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SYMMETRIZATION OF RATIONAL MAPS: ARITHMETIC

PROPERTIES AND FAMILIES OF LATTÈS MAPS OF Pk

THOMAS GAUTHIER, BENJAMIN HUTZ, AND SCOTT KASCHNER

Abstract. In this paper we study properties of endomorphisms of Pk using
a symmetric product construction (P1)k/Sk

∼= Pk. Symmetric products have
been used to produce examples of endomorphisms of Pk with certain char-
acteristics, k ≥ 2. In the present note, we discuss the use of these maps to
enlighten stability phenomena in parameter spaces. In particular, we study
k-deep post-critically finite maps and characterize families of Lattès maps.
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Introduction

In this paper we study dynamical properties of endomorphisms of Pk, mainly
focusing on the dynamics of a symmetric product construction (P1)k/Sk

∼= Pk.
Symmetric products have been used to produce examples of endomorphisms of
Pk with certain characteristics when k ≥ 2 and their dynamics over the field C

of complex numbers is rather simple and completely understood (see [11, 13, 22],
for example). In the present note, we discuss the use of these maps to enlighten
stability phenomena in parameter spaces. In particular, we study k-deep post-
critically finite maps and characterize families of Lattès maps (in particular, those
containing symmetric products).

Let d ≥ 2 be an integer. We denote by Homd(P
k) the space of endomor-

phisms of Pk of degree d. Such endomorphisms may be represented in homo-
geneous coordinates by k + 1 degree d homogenous polynomials. This shared
degree d is called the algebraic degree of the endomorphism. Unless otherwise
specified, “degree” will mean “algebraic degree” throughout this paper. The space
Homd(P

k) is known to be a smooth irreducible quasi-projective variety of dimension
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Nd(k) := (k + 1) (d+k)!
d!·k! − 1. More precisely, it can be identified with an irreducible

Zariski open set of PNd(k), see e.g. [2, §1.1].
Here, we mainly investigate properties of the following construction.

Definition 1. For any f ∈ Homd(P
1), we define the k-symmetric product of f as

the endomorphism F : Pk −→ Pk making the following diagram commute

(1) (P1)k
(f,...,f)��

ηk

��

(P1)k

ηk

��
Pk

F
�� Pk

For the map ηk in the diagram, we use the regular map defined as the quotient
map of the action of the symmetric group Sk on (P1)k by permuting the terms of
the product.

In Section 1 we prove various basic properties of the dynamics of the map F
in relation to f , including that F is an endomorphism (as suggested in the defini-
tion). Most of the properties we give seem classical and should follow from general
properties of quotients under the symmetric group, such as from Maakestad [17].
In the remaining sections, we apply this construction to explore properties of post-
critically finite symmetric product endomorphisms of Pk and deformations of Lattès
maps of Pk.

Post-critically finite symmetric products. In Section 2 we consider another problem.
Recall that F ∈ Homd(P

k) is post-critically finite if the post-critical set of F

P(F ) :=
⋃
n≥1

Fn(C(F )) ,

i.e., the forward orbit of C(F ), the critical locus of F , is a strict algebraic subvariety
of Pk.

If X and Y are two projective varieties of the same dimension and g : X → Y
is a surjective morphism with finite fibers, we define the critical locus C(g) of g as
the Zariski closure of

Xsing ∪ {x ∈ Xreg ; dxg is not invertible}.

Definition 2. We say that F ∈ Homd(P
k) is 1-deep post-critically finite if F is

post-critically finite and F(1) := F |C(F ) is post-critically finite, meaning the orbit
under iteration of F of the critical locus C(F(1)) of F(1) is an algebraic subvariety

of pure codimension 2 of Pk.
We define j-deep post-critically finite inductively for 1 < j ≤ k − 1 by saying

that F is j-deep post-critically finite if it is (j − 1)-deep post-critically finite and
F(j) := F |C(F(j−1)) is post-critically finite, i.e. the orbit under iteration of C(F(j)) is

an algebraic subvariety of pure codimension j + 1 of Pk.
We say that F is strongly post-critically finite if it is (k− 1)-deep post-critically

finite.

Note that for 0 ≤ j ≤ k − 1 the varieties C(F(j)) and F �(C(F(j))) all have pure
codimension j + 1 by definition.

The notion of j-deep post-critically finite maps has been studied in slightly dif-
ferent contexts. In [14], Jonsson uses the notation E1 =

⋂
i>0 f

i(P(f)) (which is
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the limit set of C(f) when P(f) is closed) and defines a map f ∈ Homk(P
k) to be

1-critically finite if C(f), P(f), and E1 are all codimension 1 subvarieties, and if C(f)
and E1 contain no common irreducible component. Then j-critically finite maps
are defined inductively. Indeed, the difference in this definition is that Jonsson
requires that C(f) ∩ E1 contains no codimension 1 irreducible component. This re-
quirement ensures critical points are non-recurrent, hence non-periodic. Note that
our definition does not exclude that possibility. Jonsson’s work built on Ueda’s
study of 2-critically finite maps in [21, 22] and showed that post-critically finite
endomorphisms of P2 are always 2-critically finite.

Astorg [1] defines post-critically finite all the way down for endomorphism
f : X → X, where X is an analytic set, analogously to our definition of strongly
post-critically finite.

We focus on the following problem.

Question. Is a post-critically finite endomorphism of Pk necessarily strongly post-
critically finite?

In the case when F is a symmetric product, we give a positive answer to this
question. This answers a question posed during the 2014 American Institute of
Mathematics workshop post-critically finite maps in complex and arithmetic dy-
namics in the specific case of symmetric products. Note that Astorg’s work [1]
gives a positive answer to that question for endomorphisms satisfying a mild regu-
larity condition on the post-critical set.

We prove Theorem 3.

Theorem 3. Let f ∈ Homd(P
1) and F be the k-fold symmetric product of f for

k ≥ 2. Then F is strongly post-critically finite if and only if F is post-critically
finite if and only if f is post-critically finite.

Given a rational map F with indeterminacy set I such that P(F ) is disjoint
from I, the notion of j-deep post-critically finite is well-defined. We also provide
such a one-parameter family of degree 4 rational mappings Fa : P2 ��� P2 that are
post-critically finite but not strongly post-critically finite.

Families of Lattès maps of Pk. Denote by Md(P
k) the moduli space of endomor-

phisms of Pk with degree d, i.e. the set of PGL(k+1) conjugacy classes of the space
of degree d endomorphisms Homd(P

k). The space Md(P
k) has been proven to be

a geometric quotient (in the sense of geometric invariant theory) by Levy [16].
In Section 3 we examine families of Lattès maps in the moduli space Md(P

k)
of degree d endomorphisms of Pk. Our aim here is to have a complete description
of non-isotrivial families of Lattès maps of Pk when k ≥ 2: an endomorphism
f : Pk −→ Pk is a Lattès map if there exists an abelian variety T of dimension k,
an isogeny D : T −→ T and a finite branched cover Θ : T −→ Pk such that the
following diagram commutes

T D ��

Θ
��

T

Θ
��

Pk

f
�� Pk
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Over C, the map D is, in fact, induced by an affine map D : Ck → Ck whose linear
part is of the form

√
dU where U is unitary, see [6]. By an abuse of notation, we

call
√
dU the linear part of D.

The complex dynamics of Lattès maps has been deeply studied in several beauti-
ful papers (see e.g. [3,5,6,12,18,23]). The families and the perturbations of Lattès
maps of P1 are also quite completely understood (see [2, 8, 18]).

Recall also that a family of degree d endomorphisms of Pk is a morphism f :
Λ × Pk −→ Pk, where Λ is a quasiprojective variety of dimension m ≥ 1 and for
all λ ∈ Λ, the map fλ := f(λ, ·) : Pk −→ Pk is an endomorphism of degree d.
Equivalently, the map λ ∈ Λ 
−→ fλ ∈ Homd(P

k) is a morphism of quasiprojective
varieties. We also say that (fλ)λ∈Λ is isotrivial if there exists a holomorphic map
λ ∈ Λ 
−→ mλ ∈ PGL(k + 1,C) and λ0 ∈ Λ such that

fλ = m−1
λ ◦ fλ0

◦mλ , λ ∈ Λ .

Denote by Π : Homd(P
k) → Md(P

k) the canonical projection.

Definition 4. When (fλ)λ∈Λ is a family of endomorphisms of Pk, we say that it
has dimension q in moduli if the set {Π(fλ) ; λ ∈ Λ} is an analytic set of Md(P

k)
of dimension q. We then set dimM(fλ,Λ) := q.

We focus on maximal families of Lattès maps containing a specific Lattès map
f .

Definition 5. A family (fλ)λ∈Λ of Lattès maps of Pk containing f ∈ Md(P
k)

is maximal if for any family (ft)t∈X of Lattès maps containing also f , we have
dimM(fλ,Λ) ≥ dimM(ft, X).

Definition 6. A map f ∈ Md(P
k) is rigid if any maximal family (fλ) containing

f is isotrivial.

When k = 1, the families of Lattès maps have been completely classified by
Milnor [18]. He proves that a family (ft) of Lattès maps of P1 has positive dimension
in moduli, i.e. is non-isotrivial, if and only if d = a2 is the square of an integer
a ≥ 2 and the affine map inducing any map ft0 is of the form z 
→ az + b. We aim
here at giving a generalization of that precise statement.

Our main result on this problem is the following.

Theorem 7. Let f ∈ Md(P
k) be a Lattès map and let D be an isogeny inducing f .

Then, the dimension in moduli of any family (fλ)λ∈Λ of Lattès maps containing f
satisfies dimM(fλ,Λ) ≤ k(k+1)/2. More precisely, if (fλ)λ∈Λ is a maximal family
containing f , then

(1) either the family is isotrivial, i.e. dimM(fλ,Λ) = 0, in which case the

eigenspaces of the linear part of D associated with
√
d and −

√
d are isotriv-

ial,
(2) or dimM(fλ,Λ) = q > 0, in which case

√
d is an integer and the linear part

of D has eigenspaces associated with
√
d and −

√
d of respective dimensions

q+ and q− with

q = (q+ + q−) ·
q+ + q− + 1

2
.

Be aware that this result provides examples of families which are stable in the
sense of Berteloot-Bianchi-Dupont [4], since the function f 
→ L(f), where L(f) is
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the sum of Lyapunov exponents of f with respect to its maximal entropy measure,
is constant equal to k

2 log d, hence pluriharmonic on any such family of Lattès maps.
In Section 4, we come back to symmetric products and apply Theorem 7 to

symmetric product Lattès maps. We give a precise description of maximal families
of Lattès maps on Pk containing the k-fold symmetric products of a rational map.
More precisely, we prove the following consequence of Theorem 7.

Theorem 8. Let k ≥ 2 be an integer and let d ≥ 2 be an integer. Let F ∈ Homd(P
k)

be the k-fold symmetric product of f ∈ Homd(P
1). Then

(1) f is rigid if and only if F is rigid,
(2) otherwise, F belongs to a family of Lattès maps which has dimension k(k+

1)/2 in moduli. In particular, F can be approximated by Lattès maps which
are not symmetric products.

We give a more precise result in dimension 2, relying on the work of Rong [19].
A few words are in order to describe this result. Rong’s result says that (up to
taking an appropriate iterate) Lattès maps on P2 are either symmetric products
or preserve an algebraic web associated with a cubic curve (see Section 4 for more
details). In turn, our Theorem 8 says that any symmetric product Lattès map is
either rigid, or contained in a family of Lattès maps of dimension 3 in moduli whose
symmetric product locus is a strict subfamily of dimension 1 in moduli.

Finally, we give examples of rigid Lattès maps of P2 and P3. We also provide
an example of a non-rigid family of Lattès maps of P2. All three examples rely on
Milnor’s famous examples of Lattès rational maps of degree 2 and 4 (see [18]).

Outline. Section 1 describes the construction of basic dynamical properties of
symmetric products. In Section 2, we examine various types of post-critically fi-
nite symmetric products and describe when a symmetric product is strongly post-
critically finite. Families of Lattès maps in the moduli space Md(P

k) of degree d
endomorphisms of Pk are the focus of Section 3, and this section contains our main
result concerning non-isotrivial families of Lattès maps. Finally, in Section 4, we
give examples of rigid and non-rigid Lattès maps of P2.

1. Dynamics of symmetric products

This section is devoted to a description of the dynamics of symmetric products.
Some of the statements of the present section are known and classical, but many
of the arithmetic properties are not in the literature.

Let ηk : (P1)k −→ Pk be the holomorphic map defined as the quotient map of
the action of symmetric group Sk on (P1)k by permuting the terms of the product.
In fact, one can write ηk = [ηk,0 : · · · : ηk,k] where ηk,j is the homogeneous degree k
symmetric function given by the elementary homogeneous symmetric polynomials

ηk,j([z1 : t1], . . . , [zk : tk]) :=
∑

(I1,...,Ik)∈{0,1}k
I1+···+Ik=k−j

k∏
�=1

zI�� · t1−I�
� .

Denote by ω the Fubini-Study form of P1.
We collect some basic properties of ηk in Proposition 1.1.

Proposition 1.1. The k-th symmetric product map ηk : (P1)k −→ Pk is a finite
branched cover with degree of branching k and topological degree k!.
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Proof. It is shown by Maakestad that there is an isomorphism between (P1)k and
Pk given by the elementary homogeneous symmetric polynomials of degree k [17,
Corollary 2.6]. Indeed, the degree k can be computed as follows: take a hyperplane
H ⊂ Pk, then

deg(ηk) =

∫
η−1
k (H)

(ω � · · ·� ω)k−1.

Take H = {xk+1 = 0} so that η−1
k (H) =

⋃k
j=1{tj = 0}. In particular, by Fubini,

deg(ηk) =
k∑

j=1

∫
{tj=0}

(ω � · · ·� ω)k−1 =
k∑

j=1

(∫
P1

ω

)k−1

= k.

To compute the topological degree of ηk, it is sufficient to remark that the action
of Sk on (P1)k by permutation is free on {x = (x1, . . . , xk) ∈ (P1)k with xi = xj

for i = j}. In particular, the topological degree of ηk is Card(Sk) = k!. �

One can actually show that the k-fold symmetric product of f is regular and
enjoys good dynamical properties with respect to the ones of f .

Proposition 1.2. For any f ∈ Homd(P
1), the k-fold symmetric product F of f is

well-defined. Moreover, it satisfies the following properties.

(1) F is an endomorphism of degree d of Pk.
(2) If f is a degree d polynomial mapping of P1, then F is a degree d polynomial

mapping of Pk, i.e., there is a totally invariant hyperplane.

Proof.

(1) Since f can be written f([z :w]) = [P (z :w) :Q(z :w)] in homogeneous co-
ordinates with P,Q homogeneous polynomials, the map ηk ◦ (f, . . . , f) :
(P1)k → Pk is invariant under the diagonal action of Sk. In particular,
there exists homogeneous degree d polynomials P0, . . . , Pk such that

ηk ◦ (f, . . . , f) = [P0 : · · · :Pk] ◦ ηk
and the map F exists as a rational mapping of Pk. Now, remark that

k⋂
j=0

{ηk,j ◦ (f, . . . , f) = 0} = ∅

by construction and if x ∈ Pk is an indeterminacy point of F , it means that
η−1
k {x} ∈ {ηk,j ◦ (f, . . . , f) = 0} for any 0 ≤ j ≤ k, which is impossible. In
particular, the map F has no indeterminacy points.

(2) If f is a degree d polynomial, one can write f([z : t]) = [P (z, t) : td], where
P is homogeneous of degree d. One then can write

ηk ◦ (f, . . . , f)([z1 : t1], . . . , [zk : tk])

as follows:⎡
⎢⎣ k∏
�=1

P (z�, t�) :
k∑

j=1

tdj

k∏
�=1
� �=j

P (z�, t�) : · · · :
k∏

�=1

td�

⎤
⎥⎦ .
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Since ηk,k([z1 : t1], . . . , [zk : tk]) =
∏

j tj , this gives Pk(x0 : · · · :xk) = xd
k.

Hence, the map F can be written in homogeneous coordinates

F ([x0 : · · · :xk]) = [P0(x0, . . . , xk) : · · · :Pk−1(x0, . . . , xk) :x
d
k].

Hence F−1{xk = 0} ⊂ {xk = 0}, i.e., the map F is a polynomial endomor-
phism of Pk. �

Let F ∈ Homd(P
k) be defined over the field of complex numbers. We refer to

[20] for a more complete account on the ergodic theory of complex endomorphisms
of Pk. Let μF be the unique measure of maximal entropy k log d of F : Pk → Pk.
The measure μF is the only probability measure with constant Jacobian, i.e. such
that F ∗μF = dkμF , it is invariant, i.e. F∗μF = μF , ergodic and mixing and for
any ω-psh function g on Pk, we have g ∈ L1(μF ). Let also πj : (P1)k → P1 be the
projection onto the j-th coordinate. Recall that the sum of Lyapunov exponents of
F with respect to μF is the real number

L(F ) :=

∫
Pk

log |DF |μF ,

where | · | denotes any hermitian metric on Pk. The quantity L(F ) is independent
of the metric, by compactness of Pk and invariance of μF . One of the many con-
sequences of the work of Briend and Duval [7] is that for any F ∈ Homd(P

k), we

have L(F ) ≥ k log
√
d.

An easy result is the following. We include a proof for the sake of completeness.

Lemma 1.3. Let F ∈ Homd(P
k) be the k-fold symmetric product of f ∈ Homd(P

1).
Then

L(F ) = k · L(f) .

Proof. Let f̃ := (f, . . . , f). First, one easily sees that the probability measure

νf,k :=

k∧
j=1

(πj)
∗μf

is f̃ -invariant and has constant Jacobian dk. As a consequence, (ηk)∗(νf,k) is in-
variant and has constant Jacobian dk. Since the only probability measure having
these properties of the maximal entropy measure of F , we get

μF = (ηk)∗(νf,k) .

Hence

L(F ) =

∫
Pk

log | detDF |μF =

∫
Pk

log | detDF | · (ηk)∗ (νf,k)

=

∫
(P1)k

((ηk)
∗ log | detDF |) · νf,k .

By construction of F , the chain rule gives

(ηk)
∗ log | detDF | = (f̃)∗ log | detDηk|+ log | detDf̃ | − log | detDηk| .

As νf,k is the intersection of closed positive (1, 1)-currents with continuous po-
tentials on (P1)k, it does not give mass to pluripolar sets. In particular, one has



SYMMETRIZATION OF RATIONAL MAPS 105

log | detDηk| ∈ L1(νf,k) and

L(F ) =

∫
(P1)k

log
∣∣∣detDf̃

∣∣∣ · νf,k +

∫
(Pn)k

(
(f̃)∗ log |detDηk| − log |detDηk|

)
· νf,k

=

k∑
�=1

∫
(P1)k

log |f ′ ◦ π�| · νf,k +
∫
(P1)k

log |detDηk| ·
(
(f̃)∗(νf,k)− νf,k

)
.

As νf,k =
∧k

j=1(πj)
∗μf is (f̃)∗-invariant, we have (f̃)∗(νf,k)− νf,k = 0 and Fubini

gives

L(F ) =

k∑
�=1

∫
(P1)k

log |f ′ ◦ π�| · νf,k

=

k∑
�=1

∫
(P1)k

⎛
⎜⎝ k∧

j=1
j �=�

(πj)
∗μf

⎞
⎟⎠ ∧ (π�)

∗ (log |f ′| · μf )

=
k∑

�=1

(∫
P1

μf

)k−1

·
∫
P1

log |f ′| · μf

=

k∑
�=1

∫
P1

log |f ′| · μf = k · L(f) ,

which ends the proof. �

2. Post-critically finite symmetric products

In this section, we prove Theorem 3. The proof of this result relies on the
following description of the critical set of F in terms of critical sets of f and ηk.

Lemma 2.1. The critical set of F is given by

C(F ) = ηk

⎛
⎝k−1⋃

s=0

(P1)s × C(f)× (P1)k−s−1 ∪
⋃

1≤i<j≤k

Ωi,j

⎞
⎠ ,

where Ωi,j = {x ∈ (P1)k ; f(xi) = f(xj)}.

Proof. Since F ◦ ηk = ηk ◦ (f, . . . , f), for all z ∈ (P1)k, we have

Dηk(z)F ◦Dzηk = D(f,...,f)(z)ηk ◦Dz(f, . . . , f).

Since at any critical point p of (f, . . . , f), there is �v ∈ Tp(P
1)k such that Dpηk(�v) =

0, it follows that the critical locus of F is the projection by ηk of the critical locus
of the map (f, . . . , f) acting on (P1)k and of the critical locus of ηk ◦(f, . . . , f). The
critical locus of (f, . . . , f) obviously is

k−1⋃
s=0

(P1)s × C(f)× (P1)k−s−1,

and the critical locus of ηk ◦ (f, . . . , f) is the set where the action of the group Sk

is not free, i.e. (x1, . . . , xk) ∈ (P1)k is in the critical set of ηk ◦ (f, . . . , f) if and only
if f(xi) = f(xj) for some 1 ≤ i < j ≤ k.
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Thus, it remains only to show that at any critical point p of (f, . . . , f), there is
�v ∈ Tp(P

1)k such that Dpηk(�v) = 0. Without loss of generality, we may use the
affine coordinates wi = zi/ti for 1 ≤ i ≤ k in the domain so that

ηk,j(w1, . . . , wk) =
∑

(I1,...,Ik)∈{0,1}k
I1+···+Ik=k−j

k∏
�=1

wI�
� .

In particular, we have

ηk,k−1(w1, . . . , wk) = w1 + · · ·+ wk and ηk,k(w1, . . . , wk) = 1.

Using coordinates ηk,j/ηk,k for 0 ≤ j ≤ k− 1 in the codomain, we have ηk : (C)
k →

Ck. Since ηk,k−1(w1, . . . , wk)/ηk,k(w1, . . . , wk) = w1 + · · ·+ wk, every entry in the
last row of the matrix representing Dpηk is 1, whence there exists
�v ∈ Tp(C)

k \ ker(Dpηk), as required. �

Proof of Theorem 3. Let us first prove that F is post-critically finite if and only
if f is post-critically finite. Remark that the post-critical set of F is an algebraic
variety if and only if it is the image under ηk of an algebraic variety. According to
Lemma 2.1, one thus sees that F is post-critically finite if and only if the union of
the iterates under the map (f, . . . , f) (resp. (f, f)) of the set

k−1⋃
s=0

(P1)s × C(f)× (P1)k−s−1 ⊂ (P1)k

(resp. Ω = {(x1, x2) ∈ (P1)2 ; /f(x1) = f(x2)} ⊂ (P1)2), which is

k−1⋃
s=0

(P1)s × P(f)× (P1)k−s−1 ⊂ (P1)k

(resp. the diagonal Δ of (P1)2) is an algebraic variety of (P1)k (resp. (P1)2). Hence,
F is post-critically finite if and only if f is.

Let us now prove that F is strongly post-critically finite if and only if f is post-
critically finite. Write Δi,j := {x ∈ (P1)k ; xi = xj} and note that (f, . . . , f)(Ωi,j) =
Δi,j and that Δi,j is fixed by (f, . . . , f). By Lemma 2.1, the problem reduces to
proving that (f, . . . , f) is strongly post-critically finite as a self-map of (P1)k and
as a self-map of

⋃
i<j Δi,j if and only if f is post-critically finite. Let us proceed

by induction on k ≥ 2. For k = 2, by Lemma 2.1, the critical set of (f, f) is
P1 ×C(f)∪ C(f)× P1 and the critical set of its restriction to P1 ×C(f)∪ C(f)×P1

is C(f)× C(f). Moreover, the critical locus of the restriction of (f, f) to Δ is also
C(f) × C(f). Moreover, f is post-critically finite if and only if the restriction of
(f, f) to P1×C(f)∪C(f)×P1∪Δ is strongly post-critically finite, which concludes
the proof for k = 2.

Assume now that for all 2 ≤ s < k, the s-fold symmetric product of f is strongly
post-critically finite if and only if f is post-critically finite. According to Lemma
2.1 and to the above discussion, it is sufficient to prove that (f, . . . , f) restricted to

k−1⋃
s=0

(P1)s × C(f)× (P1)k−s−1 ∪
⋃

1≤i<j≤k

Δi,j

is strongly post-critically finite if and only if f is post-critically finite. By the induc-
tion assumption, the strong post-critical finiteness of (f . . . , f) on
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(P1)s × C(f) × (P1)k−s−1 is equivalent to that of f . Finally, there exists a map
σi,j : (P

1)k → (P1)k permuting coordinates such that σi,j(Δi,j) = Δ× (P1)k−2, and
the following diagram commutes

Δi,j
(f,...,f) ��

σi,j

��

Δi,j

σi,j

��
Δ× (P1)k−2

(f,...,f)
�� Δ× (P1)k−2

In particular, the problem reduces to the case of the (k−2)-fold symmetric product
of f and the induction assumption allows us to conclude. �

We now want to give a negative answer to the question in the case when inde-
terminacy points are allowed. To do so, we provide an example based on a map
from [15] of a degree 4 rational mapping of P2 having the wanted properties. For
any a ∈ C \ {0}, we let

Fa : P
2 ��� P2 by [x : y : z] 
→ [−y2 : ax2 − axz : z2 − x2].

This provides a good counter-example.

Proposition 2.2. The following holds:

(1) For all a ∈ C \ {0}, the map F 2
a is rational (i.e. I(F 2

a ) = ∅) and post-
critically finite.

(2) For all but countably many a ∈ C \ {0}, the map F 2
a is not strongly post-

critically finite.

Proof. For any a = 0, the point I = [1 : 0 : 1] is clearly the unique indeterminacy
point of Fa. It also is an indeterminacy point of F 2

a , hence F
2
a is rational. Moreover,

the critical locus of Fa is

C(Fa) = {x = 0} ∪ {y = 0} ∪ {z = x} .

Note that I ∈ {y = 0} ⊂ C(Fa) and Fa(I) = {x = 0}. Since Fa({y = 0}) = {x = 0},
Fa({x = 0}) = {y = 0}, and Fa({x = z}) = {[1 : 0 : 0]}, we get

Fa(C(Fa)) ⊂ C(Fa) \ {I}
and P(Fa) = {x = 0} ∪ {y = 0} is disjoint from I. Hence, Fa is post-critically
finite, as is F 2

a . To prove that for a good choice of a = 0 the map F 2
a is not strongly

post-critically finite, we look at the restriction

fa := F 2
a |{y=0} : {y = 0} � P1 → {y = 0} � P1,

which is the quadratic rational map of P1:

fa([z : t]) = [−a2z2(z − t)2 : (z2 − t2)2] = [−a2z2 : (z + t)2],

[z : t] ∈ P1. Its critical points are [0 : 1] and [1 : 1]. Moreover, fa([0 : 1]) = [0 : 1],
hence, fa is a quadratic polynomial. It is conjugate to the map

pa : z ∈ C 
→ z2 − 1

a2
∈ C .

In particular, fa is post-critically finite if and only if pa is post-critically finite, i.e.
if and only if pna(0) = pka(0) for some n > k ≥ 0. But the family (pa)a∈C\{0} is

a 2-to-1 cover of a punctured line of M2(P
1) \ {[z2]} so no equation of the form



108 THOMAS GAUTHIER, BENJAMIN HUTZ, AND SCOTT KASCHNER

pna(0) = pka(0) is satisfied by all a = 0. In particular, there exists only countably
many such parameters. �

3. Families of Lattès maps in dimension at least 2

Our main goal in this section is to prove Theorem 7; the proof decomposes into
two steps. First, we prove that the induced analytic family of complex dimension
k tori up to biholomorphism has the same dimension as the family of Lattès maps.
We then follow Milnor’s proof for the case k = 1 and adapt his argument.

3.1. Families of abelian varieties. This paragraph is devoted to recalling clas-
sical results concerning abelian varieties. For the material of this paragraph, we
refer to [10].

The moduli space of polarized abelian varieties. A polarization on a complex abelian
variety T is an integral Kähler form ω on T , i.e. a Kähler form with integral
cohomology class in H2(T ,R). A complex torus T = Ck/Γ admits an integral
Kähler form if and only if there is a basis for Ck, integers d1, d2, . . . , dk satis-
fying d1 | · · · | dk, and a matrix τ ∈ Mk(C) with τ t = τ and Im(τ ) > 0 such that
Γτ := τZk ⊕ΔZk, where Δ = diag(d1, . . . , dk) ∈ Mk(Z). In this case, we say the
polarization ω on T is of type Δ.

We now give the classical definition of the moduli space of type Δ abelian vari-
eties. Let

Hk := {τ ∈ Mk(C) ; τ t = τ , Im(τ ) > 0}.
For any field K, let Sp2k(K) be the symplectic group

Sp2k(K) := {M ∈ GL2k(K) ; MJM t = J} ,

where J =

(
0 Ik

−Ik 0

)
∈ M2k(K). We also let σΔ : GL2k(Q) −→ GL2k(Q) be

defined by

σΔ(M) :=

(
Ik 0
0 Δ

)
)−1M

(
Ik 0
0 Δ

)
, M ∈ GL2k(Q).

Finally, we let GΔ := σΔ(M2k(Z)) ∩ Sp2k(Q).
The well-defined map(

M =

(
A B
C D

)
, τ

)

−→ M · τ := (Aτ +B)(Cτ +D)−1

defines an action of the group Sp2k(R) on Hk. Moreover, any discrete subgroup of
Sp2k(R) acts properly discontinuously on Hk. The main result we rely on is that
two polarized abelian varieties Ck/Γτ and Ck/Γγ of type Δ are isomorphic if and
only if there exists M ∈ GΔ with M · τ = γ.

Definition 3.1. The moduli space Ak,Δ of polarized abelian varieties of type Δ is
the set of isomorphism classes of such varieties. Equivalently, this is Hk/GΔ.

It is known that the moduli space Ak,Δ is a quasi-projective variety and that it
has dimension k(k + 1)/2. We also denote by

ΠΔ : Hk −→ Ak,Δ

the quotient map.



SYMMETRIZATION OF RATIONAL MAPS 109

Dimension in moduli of families of abelian varieties. We say that (Tt)t∈Λ is a holo-

morphic family of abelian varieties if there exists a complex manifold T̂ and a

holomorphic map p : T̂ −→ Λ, such that p−1{t} ∼= Tt for all t ∈ Λ.
We want to define properly a notion of dimension in moduli for the family (Tt)t∈Λ.

First, notice that the polarization of Tt is defined by an entire Kähler form. As seen
in the proof of [10, Proposition VI.1.3], when t varies in Λ, the integers d1 | · · · | dk
cannot change. In particular, the type of the polarization is constant in the family
(Tt)t∈Λ and there exists a holomorphic map t ∈ Λ 
−→ τ (t) ∈ Hk with Tt =
Ck/(τ (t)Zk ⊕ΔZk) for all t ∈ Hk.

As a consequence, we can define the type of a holomorphic family (Tt)t∈Λ of
abelian varieties as the type Tt0 of any t0 ∈ Λ.

Definition 3.2. We say that a holomorphic family (Tt)t∈Λ of abelian varieties of
type Δ has dimension q in moduli if the analytic set ΠΔ(Λ) ⊂ Ak,Δ has dimension
q.

3.2. Lattès maps and abelian varieties.
Families of Lattès maps. Recall that F ∈ Homd(P

k) is a Lattès map if there exists
a complex k-dimensional abelian variety T , an isogeny I : T → T , and a Galois
branched cover Θ : T → Pk making the following diagram commute

T I ��

Θ
��

T

Θ
��

Pk

F
�� Pk

(see e.g. [12]). These maps are known to be post-critically finite (see e.g. [5]).
Another way to present Lattès maps, given by Berteloot and Loeb [6, Théorème
1.1 & Proposition 4.1], is the following (see also [5]): A complex crystallographic
group G is a discrete group of affine transformations of a complex affine space V
such that the quotient X = V/G is compact.

A degree d endomorphism F : Pk −→ Pk is a Lattès map if there exists a ramified
cover σ : Ck −→ Pk, an affine map A : Ck −→ Ck whose linear part is

√
d · U

where U ∈ U(k) is a diagonal unitary linear map, and a complex crystallographic
group G < U(k)� Ck (hence discrete and closed) such that the following diagram
commutes:

Ck A ��

σ
��

Ck

σ
��

Pk

F
�� Pk

and the group G acts transitively on fibres of σ.

Lemma 3.3. Let (ft)t∈Λ be any holomorphic family of Lattès maps of Pk. Then
there exists a holomorphic family (Gt)t∈Λ of complex crystallographic groups, a
holomorphic family (σt)t∈Λ of branched covers, and a holomorphic family of affine
maps (At)t∈Λ, as above. Moreover, the linear part of At is independent of t.

Proof. Let (ft)t∈Λ be a holomorphic family of Lattès maps and let Gt, At and σt

be such that σt ◦ At = ft ◦ σt on Ck be given as in [6]. It follows from Sections 4
and 5 of [6] that Gt, At and σt depend holomorphically on t. Moreover, the linear
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part of At can be written
√
d · Ut with Ut ∈ U(k) ⊂ GLk(C) and the map t 
→ Ut

is holomorphic. Hence, it has to be constant. �
Equality of the dimensions in moduli. We now may prove the following key fact.

Proposition 3.4. Let Λ be a complex manifold. Let (fλ)λ∈Λ be a holomorphic
family of degree d Lattès maps of Pk, and let (Tλ)λ∈Λ be any induced family of
abelian varieties. Then the family (fλ)λ∈Λ has dimension q in moduli if and only
if (Tλ)λ∈Λ has dimension q in moduli.

Proof. Pick any induced holomorphic family of tori (Tt)t∈Λ. Let q and r stand,
respectively, for the dimension in moduli of (ft)t∈Λ and (Tt)t∈Λ. Assume first that
r > q. Choose t0 ∈ Λ. By assumption, there exists a holomorphic disk D ⊂ Λ
centered at t0 and such that (Tt)t∈D has dimension 1 in moduli and the canonical
projection Π : D 
−→ Md(P

k) is constant. In particular, there exists a holomorphic
disk (φt)t∈D of PSL(k+ 1,C) such that ft = φ−1

t ◦ ft0 ◦ φt on Pk. Since (Tt)t is an
induced family of abelian varieties, we have

Tt
Dt ��

φt◦Θt

��

Tt
φt◦Θt

��
Pk

ft0

�� Pk .

As a consequence, φt ◦ Θt : Tt → Pk and Θt0 : Tt0 → Pk are isomorphic Galois
branched covers. Hence, there exists an analytic isomorphism ψt : Tt → Tt0 for any
t ∈ D. Hence, Tt is isomorphic to Tt0 for any t ∈ D. This implies that (Tt)t∈D is
isotrivial in moduli. This is a contradiction.

For the converse inequality, we also proceed by contradiction. Assume r < q.
Since Md(P

k) is a geometric quotient, for any t0 ∈ Λ, there exists a local dimension
q complex submanifold Λ0 ⊂ Λ containing t0 and such that the canonical projection
Π : Λ0 
−→ Md(P

k) has discrete fibers over its image.
As above, this implies the existence of a holomorphic disk D ⊂ Λ0 centered at t0

and such that the corresponding family (Tt)t∈D is isotrivial in moduli, i.e. Tt � Tt0
as abelian varieties for any t ∈ D. We, thus, may assume that T := Tt0 = Tt for all
t ∈ D. We, thus, have a holomorphic family (Dt)t∈D of degree

√
d isogenies of T

and a holomorphic family of Galois covers Θt : T −→ Pk with

T Dt ��

Θt

��

T

Θt

��
Pk

ft

�� Pk .

Let Γ be a lattice defining T , i.e. such that T = Ck/Γ. Lifting Dt to an affine

map D̃t : C
k −→ Ck, we end up with a holomorphic map t ∈ D 
−→ D̃t ∈ Aff(Ck),

which satisfies D̃t(Γ) ⊂ Γ and D̃t =
√
d · Ut + τt with Ut ∈ Uk and τt ∈ 1

2Γ. As

a consequence, the map t 
→ D̃t is discrete, hence constant. The family (Dt)t∈D is
thus constant. Let D := Dt for all t.

Finally, by assumption, there exists an isomorphism αt : Tt → Tt0 for all t ∈ D,
which depends analytically on t. Hence Θt = Θt0 ◦αt for all t ∈ D, and (Θt)t∈D is a
holomorphic family of Galois cover of Pk which are isomorphic. As a consequence,
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there exists a holomorphic disk t ∈ D 
−→ φt ∈ PSL(k + 1,C) such that Θt =
φt ◦Θt0 , for all t ∈ D. Hence, we get

φt ◦ (Θt0 ◦D) = (ft ◦ φt) ◦Θt0

which we may rewrite

ft0 ◦Θt0 = Θt0 ◦D =
(
φ−1
t ◦ ft ◦ φt

)
◦Θt0 .

This gives ft0 = φ−1
t ◦ ft ◦ φt, i.e. D ⊂ Π−1{ft0}. This is a contradiction since the

fibers of Π are discrete in Λ0. �
An immediate consequence is the following.

Corollary 3.5. Let (fλ)λ∈Λ be a holomorphic family of degree d Lattès maps of
Pk. Then the family (fλ)λ∈Λ has dimension in moduli at most k(k + 1)/2.

3.3. Classification of maximal families of Lattès maps. We now want to
prove Theorem 7. We use the description of Berteloot and Loeb of Lattès maps
[6]. When U : Ck → Ck is linear, we denote by Eλ := ker (λIk − U) the eigenspace
associated with the eigenvalue λ ∈ C.

We may prove the following.

Theorem 3.6. Assume (ft)t∈Λ is a maximal family of Lattès maps containing f

and let D =
√
d · U + γ be the affine map inducing f . Let q± := dimC ker(U ± Ik);

then

dimM(ft,Λ) = (q+ + q−) ·
q+ + q− + 1

2
.

Remark. Let (ft)t∈Λ be any holomorphic family of Lattès maps of Pk, let (At)t∈Λ

be the holomorphic family of affine maps given by Lemma 3.3, and write
√
d ·U the

linear part of At with U ∈ U(k). Be aware that for any integer m ∈ Z, since U is

unitary, we have dimC Em(
√
d · U) = 0 for all m = ±

√
d and dimC Em(

√
d · U) = 0

for all m if d is not the square on an integer.

Proof. Up to taking a connected subvariety of Λ, we may assume q := dimM(ft,Λ).
According to Proposition 3.4, the induced family of abelian varieties (Tt)t∈Λ has
also dimension q in moduli.

Choose t0 ∈ Λ. Notice that, by Lemma 3.3, if At : Tt → Tt is the affine
map inducing ft, then At for all t has linear part U ∈ U(k) independent of t.
Our assumption implies that the isogeny A = (At)t preserves a family of abelian
varieties with dimension in moduli q. Set

q∗ := (q+ + q−) ·
q+ + q− + 1

2
.

We now may prove it implies q = q∗. We prove first q ≥ q∗. If q∗ = 0, this is trivial.
Otherwise, up to linear change of coordinates, we have

U =

⎛
⎝Iq+ 0 0

0 Iq− 0
0 0 �

⎞
⎠ ,

where � is a (k− (q++ q−))-square diagonal unitary matrix. Let Γτ0 = τ0Z
k⊕ΔZk

be a lattice preserved by At0 with Tt0 � Ck/Γτ0 . Write

τ0 =

(
τ1,1 τ1,2
τ t1,2 τ2,2

)
,
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where τ1,1 ∈ Hq∗ , τ2,2 ∈ Hk−q∗ and τ1,2 is a (q∗, k − q∗)-matrix. For λ ∈ Hq∗ , we
let

τ (λ) :=

(
λ τ1,2
τ t1,2 τ2,2

)
∈ Hk.

Let Tλ := Ck/Γλ, where Γλ = τ (λ)Zk ⊕ΔZk. The family (Tλ) has dimension q∗ in
moduli. Remark also that

γ = τ0 · u+Δ · v ∈ α · Γ0

for some α ∈ C∗ (resp. u, v ∈ α · Zk) and that this property has to be preserved in
any family of Lattès maps containing f . Hence, we may let

γ(λ) := τ (λ) · u+Δ · v ∈ α · Γλ , λ ∈ Λ ,

so that the map γ : Λ → Ck is holomorphic and the map Aλ :=
√
d · U + γ(λ)

induces an isogeny of the abelian variety Tλ. Moreover, we have Tτ1,1 � Tt0 and
ft0 is induced by Aτ0 . Hence, ft0 belongs to a family of Lattès maps which is
parameterized by Λ. By Proposition 3.4, this family has dimension at least q∗ in
moduli, and q ≥ q∗.

We now prove the converse inequality by contradiction, assuming q > q∗. Assume
first that q∗ = 0. Since q > 0, we again can find a holomorphic disk D ⊂ Λ with
dimΠΔ(D) = 1 where Δ is the type of the family (Tt)t∈D. By assumption, U ∈ U(k)
is diagonal and has no integer eigenvalue. Hence, U = diag(u1, . . . , uk) with |ui| = 1
and u2

i = 1. On the other hand, if σt : Ck → Pk is the Galois cover making the
following diagram commute

Ck At ��

σt

��

Ck

σt

��
Pk

ft

�� Pk ,

for any t ∈ D, any z ∈ Ck, and any a ∈ Γt, we find

σt(
√
d · U(z) + γt) = ft(σt(z)) = ft(σt(z + a)) = σt(

√
d · U(z + a) + γt).

This gives
√
d · U(Γt) ⊂ Γt for all t. In particular, if (e1, . . . , ek) is the canonical

basis of Ck

√
d · (U ◦ τt) · ei = τt · u+Δ · v

for some u, v ∈ Zk, and τt is a non-constant holomorphic map of the parameter t
by assumption. Since

√
d · U is diagonal, this gives

√
d · ui

k∑
j=1

τt,i,jδi,j =

k∑
j=1

τt,i,juj +Δi,jvj .

This is impossible, since it gives that τt is constant on D hence that (Tt) is an
isotrivial family.

Assume finally that q∗ > 0. As in the proof of Proposition 3.4, since Md(P
k)

is a geometric quotient, for any t0 ∈ Λ there exists a local dimension q complex
submanifold Λ0 ⊂ Λ containing t0 and such that the canonical projection Π : Λ0 
−→
Md(P

k) has discrete fibers over its image.
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Notice that for any t0 ∈ X, there exists a polydisk Dq∗ centered at t0 in X0,
as described above. By assumption, there exists a disk D centered at t0 which is
transverse to Dq∗ . As above, write Γt = τ (t)Zk ⊕ΔZk and decompose τ (t):

τ (t) :=

(
τ1,1(t) τ1,2(t)
τ1,2(t)

t τ2,2(t)

)
,

where τi,j(t) is holomorphic on t ∈ D. Let Γ′
t := τ2,2(t)Z

k ⊕Δ′Zk, where

Δ′ = diag(dk−q∗+1, . . . , dk)

and the di’s are given by Δ = diag(d1, . . . , dk) with di | di+1. Up to reducing
D, we may assume Γ′

t is not GΔ′-equivalent to Γ′
t0 and that Δ′ is the type of

the family (T ′
t )t∈D of abelian varieties defined as T ′

t := Ck−q∗/Γ′
t. We now let

U ′ = diag(uk−q∗+1, . . . , uk) ∈ U(k − q∗) where, again, the ui’s are given by U =

diag(u1, . . . , uk). We finally let γ′
t = (γt,k−q∗+1, . . . , γt,k) ∈ Ck−q∗ and A′

t :=
√
d ·

U ′ + γ′
t. The family (T ′

t , At)t induces a family of Lattès maps on Pk−q∗ with
dim(U ′ ∓ Ik−q∗) = 0. We thus have reduced to the case q∗ = 0. �

An immediate corollary is

Corollary 3.7. The dimension in moduli of (ft)t∈Λ is non-zero if and only if d is
the square of an integer and the linear map U has at least one integer eigenvalue
(which must be −1 or 1).

We now derive Theorem 7 from Theorem 3.6.

Proof of Theorem 7. If dimM(fλ,Λ) = 0, then by Theorem 3.6, 0 = q√d + q−
√
d.

Since both q±
√
d ≥ 0, we must have q√d = q−

√
d = 0.

On the other hand, suppose dimM(fλ,Λ) > 0. Again by Theorem 3.6, at least
one of q√d and q−

√
d must be positive. Recall that U , the linear part of At, is

unitary. Thus, we have qm := dimCEm(
√
d · U) = 0 for all m = ±

√
d and qm = 0

for all m if d is not the square on an integer. Since one or both of q±
√
d must be

positive, the result follows. �

4. Symmetric product Lattès maps

In this section, we prove Theorem 8. First, though, note that among symmetric
products, we can easily characterize Lattès ones.

Proposition 4.1. Let k, d ≥ 2 and let f ∈ Homd(P
1), and let F ∈ Homd(P

k) be the
k-fold symmetric product of f . Then F is a Lattès map if and only if f is a Lattès
map. Moreover, if T is an elliptic curve, I : T → T is affine and Θ : T → P1 is
the Galois cover such that

T I ��

Θ
��

T

Θ
��

P1

f
�� P1
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is a commutative diagram, then the following diagram commutes:

T k
(I,...,I)��

ηk◦(Θ,...,Θ)
��

T k

ηk◦(Θ,...,Θ)
��

Pk

F
�� Pk

Proof. The characterization of L(F ), the sum of Lyapunov exponents of F , in terms
of L(f) from Lemma 1.3 provides a path for a simple proof. Berteloot and Dupont

[5] proved that F is Lattès if and only L(F ) = k log
√
d. A similar result was

known by [23] in dimension 1. Namely, f ∈ Homd(P
1) is Lattès if and only if

L(f) = log
√
d. The fact that F is Lattès if and only if f is Lattès follows directly

from Lemma 1.3. Assume now that f is a Lattès map induced by I : T → T
under the Galois cover Θ : T → P1. By construction of F , the following diagram
commutes:

T k
(I,...,I) ��

(Θ,...,Θ)

��

T k

(Θ,...,Θ)

��
(P1)k

ηk

��

(f,...,f)
�� (P1)k

ηk

��
Pk

F
�� Pk

which concludes the proof. �

We now come to the proof of Theorem 8.

Proof of Theorem 8. It is classical that f is rigid if and only if the linear part of
the induced isogeny A is not an integer (see [18]). We now let F be the k-fold
symmetric product of f . We have the following alternatives:

(1) either q√d + q−
√
d = 0,

(2) or q√d = k (or q−
√
d = k).

We now just have to apply Theorem 7. �

In dimension 2. An algebraic web is given by a reduced curve C ⊂ (P2)	, where
(P2)	 is the dual projective plane consisting of lines in P2. The web is invariant for
a holomorphic map f on P2 if every line in P2 belonging to C is mapped to another
such line [9].

In [19, Theorems 4.2 & 4.4], Rong Feng gave the following description of Lattès
maps on P2: pick a Lattès map F ∈ Homd(P

2), then

• either F or F 2 is the 2-fold symmetric product of a Lattès map f ∈
Homd(P

1) (resp. f ∈ Homd2(P1)),
• or F , F 2, F 3 or F 6 is a holomorphic map preserving an algebraic web
associated to a smooth cubic.

Combined with Theorem 8, this description directly gives the following result.

Corollary 4.2. Let F ∈ Homd(P
2) be a 2-fold symmetric product Lattès map.

Then
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(1) either F is a rigid 2-fold symmetric product,
(2) or F is a 2-fold symmetric product which belongs to a family of Lattès maps

which has dimension 3 in moduli. In that case, F can be approximated by
Lattès maps admitting a suitable iterate which preserve an algebraic web
associated to a smooth cubic. More precisely, any maximal subfamily of
symmetric products has dimension 1 in moduli.

Proof. According to Theorem 8, either F is rigid or F belongs to a family of Lattès
maps which has dimension 3 in moduli. Now, if F belongs to such a family, there is a
maximal subfamily (Ft)t which consists of symmetric products which has dimension
1. The family (Fm

t )t is also a maximal family of symmetric products for all m ≥ 1.
The result follows from Rong’s classification. �

Explicit examples. We now give exlicit examples.

Example 1 (Rigid Lattès maps of P2 and P3). In [18], Milnor provided an example
of degree 2 Lattès map f ∈ Rat2:

f : [z : t] 
→ [z2 + a2zt : t2 + a2zt]

(where a = i
√
2, a = (1 ±

√
7)/2, or a = 1 ± i). As deg(f) is not the square of an

integer, f has to be isolated in M2 (see e.g. [18]). The 2-fold symmetric product
of f is F : P2 → P2 given by

[z : t : w] 
→ [F1 : F2 : F3] ,

where F1(z, t, w) = z2 + a2zt+ a4zw, F2(z, t, w) = t2 + a2zt+ a2tw + 2(a4 − 1)zw
and F3(z, t, w) = w2 + a2tw+ a4zw. We now turn to the 3-fold symmetric product
of f .

The 3-fold symmetric product of f is G : P3 → P3 given by

[z : t : w : u] 
→ [G1 : G2 : G3 : G4] ,

where

G1(z, t, w, u) = z2 + a2zt+ a4zw + a6zu,

G2(z, t, w, u) = t2 + a4tu+ a2tw + a2zt+ 3a6zu+ 2a4zw − 3a2zu− 2zw,

G3(z, t, w, u) = w2 + a4zw + a2tw + a2wu+ 3a6zu+ 2a4tu− 3a2zu− 2tu,

G4(z, t, w, u) = u2 + a2wu+ a4tu+ a6zu.

By Theorem 7, since f is rigid, both maps F and G are rigid Lattès maps, respec-
tively, in the moduli spaces M2(P

2) and M2(P
3).

Example 2 (Flexible Lattès maps of P2). The one-dimensional family (fλ)λ∈C\{0,1}
of degree 4 maps

fλ : [z : t] ∈ P1 
−→ [(z2 − λt2)2 : 4zt(z − t)(z − λt)]

is a family of flexible Lattès maps of P1. The family of 2-fold symmetric products
Fλ : P2 → P2 given for λ ∈ C \ {0, 1} by

[z : t : w] 
→ [F1,λ : F2,λ : F3,λ] ,
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where

F1,λ(z, t, w) = ((z + λw)2 − λt2)2,

F2,λ(z, t, w) = 4((z + λw)3t+ 2(λ+ 1)(z + λw)2zw + λ(z + λw)t3 − 8λzwt(z + λw)

− (λ+ 1)(z2t2 + λ2t2w2)) ,

F3,λ(z, t, w) = 16zw(z − t+ w)(z − λt+ λ2w)

is a family of flexible Lattès maps of P2. Moreover, by Corollary 4.2, it is a strict
subfamily of a 2-dimensional family of flexible Lattès maps.
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