s) > n/2
with simple poles of finite rank at s = n/2 + k, k ∈ N. The operators

(3.3) Pα
ĝ
:= dαS

(n
2
+ α

)
,

where the constant dα is given in (1.2), are conformally covariant self-adjoint oper-
ators of order 2α with principal symbols (−Δĝ)

α. They are usually referred to as
fractional conformal Laplacians. When α ∈ N is an integer, it can be shown that

Res s=n/2+αS(s) = cαP
α
ĝ , cα = (−1)α+1

(
22αα!(α− 1)!

)−1

are the GJMS operators constructed in [GJMS92].
For α = 1 we recover the classical conformal Laplacian given by

Pĝ := P 1
ĝ = −Δ̂/ +

n− 2

4(n− 1)
R/ ĝ.

This operator appears in the famous Yamabe problem which consists to prove that
on a closed Riemannian manifold the metric can be conformally deformed to a
metric with constant scalar curvature. This problem has a long and fruitful history
and we refer the interested reader to [LP87]. Its resolution relies on a deep study of
the Yamabe invariant which is a conformal invariant of (∂X, g) and whose sign has
deep influences on the topology and the Riemannian structures of the associated
PE manifold.

For α = 1/2, we obtain the so-called conformal half-Laplacian which for obvious
reasons will be denoted by

√
Pĝ. As noticed by Guillarmou and Guillopé [GG07],

this operator is tightly related to a generalized Dirichlet-to-Neumann operator de-
fined using the conformal Laplacian of any compactification (X, ĝ) of the PE man-
ifold (X, g+). Indeed first note that the existence of a solution u of the eigenvalue

problem (3.1) for s = (n+ 1)/2 is equivalent to the fact that U = ρ−
n−1
2 u satisfies

−Δ̂U +
n− 1

4n
RĝU = 0,

for ĝ = ρ2g+. On the other hand, if r denotes the geodesic defining function
associated to ĝ, we can compute that

ρ = r −Hĝr
2 +O(r3).

Combining with (3.2) yields

U = f +
(
S
(n+ 1

2

)
f +

n− 1

2
Hĝf

)
r +O(r2)
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and then since d1/2 = −1 we conclude from (3.3) that√
Pĝ(f) =

(
N̂(U) +

n− 1

2
HĝU

)
|∂X ,

where N̂ is the unit outward normal to ∂X for ĝ. In particular, u is an eigenfunction
associated to the first eigenvalue λ1(

√
Pĝ) of

√
Pĝ if and only if the corresponding

U satisfies

(3.4)

{
−Δ̂U + n−1

4n RĝU = 0 on X,

N̂(U) + n−1
2 HĝU = λ1(

√
Pĝ)U on ∂X.

It is important to note here that, as noticed in [Esc94], this eigenvalue can be
−∞. However, if we assume that the boundary has nonnegative Yamabe invariant
then λ1(

√
Pĝ) is also nonnegative by [HM14, Corollary 5]. In the following, we

will always assume that this assumption is fulfilled although we could only assume
the finiteness of this eigenvalue for our results to hold. Anyway thanks to this
characterization, we are now able to prove:

Theorem 3.1. Let (X, g+) be a PE manifold which has a smooth representative
in its conformal infinity (∂X, [g]). Then if the Yamabe invariant Y(∂X, [g]) is
nonnegative, the first eigenvalue of the conformal half-Laplacian satisfies

(3.5) λ1(
√
Pĝ)

2 ≥ (n− 1)2

n(n− 2)
λ1(Pĝ)

for n ≥ 3 and

(3.6) λ1(
√
Pĝ)

2 ≥ π

2Area (∂X, ĝ)
χ(∂X)

for n = 2 and for any ĝ ∈ [g]. Moreover, there exists a compactification of (X, g+)
for which equality occurs in one of these inequalities if and only if (X, g+) is iso-
metric to the hyperbolic space (Hn+1, gH).

Remark 3.2. Here χ(∂X) denotes the Euler characteristic of the surface ∂X. In
this situation, the nonnegativity of the Yamabe invariant Y(∂X, [g]) reduces to the
topological assumption χ(∂X) ≥ 0 by the Gauss-Bonnet formula.

Proof. Let ĝ be a conformal compactification of (X, g+). Then consider a smooth
positive eigenfunction U ∈ C∞(X) associated with λ1(

√
Pĝ) which therefore sat-

isfies (3.4). From the relations between the scalar and the mean curvatures of

two conformally related metrics (see [Esc92a] for example), the metric g̃ := U
4

n−1 ĝ
satisfies

(3.7) Rg̃ = 0 and Hg̃ =
2

n− 1
λ1(

√
Pĝ)U

− 2
n−1

so that we can apply Theorem 2.1. Then the inequality (2.11) and the second
equality in (3.7) give

(3.8)
4n

n− 1
λ1(

√
Pĝ)

2

∫
∂X

U2n−2
n−1 dsĝ ≥

∫
∂X

R/ g̃ dsg̃

since dsg̃ = U
2n

n−1 dsĝ. Inequality (3.6) follows from the Gauss-Bonnet formula if

n = 2. For n ≥ 3, we write g̃ = Ũ
4

n−2 ĝ with Ũ = U
n−2
n−1 and then

R/ g̃ =
4(n− 1)

n− 2
Ũ− n+2

n−2PĝŨ
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so that Inequality (3.8) finally reads

λ1(
√
Pĝ)

2

∫
∂X

Ũ2 dsĝ ≥ (n− 1)2

n(n− 2)

∫
∂X

ŨPĝŨ dsĝ.

We conclude the proof with the Rayleigh characterization of the first eigenvalue
λ1(Pĝ). If equality occurs the metric g̃ is such that (2.11) is an equality so that the
rigidity part of Theorem 2.1 applies. Conversely, it is straightforward to see that on
the round sphere (Sn, gS), the nonzero constant functions are eigenfunctions for PgS

and
√
PgS

associated respectively to n(n−2)/4 and to (n−1)/2. This implies that
the unit Euclidean ball is a scalar flat compactification of the hyperbolic space for
which (3.5) is an equality for n ≥ 3. On the other hand, since χ(S2) = 2, equality
also holds for (B3, gB) in (3.6) and then the same conclusion is true for n = 2. �

4. Upper bounds for the renormalized volume in dimension 4

In this section, we will see that our main integral inequality (2.11) allows to
obtain a new upper bound for the renormalized volume in term of the Yamabe-
type invariant E(X, [g]) (see below for a precise definition).

The volume of a PE manifold being infinite, it has been suggested by several
works that an appropriate normalization should lead to the definition of an adapted
notion of volume. This has been achieved by Henningson and Skenderis [HS98] and
Graham [Gra00] as follows. Here we only consider the four dimensional case. It
appears that if r denotes the geodesic defining function relative to ĝ ∈ [g], then for
ε > 0 sufficiently small, we can compute that

Volg+({r > ε}) = c0ε
−3 + c2ε

−1 + V (X, g+) + o(1).

The coefficients cj , j = 1, 2, are integrals over ∂X of local curvature expressions of
the metric ĝ and the constant term V (X, g+) is called the renormalized volume of
the PE manifold (X, g+) and does not depend on the choice of ĝ. An important
observation by Anderson [And01] is that this renormalized volume appears in the
Chern-Gauss-Bonnet formula in the four dimensional case. This is in fact true in
the n-dimensional case with n odd by the work of Chang, Qing and Yang [CQY06].
Let us sketch the proof of their result in the four dimensional case. First recall
that the Chern-Gauss-Bonnet formula on a four dimensional compact Riemannian
manifold with boundary (X, g) can be written for ĝ ∈ [g] as

8π2χ(X) =
1

4

∫
X

|Wĝ|2 dvĝ +
∫
X

Qĝ dvĝ + 2

∫
∂X

(
Lĝ + Tĝ

)
dsĝ,

where Wĝ is the Weyl tensor and Qĝ and Tĝ are respectively the Q-curvature and
the T -curvature of the metric ĝ which are defined by

Qĝ :=
1

6

(
R2

ĝ − 3|Ricĝ|2 − Δ̂Rĝ

)
,

Tĝ :=
1

12
N̂(Rĝ) +

1

2
RĝHĝ − 〈Fĝ, Lĝ〉+ 3H3

ĝ − 1

3
Trĝ(L

3
ĝ)− Δ̂/Hĝ.

Here Fĝ is the covariant symmetric tensor field of order two on ∂X defined by

Fĝ(Y, Z) = Riemĝ(Y, N̂ , Z, N̂)

for all Y , Z tangent vector fields to ∂X and where Riemĝ is the Riemann tensor

of (X, ĝ). Moreover, the function Lĝ is a pointwise conformal invariant which
vanishes when the boundary is totally umbilical. Since this property is fulfilled for
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any compactification of a PE manifold, we can assume without loss in generality
that Lĝ = 0. For the same reason, the T -curvature reduces to

(4.1) Tĝ =
1

12
N̂(Rĝ) +

1

2
Hĝ

(
Rĝ − 2Ricĝ(N̂ , N̂)

)
+ 2H3

ĝ − Δ̂/Hĝ,

and the Chern-Gauss-Bonnet formula then reads

(4.2) 8π2χ(X) =
1

4

∫
X

|Wĝ|2 dvĝ +Q(X, ĝ),

where

Q(X, ĝ) :=

∫
X

Qĝ dvĝ + 2

∫
∂X

Tĝdsĝ

is the total Q-curvature of (X, ĝ). Note that from the topological invariance of the
Euler characteristic and the conformal invariance of the Weyl tensor, we immedi-
ately deduce the conformal covariance of the total Q-curvature, that’s why it will
be denoted by Q(X, [g]) from now.

On the other hand, Feffermann and Graham [FG02] proved that there exists a
unique function v ∈ C∞(X) such that

−Δg+v = 3

and with the asymptotic

v = log r +A+Br3,

where A, B ∈ C∞(X), even in r such that A|∂X = 0. Here r denotes the defining
function associated to the metric ĝ in the conformal infinity. Then they related the
value of B on the boundary with the renormalized volume by the formula

(4.3) V (X, g+) =

∫
∂X

B|∂X dsĝ.

In addition to this, it can be computed that for the compactified metric g̃ = e2vg+
it holds that

Qg̃ = 0 and Tg̃ = 3B|∂X

so that the formula (4.2) for g̃ and (4.3) give

(4.4) 8π2χ(X) =
1

4

∫
X

|Wg̃|2 dvg̃ + 6V (X, g+).

Moreover, since the L2-norm of the Weyl tensor is conformally invariant, we obtain
the following formula by comparing (4.2) and (4.4):

Proposition 4.1. Let (X, g+) be a four dimensional PE manifold, then we have

(4.5) V (X, g+) =
1

6
Q(X, [g]).

Note that this formula was already known for totally geodesic compactifications
in relation with the σ2-scalar curvature (see [CQY06]). Here we just observed that
it holds for any compactifications of a PE manifold. It was also noticed in [And01]
that when this formula is compared to (4.2), it implies the following upper bound
for the renormalized volume

V (X, g+) ≤
4π2

3
χ(X)
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with equality if and only if (X, g+) is hyperbolic. Note that for the four dimensional
hyperbolic space, it is not difficult to compute that

(4.6) V (H, gH) =
4π2

3
.

In this section, we first give a proof of a probably well-known upper bound
for the renormalized volume in term of the Yamabe-type invariant introduced by
Escobar in [Esc92b]. It can be obtained by combining the doubling argument of
[CQY04, Proposition 3.1] and the inequality (1.4) in [Gur99]. However, since the
author was not able to find it explicitly in the literature, we include a proof here.
This proof is a straightforward adaptation of the one for closed manifolds in [Gur99].
The Yamabe-type invariant we consider is defined by

(4.7) Ẽ(X, [g]) := inf
ĝ∈[g]mf

∫
X
Rĝ dvĝ

Vol(X, ĝ)
n−1
n+1

,

where

[g]mf :=
{
ĝ ∈ [g] /Hĝ = 0

}
.

It is naturally associated to the problem of finding, given a smooth Riemannian
manifold with boundary, the existence of a conformally related metric with constant
scalar curvature and zero mean curvature. This question was first addressed in
[Esc92b] and has recently been settled in [MN15] (in which the interested reader
will be able to find a complete bibliography on the subject). In our context, that is
the four dimensional case with totally umbilical boundary, it has been completely
solved by Escobar in [Esc92b, Theorem 4.1]. We then prove:

Theorem 4.1. Let (X, g+) be a four dimensional PE manifold which has a smooth
representative in its conformal infinity. Then the renormalized volume satisfies

(4.8) V (X, g+) ≤
1

144
Ẽ(X, [g])2

and equality occurs if and only if (X, g+) is isometric to the hyperbolic space
(H4, gH).

Proof. From the formula (4.5) in Proposition 4.1, we have

V (X, g+) =
1

6

∫
X

( 1

24
R2

ĝ −
1

2
|Eĝ|2

)
dvĝ

since Lĝ = 0 for any ĝ ∈ [g]mf . In particular for such metrics it holds that

(4.9) V (X, g+) ≤
1

144

∫
X

R2
ĝ dvĝ

with equality if and only if the metric ĝ is Einstein. Now as explained in the
beginning of this section, it follows from the work of Escobar that one can find
ĝ ∈ [g] such that

Rĝ = Ẽ(X, [g]), Hĝ = 0 and Vol(X, ĝ) = 1.

Since the boundary of any compactification of a PE manifold is totally umbilical,
it is totally geodesic for ĝ since ĝ ∈ [g]mf . Then we can apply (4.9) to ĝ and
(4.8) follows directly. If equality holds, the manifold (X, ĝ) is a compactification
of a PE manifold which is Einstein with totally geodesic boundary, it follows from
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[CWZ19, Theorem 3.1] that (X, g+) is the hyperbolic space. On the other hand,
since from [Esc92b], it holds that

Ẽ(S4+, [gS]) = 8
√
3π,

it is obvious from (4.6) that the round hemisphere is a compactification of the
hyperbolic space for which the inequality (4.8) is an equality. �

Remark 4.2. It is also a well-known result of Escobar [Esc92b] that

Ẽ(X, [g]) ≤ Ẽ(S4+, [gS]) = 8
√
3π

with equality if and only if (X, [g]) is the four dimensional round hemisphere
(S4+, [gS]). In particular the inequality (4.8) gives an alternative proof of the well-
known inequality [CQY04]

(4.10) V (X, g+) ≤ V (H, gH) =
4π2

3
,

with equality if and only if (X, g+) is isometric to the hyperbolic space.

As a direct consequence, we easily deduce:

Corollary 4.1. Let (X, g+) be a four dimensional PE manifold which has a smooth

representative in its conformal infinity. If Ẽ(X, [g]) = 0 then the renormalized
volume of (X, g+) satisfies V (X, g+) < 0.

Another important Yamabe-type problem on manifolds with boundary first ad-
dressed by Escobar [Esc92a] asks for the existence of a conformally related metric
with zero scalar curvature and constant mean curvature on a given compact Rie-
mannian manifold. This is a deep and very difficult problem which is now com-
pletely solved. We refer to [MN17] where the last unsolved cases were treated and
where a complete bibliography regarding this subject can be found. As before, a
natural invariant associated to this problem is the Yamabe-type invariant defined
by

(4.11) E(X, [g]) := inf
ĝ∈[g]sf

∫
∂X

Hĝ dsĝ

Vol(∂X, ĝ)
n−1
n

,

where

[g]sf :=
{
ĝ ∈ [g] /Rĝ = 0

}
and which satisfies

(4.12) E(X, [g]) ≤ E(Bn+1, [gB]) = ω
1
n
n

by Escobar [Esc92a]. It is then a natural question to ask if one can relate the
renormalized volume with this Yamabe-type invariant. We will see that this is
indeed possible using the integral inequality (2.11). First note that the Gauss
formula (2.8) in the expression (4.1) gives

Tĝ =
1

12
N̂(Rĝ) +

1

2
Hĝ

(
R/ ĝ − 6H2

ĝ

)
+ 2H3

ĝ − Δ̂/Hĝ.

Then if ĝ ∈ [g]sf , Proposition 4.1 implies that

V (X, g+) = − 1

12

∫
X

|Ricĝ|2 dvĝ +
1

6

∫
∂X

Hĝ

(
R/ ĝ − 6H2

ĝ

)
dsĝ +

2

3

∫
∂X

H3
ĝ dsĝ
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that is

(4.13)
2

3

∫
∂X

H3
ĝ dsĝ ≥ V (X, g+) +

1

6

∫
∂X

Hĝ

(
6H2

ĝ −R/ ĝ

)
dsĝ,

with equality if and only if ĝ is a Ricci-flat metric. On the other hand, it follows
from [Esc92a, Theorem 6.1] that there exists ĝ ∈ [g] such that

Rĝ = 0, Hĝ = E(X, [g]) and Vol(∂X, ĝ) = 1.

The inequality (4.13) for this choice of metric now reads as

2

3
E(X, [g])3 ≥ V (X, g+) +

1

6
E(X, [g])

∫
∂X

(
6H2

ĝ −R/ ĝ

)
dsĝ.

Since ĝ ∈ [g]sf , the inequality (2.11) applies so that the second term on the right-
hand side of the previous inequality is nonnegative as soon as E(X, [g]) ≥ 0. We
then finally obtain:

Theorem 4.3. Let (X, g+) be a four dimensional PE manifold which has a smooth
representative in its conformal infinity. Then if Y(∂X, [g]) ≥ 0 it holds that

(4.14) V (X, g+) ≤
2

3
E(X, [g])3.

Moreover equality occurs if and only if (X, g+) is isometric to the hyperbolic space
(H4, gH).

Proof. The previous discussion holds since, as explained in Section 3, the nonneg-
ativity of Y(∂X, [g]) implies the nonnegativity of E(X, [g]). On the other hand, if
equality holds in (4.14) we conclude that (X, ĝ) is a Ricci-flat conformal compact-
ification of the PE manifold (X, g+) and so Corollary 2.1 implies that it has to be
the hyperbolic space. Finally, since from (4.12) we have

E(B4, [gB])
3 = 2π2,

it follows from (4.6) that the unit Euclidean ball is a compactification of the hy-
perbolic space for which the inequality (4.14) is an equality. �

Note that combining (4.12) with (4.14) gives an alternative proof of the inequality
(4.10).

5. Lower bounds for the first eigenvalue of Dirac operators

In this section, we prove new lower bounds for the first nonnegative eigenvalue
of Dirac operators in the context of PE manifolds.

Let us briefly recall some standard facts on spin manifolds. For more details on
this subject, we refer to [BHM+15,Fri00,Gin09,LM89]. On an (n+1)-dimensional
compact Riemannian spin manifold (X, ĝ) with boundary, there exists a smooth
Hermitian vector bundle over X called the spinor bundle which will be denoted by
ΣX. The sections of this bundle are called spinors. Moreover, the tangent bundle
TX acts on ΣX by Clifford multiplication Y ⊗ ψ �→ γ̂(Y )ψ for any tangent vector
fields Y and any spinor fields ψ. On the other hand, the Riemannian Levi-Civita

connection ∇̂ lifts to the so-called spin Levi-Civita connection (also denoted by ∇̂)
and defines a metric connection on ΣX that preserves the Clifford multiplication.
The Dirac operator is then the first order elliptic differential operator acting on

the spinor bundle ΣX given by Dĝ := γ̂ ◦ ∇̂. Moreover, the spin structure on X
induces (via the unit normal field to ∂X) a spin structure on its boundary which
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allows to define the extrinsic spinor bundle S/ := ΣX |∂X over ∂X on which there

exists a Clifford multiplication γ̂/ and a metric connection ∇̂/ . Similarly, the extrinsic

Dirac operator is defined by taking the Clifford trace of the covariant derivative ∇̂/
that is D/ ĝ := γ̂/ ◦ ∇̂/ . From the spin structure on ∂X, one can also construct an
intrinsic spinor bundle for the induced metric ĝ denoted by Σ∂X and endowed with

a Clifford multiplication γ̂∂X and a spin Levi-Civita connection ∇̂∂X . Note that

the (intrinsic) Dirac operator on (∂X, ĝ) is obviously defined by D̂/ = γ̂∂X ◦ ∇̂∂X .
In fact, we have an isomorphism(

S/ , ∇̂/ , γ̂/
)
�

{(
Σ∂X, ∇̂∂X , γ̂∂X

)
if n is even,(

Σ∂X, ∇̂∂X , γ̂∂X
)
⊕
(
Σ∂X, ∇̂∂X ,−γ̂∂X

)
if n is odd

so that the restriction of a spinor field onX to ∂X and the extension of a spinor field
on ∂X to X are well-defined. These identifications also imply in particular that the
spectrum of the extrinsic Dirac operator is an intrinsic invariant of the boundary
which means that it only depends on the spin and Riemannian structures of ∂X
and not on how it is embedded in X.

As noticed in [AD98,HM14], it is important to pay attention to the involved spin
structures. Since a PE manifold is topologically given by the interior of a compact
and connected manifold with boundary, we will say that X is spin if the manifold
with boundary X = X ∪ ∂X is spin and then ∂X will always be endowed with the
induced spin structure.

5.1. The boundary Dirac operator. In this part, we apply our results to the
first nonnegative eigenvalue of the boundary Dirac operator D/ ĝ. In view of the
previous discussion, all the next results also hold for the absolute value of the first
eigenvalue of the intrinsic Dirac operator. For this, we need an inequality proved by
Hijazi, Montiel and Zhang in [HMZ02] in the context of compact Riemannian spin
manifolds with boundary which relates this eigenvalue, denoted by λ1(D/ ĝ), and the
first eigenvalue of the problem (3.4). In our setting, we can refine the equality case
and state their result as follows:

Theorem 5.1.1. Let (X, g+) be a spin PE manifold which has a smooth represen-
tative in its conformal infinity (∂X, [g]). Then if the Yamabe invariant Y(∂X, [g])
is nonnegative, the first eigenvalue λ1(D/ ĝ) of the boundary Dirac operator satisfies

(5.1) λ1(D/ ĝ) ≥
n

n− 1
λ1(

√
Pĝ)

for any ĝ ∈ [g] with g = ρ2g+ and ρ is a smooth defining function. Moreover,
there exists a compactification of (X, g+) for which (5.1) is an equality if and only
if (X, g+) is isometric to the hyperbolic space (Hn+1, gH).

Proof. The inequality is exactly the one obtained in [HMZ02, Theorem 9] (the
constant differs only because of our choice of normalization). Moreover, if the
equality occurs in (5.1) it is also proved therein that the manifold (X, ĝ) has a
Ricci-flat metric in its conformal class. In this situation, Corollary 2.1 applies and
the conclusion follows immediately. Conversely, it is well-known that λ1(D/ gS

) = n/2

on the unit round sphere as well as λ1(
√
PgS

) = (n− 1)/2, so that equality occurs
in (5.1) for the unit Euclidean ball. In this situation, the associated PE manifold
is the hyperbolic space. �
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Now if we assume that the Yamabe invariant Y(∂X, [g]) is nonnegative, we have
E(X, [g]) ≥ 0 as discussed in Section 3, so that we can put together (5.1) with the
inequalities (3.5) and (3.6) to deduce the following estimates

(5.2) λ1(D/ ĝ)
2 ≥ n

n− 2
λ1(Pĝ)

for n ≥ 3 and

(5.3) λ1(D/ ĝ)
2 ≥ 2π

Area (∂X, ĝ)
χ(∂X)

for n = 2 and any ĝ ∈ [g]. Moreover, equality occurs if and only if (X, g+) is isomet-
ric to the hyperbolic space (Hn+1, gH). In fact, these inequalities are well-known in
the context of spin closed manifolds. The first one is due to Hijazi [Hij86] and is
known as the Hijazi inequality and the second one is due to Bär [Bär92] and Hijazi
[Hij91]. Note that Inequality (5.2) differs from the original one from a constant
since we take another normalization in the definition of the conformal Laplacian
Pĝ. The equality case in this context occurs if and only if the manifold carries a real
Killing spinor. Our approach allows then to state that the inequality (5.1) is always
sharper than the inequalities (5.2) and (5.3) for compact spin manifolds which arise
as the boundary at infinity of a spin PE manifold. In particular, let (X, g+) be a
PE manifold for which there exists a metric ĝ ∈ [g] on the boundary at infinity
carrying a real Killing spinor. Then it follows that equality occurs in (5.2) and so
in (3.5) and we conclude that (X, g+) has to be the hyperbolic space and (∂X, [g])
the Möbius sphere. We thus have proved that the only spin PE manifold with a real
Killing spinor in its conformal infinity is the hyperbolic space. Recall that manifolds
carrying real Killing spinors are Einstein and, in the simply connected case, have
been classified by Bär [Bär93]. They are round spheres, Einstein-Sasaki manifolds,
3-Sasaki manifolds, nearly-Kähler non-Kähler 6-manifolds and 7-manifolds carry-
ing nice 3-forms. In particular, nonspherical manifolds with a real Killing spinor
cannot be the conformal infinity of a spin PE manifold. In fact, with a little more
effort, one can say more. Indeed assume that the boundary at infinity carries a
twistor-spinor ϕ ∈ Γ(Σ∂X) that is a section of the spinor bundle over (∂X, ĝ) such
that

∇̂∂X
Y ϕ+

1

n
γ̂∂X(Y )D̂/ ϕ = 0

for all Y ∈ Γ(T∂X). Note that this property only depends on the conformal
structure of the underlying manifold so that it is a natural assumption to impose
on the boundary at infinity. It can be seen as a supersymmetric version of the
symmetric condition which assumes the existence of a conformal Killing vector
fields on (∂X, [g]). Moreover, if a twistor spinor is also an eigenspinor for the
Dirac operator it is a Killing spinor. In particular, this situation contains the
previous discussion where real Killing spinors were considered. For more details
on the subject, we refer to [BFGK90] for example. Let us now state the result
which follows directly from our analysis. As pointed out in Section 1, this result
was already known and proved under weaker assumptions by Hijazi and Montiel
[HM14] but it seems interesting to the author to give an alternative proof.

Theorem 5.1.2. A spin PE manifold (X, g+) whose conformal infinity (∂X, [g])
has a smooth representative and which carries a twistor spinor is isometric to the
hyperbolic space (Hn+1, gH).
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Proof. From the solution of the Yamabe problem [Sch84], we can choose a metric
ĝ ∈ [g] with constant scalar curvature R/ ĝ and whose sign is precisely given by the
sign of its Yamabe invariant Y(∂X, [g]). Moreover, from the variational character-
ization of the first eigenvalue of the conformal Laplacian we deduce that

(5.4) λ1(Pĝ) = inf
f∈C∞(∂X)

∫
∂X

(
|∇̂/ f |2 + n−2

4(n−1)R/ ĝf
2
)
dsĝ∫

∂X
f2 dsĝ

≥ n− 2

4(n− 1)
R/ ĝ.

On the other hand, there exists on the spinor bundle over ∂X endowed with the
metric ĝ a twistor spinor and it follows from [Lic87] that it is an eigenspinor for

the squared of the Dirac operator D̂/ associated to the eigenvalue
nR/ ĝ

4(n−1) . Note that

since ∂X is compact and the operator D̂/
2
is nonnegative, the scalar curvature with

respect to the metric ĝ is a nonnegative constant so that Y(∂X, [g]) ≥ 0. For n ≥ 3,
we can then apply (3.5) in Theorem 3.1, the Hijazi inequality (5.2) and (5.4) to get

nR/ ĝ

4(n− 1)
≥ λ1(D/ ĝ)

2 ≥ n2

(n− 1)2
λ1(

√
Pĝ)

2 ≥ n

n− 2
λ1(Pĝ) ≥

nR/ ĝ

4(n− 1)

so that the equality holds in (3.5) and (X, g+) is isometric to the hyperbolic space
as claimed. The same arguments hold for n = 2 using (3.6) in Theorem 3.1. �

This result also prevents the existence of spin PE manifolds whose boundary at
infinity carries a parallel spinor field. These manifolds include Calabi-Yau man-
ifolds, hyper-Kähler manifolds, G2 7-manifolds, Spin7 8-manifolds in the simply
connected case [Wan89] as well as the flat tori equipped with the trivial spin struc-
ture.

To conclude this section, we combine the estimate of Hijazi, Montiel and Zhang
and the upper bound (4.14) to obtain a lower bound of the first nonnegative eigen-
value of the boundary Dirac operator in term of the renormalized volume of (X, g+).
We first need to remark that from the variational characterizations of the eigen-
value λ1(

√
Pĝ), the conformal invariant E(X, [g]) and the Hölder inequality, we

immediately deduce [HMZ02, Corollary 11] that

λ1(D/ ĝ)Vol(∂X, ĝ)
1
n ≥ n

2
E(X, [g])

for any ĝ ∈ [g]. Then it is straightforward to deduce from Theorem 4.3 that in the
four dimensional case we get:

Theorem 5.1.3. Let (X, g+) be a four dimensional spin PE manifold such that the
boundary at infinity has a smooth representative and nonnegative Yamabe invari-
ant. Then the first nonnegative eigenvalue λ1(D/ ĝ) of the boundary Dirac operator
satisfies

(5.5) λ1(D/ ĝ)
3Vol(∂X, ĝ) ≥ 81

16
V (X, g+)

for any ĝ ∈ [g]. Moreover, there exists a compactification of (X, g+) for which (5.5)
is an equality if and only if (X, g+) is isometric to the hyperbolic space (Hn+1, gH).

It is maybe interesting to note that this bound on the renormalized volume
only depends on the geometry of the boundary at infinity while the renormalized
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volume depends, a priori, on the global geometry of the bulk manifold (X, g+).
This inequality suggests the definition of the following spin conformal invariant

D/ (X, [g]) := inf
ĝ∈[g]

(
λ1(D/ ĝ)Vol(∂X, ĝ)

1
n

)
,

where (X, [g]) is an (n + 1)-dimensional conformal spin compact manifold with
boundary. It can be seen as an extrinsic analogue of the invariant studied by
Ammann [Amm03] (see also the references therein) which is tightly related to the
existence of periodic constant mean curvature immersions of surfaces [Amm09]. We
leave the study of this invariant for further investigations.

5.2. The condition associated to a chirality operator. In this section, we
assume that there exists a chirality operator G on X that is a unitary and parallel
involution of the spinor bundle ΣX which anticommutes with the action of a tangent
vector field on X. Note that such a map always exists when n is odd. It is then well-

known [HMR02] that the projection PG := 1
2

(
Id − γ̂(N̂)G

)
defines a local elliptic

boundary condition for the Dirac operator for which the spectrum is a discrete
unbounded sequence of real eigenvalues with finite dimensional eigenspaces. If
λ1(Dĝ) denotes this first positive eigenvalue, it is proved in [Rau06] by the author
that

λ1(Dĝ)
2Vol(X, ĝ)

2
n+1 ≥ n+ 1

4n
Ẽ(X, [g]).

We can combine this estimate with Theorem 4.1 to deduce:

Theorem 5.2.1. Let (X, g+) be a four dimensional spin PE manifold which has
a smooth representative in its conformal infinity. Then the first eigenvalue λ1(Dĝ)
of the Dirac operator under the condition associated to a chirality operator satisfies

(5.6) λ1(Dĝ)
4Vol(X, ĝ)2 ≥ 16V (X, g+)

for any ĝ ∈ [g]. Moreover, there exists a compactification of (X, g+) for which (5.6)
is an equality if and only if (X, g+) is isometric to the hyperbolic space (Hn+1, gH).

Finally, it is interesting to remark that one can formulate all these estimates
in a more conformal way, meaning that all the data involved depend only on the
conformal structure of the compactification of the PE manifold unlike the left-hand
side of Inequality (5.6). This formulation needs the introduction of a spin conformal
invariant defined by the author in [Rau09] whose expression for four dimensional
manifolds is

D(X, [g]) := inf
ĝ∈[g]

(
λ1(Dĝ)Vol(X, ĝ)

1
4

)
.

This finally leads to:

Corollary 5.2.1. Under the assumptions of Theorem 5.2.1, it holds that:

16V (X, g+) ≤ 9Ẽ(X, [g])2 ≤ D(X, [g])4 ≤ 64π2

3
.

Proof. The last inequality, which is the only thing left to prove, follows from [Rau09,
Theorem 9]. �
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Phys. 109 (2019), no. 5, 1247–1256, DOI 10.1007/s11005-018-01146-8. MR3946492

[Sch84] Richard Schoen, Conformal deformation of a Riemannian metric to constant scalar
curvature, J. Differential Geom. 20 (1984), no. 2, 479–495. MR788292

[Wan89] McKenzie Y. Wang, Parallel spinors and parallel forms, Ann. Global Anal. Geom. 7
(1989), no. 1, 59–68, DOI 10.1007/BF00137402. MR1029845

[Xia97] Changyu Xia, Rigidity of compact manifolds with boundary and nonnegative Ricci
curvature, Proc. Amer. Math. Soc. 125 (1997), no. 6, 1801–1806, DOI 10.1090/S0002-
9939-97-04078-1. MR1415343
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