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DYNAMICAL SYSTEMS OF CORRESPONDENCES ON THE
PROJECTIVE LINE I: MODULI SPACES AND MULTIPLIER
MAPS

RIN GOTOU

ABSTRACT. We consider moduli spaces of dynamical systems of correspon-
dences over the projective line as a generalization of moduli spaces of dy-
namical systems of endomorphisms on the projective line. We define the
moduli space Dyn, . of degree (d, e) correspondences. We construct a fam-
ily pc : Dyng ¢ --» Dyny 44._ of rational maps representation-theoretically.
Here we note that Dyn, 4, . ; is identical to the moduli space of the usual
dynamical systems of degree d+e — 1. We show that the moduli space Dyng .
is rational by using p.. Moreover, the multiplier maps for the fixed points
factor through p.. Furthermore, we show the Woods Hole formulae for cor-
respondences of different degrees are also related by p. and obtain another
representation-theoretically simplified form of the formula.

1. INTRODUCTION

Silverman [32] studied moduli spaces of dynamical systems over the projective
line P!, which parameterizes endomorphisms up to the conjugations by the au-
tomorphisms on P! by using geometric invariant theory (GIT for short). Self-
correspondence is a generalization of endomorphism. Some important concepts on
a dynamical system of endomorphism have natural generalization for a dynamical
system of (self-)correspondence. An example is Woods Hole formula, which was
originally stated for correspondence by Atiyah-Bott [I] and Illusie [13] and used
for dynamical system of self-maps by Ueda [36]. Other examples are the canonical
measure and the canonical height, which were originally stated for self-map and
generalized to correspondence by Dinh-Kaufmann-Wu [4] and Ingram [I4] respec-
tively.

In this paper, we construct moduli spaces of dynamical systems of correspon-
dences on the projective line as an analogue of Silverman’s construction [32]. We
firstly construct the moduli space Corrg e of correspondences of degree (d, e), which
parameterizes the closed subschemes C C PL x ]P’}J defined by an equation
Z?:o Z;ZO aijxiyj = 0. To construct moduli spaces of dynamical systems up to
coordinate changes, we consider the diagonal action of Aut(P') ~ PGLy on P! x P!,
which is equivalent to the conjugation action on the graph variety (for example, see
[30]). We give characterization of stable points and semistable points. The stable
and semistable loci were given in [32] for the case d = 1, that is, the case of moduli
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spaces of rational maps. We obtain a simple generalization of this result to our
moduli spaces of correspondences as follows.

Theorem 1.1 (Theorem [612). The point of Corry . which represents a correspon-
dence C is a stable point (resp. a semistable point) if and only if C' has no point of
multiplicity > 45 (resp. of multiplicity > “£<) on the diagonal of P* x P*.

S
,€

Corollary 1.2. The semistable locus Corry
if and only if d + e is odd.

coincides with the stable locus Corry .

Remark 1.3. GIT ensures the existence of a uniform geometrical quotient of the sta-
ble locus and a compactification of the quotient as a universal categorical quotient
of the semistable locus.

The compactified moduli space of dynamical systems Dyn, , := Corry’, / PGLa,
of dimension (d+1)(e+1)—4, is constructed as the projective spectrum of a graded
invariant ring.

By computing the composition of correspondence explicitly, we construct the
iteration map ¥, : Corrg,. --» Corrgn en,C +— CoCo---oC (Definition [5.21]). We
check that the iteration map on Dyn, . is well-defined by using Theorem

Corollary 1.4 (Corollary 6.13). The iteration map ¥, : Corrg. --+ Corrgn en
induces the rational map

®,, : Dyn; . --» Dyngn

n .
,€

Representation theory is an effective tool to study graded invariant ring (see
[3],[28],[29]), which is applied for Dyn, , in [37]. In this paper, we also construct
rational maps parametrized by points ¢ of A!\ {0}

(1.1) pe:Dyng. -=>Dyny gio
using the Clebsch-Gordan decomposition in representation theory. The rationality
of the moduli space Dyn; 4,. ; was shown by Levy [19]. The method used in
the same paper also gives that these rational maps p. are generically affine space
bundle. Thus, we can deduce the rationality of Dyn, .:

Proposition 1.5 (Proposition B.I7). Dyn, . is rational for d,e > 1 with (d,e) #
(1,1).

Moduli spaces as above can be applied to so-called inverse problems, which
concern the existence and the classification of dynamical systems with prescribed
invariants. A typical example of such invariant is multipliers of periodic orbits. For
a dynamical system f : P! — P! of degree d, we denote the elementary symmetric
polynomials of the fixed point multipliers by o (f), that is,

d+1
(1.2) 1+> ot = I +F(n)
i=1 z:f (z)==
for a formal variable . The rational map
>\1,(1,d) : Dynl,d -2 Pdﬂ, Al,(l,d)([f]) = [1 : Ul(f) A Ud+1(f)}

is called the fized point multiplier map. This is used to show the rationality of the
moduli space Dyn, 5 (see [26], [32], [33], [34]), as well as to study inverse problems
for multipliers (see [6], [7], [O], [10], [12],[25],[35]). A fundamental relation among
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multipliers, holomorphic Lefschetz formula (see for example [I1]), is obtained as an
application of the Woods Hole formula

d+1
(1.3) x:f%;:x 1_;](,/(3:) =1, or equivalently, ;(_1)i(d —1i)o;(f) =0.

This formulation is given in [33],[36] for a morphism f : P! — P!. We construct
the fixed point multiplier map for correspondence

Al,(d,e) : Dynd,e -2 Pd+€7

interpreting the fixed points of the correspondence defined by f(x,y) = 0 as the
points {z € P!|f(z,2) = 0} and the derivative as the implicit function derivative
df == =0, f/0,f € PL. The Woods Hole formula for a correspondence is given in [I]
and [I3]. Our convention of fixed points and multipliers suits to express the Woods
Hole formula in a form generalizing (3),

d+e

1 . i .
(1.4) .f(z)_o =g = d, or equivalently, ;(—1) (e—1)oi(f) =0,

where o;(f)’s are the elementary symmetric forms of multipliers, we define on (7.4)
in Subsection [ZJl For correspondences of different degrees, these Woods Hole
formulae were not strongly related except that they can be deduced by parallel
arguments.

We show that the map p. : Dyn;, --» Dyn; ;.. ; mentioned above also gives
unexpected equivalences between ([3) and (4.

Proposition 1.6 (Proposition[lHl). There exists a projective linear morphism A, €
Aut(P4+¢) = PGLgy. which makes the following diagram commutative:

Moreover, by using an explicit coordination P4*+¢ ~ P(k[Zy, Z1]41.) depending
on the degree (d, e) (more precise construction is on SectionsBland [7]), we can write
the images of the multiplier map explicitly.

Theorem 1.7 (Theorem [L7). For any d,e > 1, the image of Ay (q,c) on Pite ~
P(k[Zo, Z1]ase) is the hyperplane ([the coefficient of Z§T71 7] = 0).

Combining this argument with a known elementary proof of (3], we obtain
another proof (Corollary [T29)) of the Woods Hole formula for correspondences (I4).

As the construction of the moduli space of dynamical systems of correspondences,
there are two problems unsolved in this paper. See corresponding remarks for more
precise information.

Problem 1.8 (Remark[6.15). How do indeterminacy loci of iteration maps behave?

Problem 1.9 (Remark[Z.2)). Is the n-th multiplier map A, (4,¢) = A1, (an,en)0 ¥, o0
Corrg,. well-defined? If (d, e) are coprime and n is odd, then A, (4.¢) is well-defined.
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Remark 1.10. The fixed point of ¥,,([f(z,y)]) is a generalization of periodic points
of period n of usual dynamical system. If the n-th multipliers of f (i.e. the fixed
point multipliers of ¥,,([f])) are well-defined, then (L4 gives the correspondence-
analogues of multiplier formulae for periodic points.

By writing down the multiplier map A; (4.) on Corrg, in a representationally
simplified coordinate, we obtain another result about a universal polynomial func-
tion called resultant. For a pair of polynomials f(x) = ag + a1z + ... + agr? and
g(z) = by +brx+ ...+ bez?, the resultant res,(f(x), g(z)) is a polynomial function
of ag,...,aq,bo,...,be which vanishes if and only if f and ¢g have any common root.
For more details on resultant, see Subsection We prove Theorem [T}

Theorem 1.11 (Corollary [I0). For an arbitrary field k and any polynomials
[ g € k[z] such that deg f > 3 and deg f > deg g + 2, we have

0
g Fese(f (@), /(@) +tg())] =0

t=0
Remark 1.12. In Remark [[.I], we give another, nondynamical theoretic method
to prove Theorem [[.TT] by regarding the above resultant as a perturbation of the
discriminant A(f) = res,(f(z), f'(x)).

This paper is organized as follows: In Section 2] we set up notation and ter-
minology. In Section [B we see a sketch of the proofs. In Section [ we review
representation theory of SLo, including Clebsch-Gordan decomposition that we use
later. In Section Bl we construct moduli spaces of correspondences and rewrite
the composition and conjugation of correspondences as maps and actions on the
moduli spaces respectively. In Section [l we construct the moduli spaces of dynam-
ical systems of correspondences, characterize the stable and semistable loci of the
conjugation action and show the rationality of the moduli spaces. In Section [7, we
construct multiplier maps and reformulate the Woods Hole Formula representation-
theoretically.

2. NOTATION AND TERMINOLOGY

Throughout this paper, we follow [20] for the terminology of algebraic geometry.

We fix a field k& of characteristic zero. Unless otherwise stated, we suppose that
every scheme is a scheme over k.

For a ring R and a free R-module M of finite rank, we denote by R[M] the
symmetric tensor algebra Symy M := @,  M®" /(v ® w — w ® v). We note that
if we choose an R-basis {x1,...,z,} of M, R[M] is identified with the polynomial
ring R[z1,...,2,]. When a group G and a representation p : G — Autg(M) are
also given, we write R[M]“ for the invariant ring.

We denote by Sym,, M the permutation-invariant part of the n-th tensor power.

3. SKETCH OF PROOFS

Our main aims in this paper are to prove Theorem [6.12] Proposition [6.17, Propo-
sition and Theorem [[7l Moreover, there are some secondary aims to prepare
fundamental concepts for the moduli-theoretic treatment of dynamical systems of
correspondences on P*.

Theorem is the theorem which gives a description of the stable and semi-
stable loci of the moduli space Corrg. of the correspondences of degree (d,e).
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This is shown in Subsection by applying the numerical criterion of GIT to
the explicit description of the PGLg-action on Corrg.. The description of the
action is well-known for experts of moduli theory as similar action is used with no
appropriate mention (e.g. [30], [21], [22], [23], [24] and [31]). However, we confirm
the description precisely, because it is a key of this paper. In Subsection Bl we
construct Corrg . as the complete linear system

COI‘I"d7e = ‘O]pl xPL (d, 6)| = P(F(O]Pil %P1 (d, 6)))

The diagonal action of SLy on I'(Op1 «p1(d, €)) is isomorphic to the representation
Va®V,, where V,, := Symn(k®2). That is, we have an SLo-equivariant isomorphism
Corrge ~ P(Vg ® Ve). To see there is not so much difference between the SLo-
action and the PGLg-action to use GIT, we briefly review GIT in Subsection
In particular, we state the numerical criterion, which is used to describe the PGLo-
action.

Proposition establishes the rationality of the moduli space Dyn,, =
Corry’, / PGLa. This proposition follows from Levy’s theorem [19], which shows the
rationality of Dyn; ;. The most important step is to construct a PGLgz-equivariant
rational map

p: Corrge --» Corry gie—1 -

This p induces the rational map p : Dyn,, --» Dyn, 4, .4, which inherits sur-
jectivity and rationality of generic fibers from p. Combining this fact with Levy’s
theorem, we obtain the rationality of Dyn, .

The construction of the morphism p is representation-theoretic. The morphism
p is derived from the Clebsch-Gordan decomposition, which is the isomorphism of
SLo-representation

Va®Ve = Vipe ®Vagre2a® - O Vig_g
introduced in Subsection The morphism
p:Corrge ~P(Vy@Ve) -+ P(V1 @ Vgge—1) =~ Corry gre—1
is the projectivisation of the morphism of representation
Va®@Ve = Vare ®Vage 2@ @ Vig—|

(idv,, . cidvy ,_5:0,::,0)

(3.1)

Vite @ Vige—2 2 Vi @ Vgqe_1.

Here we can take an arbitrary constant ¢ € k.
Other two aims are about relations between Clebsch-Gordan decomposition and
multiplier maps. Let

Q Vi@ Ve~ Ve ® Va2 ® -+ @ Vig_e| = Vage—2: (1 =0,1,...,min(d, €))

be the projection defined from the Clebsch-Gordan decomposition. In Subsection
[C2, we show that the fixed point multiplier map Ay (q.) : Corrg, --» Pd+e for
degree (d, e) correspondences is given by

(32) Aae([f]) = [reso(Q°f(2), (Q°f) (2) Zo + (2 f)(2) 21)] € P(k[Zo, Zi]are)
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for [f] € Corrge =P(Vy ® Ve), where k[Zy, Z1]a+e is the vector space of the homo-
geneous polynomials of degree d + e. Then we obtain a commutative diagram

Al,(d,e
Dyng, ----- Sy P(k[Z0, Z)ate)
%ﬁc LAC
v A .
DynLd—i—e—l 771!97@4[779} P(k[ZOa Zl]d+e)

where ¢ € k™ is the constant taken in (B and A. is the isomorphism induced
from the variable transformation Zy — Zy, Z1 + ¢Z,. This commutativity is the
assertion of Proposition

We note that the rational map A; (4. is originally defined as the function which
gives the multipliers of the fixed points. In Subsection [T}, we define A (4. along
this original meaning, with a little modification using resultant. At the beginning
of Subsection [[.2] we transform its expression to the above form [B.2)) by using the
definition of the Clebsch-Gordan decomposition introduced in Subsection and
a property of resultant introduced in Subsection

Theorem [T is that the coefficient of Z§“"'Z; of Ay (4.¢)(f) vanishes in B2).
This theorem is a variation of known Woods Hole Formula for the map case (L3).
As other variations, this theorem implies Corollaries and [.T0l

Secondary aims of this paper are to define composition maps (Definition BEI3]),
iteration maps (Definition [(.21] Corollary 6.13) and n-th multiplier maps (Defini-
tion [CI] Remark[.2)). The composition of a generic pair of correspondences (C, D)
is the closure of the variety C' o D such that

CoD(K) = {(z,y) € (P1)? | Iz € P}(K) s.t. (2,2) € C(K), (2,y) € D(K)}

for any algebraically closed field K over the base field k. In Subsection [5.3] we see
that the composition maps on the moduli space are given by

o: Corrg,e X Corrgr s -=» Corrggr ce,

([f(z, 9], [g(z,y)]) = [res.(f(z,2), 9(2,v))].

Iteration maps and n-th multiplier maps are constructed from the composition
maps, the quotient Corrg,e --» Dyn, . and the fixed point multiplier map Ay (4.¢),
these are all rational maps. We check compatibility and well-definedness in each
step of constructions.

Compatibility is mainly reduced to associativity of the composition maps
(Proposition[5.19)), this is shown by an abstract argument. To show well-definedness,
we restrict indeterminacy loci of rational maps we use to construct, by writing down
the rational maps in some resultants. Then, we show that the correspondence given
by 2% —° or 2%y° — 1 avoids the indeterminacy loci. Unfortunately, these examples
are not enough to define n-th multiplier maps, this is Problem .9l

4. REPRESENTATION THEORY FOR SLo, AND PGL,

In this section, we review some known materials from representation theory, the
Cayley operator and the Clebsch-Gordan decomposition in Subsection Con-
tents in this section are found for example in [2].

For the special linear group SLo(k), we denote the trivial representation on &k by
Vo, the natural representation on k? by V; and the symmetric tensor representation
Sym,, (V1) by V,,. From the construction, we have dimV;, = n + 1.



300 RIN GOTOU

Proposition 4.1. If n is an even number, then there exists an action of PGLa(k)
on the vector space V,, such that the pullback action to SLa(k) is V.

Proof. We consider the representation A, (—%) of GLz(k) on (k*)®™ which is given
by

G- (VI QU@ ®wy) = (det g) "2 (gu; @ gua @ - -- @ guy,) (for g € GLy(k)).

By A, (—%), any scalar matrix (§ 2) € GLy(k) acts trivially. Therefore, A, (—%)
is a representation of PGLy (k). Moreover, the action of PGLz(k) by A, (—%) com-
mutes with the action of &,, by permuting components. This gives a subrepresen-
tation of PGLg(k) on Sym,, k?. The restriction of the subrepresentation on SLy (k)

is the n-th symmetric tensor of Vi, therefore this is a required representation. [

4.1. Weight. Weight theory is a theory which measures representations of a group
scheme G over k by looking at the action of the multiplication group G,, through
morphisms G, — G. For any integer n, we write k(n) for the one-dimensional
representation of G, given by t-v =t"v (t € G,,(k),v € k(n)).

Definition 4.2. Let V be a finite dimensional rational representation of G,,. If
V ~ @, k(n;), then we define the weight w(V') of V' by the Laurent polynomial
w(V) = Zz qn.

For a homomorphism A : G,,, — G between group schemes, the A\-weight wy (V)
of a finite dimensional rational representation V of G is the weight of the G,,-action
induced by A.

Remark 4.3. From a diagonalization of the action of an element which is not a
root of unity, we can see the weight of a representation is well-defined if it exists.
Moreover, by the diagonalization, we can see that if a representation V has the
weight, then any subrepresentation of V' has its weight.

We fix the group morphism

t 0
c:kxate(

0 tl) S SLQ(/{i)

Example 4.4.
(i) For the canonical basis {e1,ea} of Vi =~ k%2 we have c(t) - e; =t -e; and
c(t) - ea =t~ - ey. Therefore, the representation of k* on V; induced by ¢
is isomorphic to k(1) & k(—1). So we have w.(V1) =q+q~ .
(ii) For any representation V which has the weight w.(V) = Y0 g, the
generating function (called Hilbert Series) of the symmetric products is

given by
0o dim V' 1
(S V) -t = _—
In particular, we have
n+l _ —(n+1)
weVi) = g D g

q—q!

For any representation V' with the A-weight wy (V) = f(gq), the weight of the
dual representation V* is given by wy(V*) = f(¢~'). In particular, by Example
[44|(i1)l the representation V;, and its dual has the same weight. In fact, they are
isomorphic in characteristic zero.
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Proposition 4.5. The dual representation of Vi, is isomorphic to V.

Proof. Since k is of characteristic 0, it is enough to show the proposition for n =1
(see Remark [A.6]).

Let [e1, e2] be the basis of V; and [f1, f2] the dual basis of V;*. The dual represen-
tation is defined by A- f := foA~! (f € V}*, A € SLa(k)). Therefore the transpose
(A~HT is the representation matrix of the action of A by the dual representation.
We have (A~NT = TAI=! for I = (01 _01). Therefore, an isomorphism V; — Vi* is
given by e; — —fs, e — fi. O

Remark 4.6. The canonical morphism Sym, (V*) — (Sym,, V)* induced from the
inclusion morphism

Sym, V = (V&")Sr — yer

is an isomorphism because our field k has characteristic 0 and the binomial coeffi-
cients are invertible. In positive characteristic p, the canonical morphism Sym,, (V*)
— (Sym,, V)* is not isomorphism for n > p. In fact, the representations
Vi = Sym,, (V1) and V,* = Sym,,(V1)* are not isomorphic [2].

4.2. Clebsch-Gordan decomposition. For a finite dimensional vector space V,
the space of n-ic forms, that is, the vector space of the all degree n homogeneous
polynomials in k[V], is naturally isomorphic to (Sym,, (V*))* in arbitrary charac-
teristic. Therefore, by Proposition 5] the representation V,, is identified with the
space of n-ic binomial forms in characteristic zero. The variables are the standard
basis of V; = k? indeed, and we write the basis as {zo, 21}, {yo,y1} or {20,21} in
this subsection.

Proposition 4.7. The representation V,, of SLo is irreducible.

Proof. We note that c(t) - zf "2} = t"~ 2y~ ‘z} under the identification between
V,, and the space of n-ic binomial forms.

Let W be an arbitrary nonzero SLay-stable subspace of V,,. By Remark 3] we
have

W = @ kaf " ial
iclw

for some nonempty Iy C {0,1,...,n}. We take a monomial ngixﬁ € W. Since
W is SLo-stable, we have (1 ;) cxy Tt al = (wo + x1)" (20 + 221)" € W. Therefore

1
we have Iy D {0,...,n}, that is, V =W. |

If we have two binomial forms f(zg,z1) and g(yo, y1) of degree d and e respec-
tively, the Cayley operator {)gy, 1= 03,0y, — Oy,0z, gives a new binomial form

(Q%f(l’o,fﬂl) - 9(yo, yl)) }(

of variables (2o, z1) and degree d+e—2m, for 0 < m < min(d,e) = 2 (d+e—|d—el).
This linear map is SLo-equivariant, that is, we have a morphism of representation

aQm e Vd & Vve — Vd+e—2m

20,21)=(Y0,91)=(20,21)

given by
(4.1) Q™(f(xo, 1) © g(yo, y1)) = (2 f (20, 1) - 9(yo,y1))

|(r0711):(y07y1):(zo7z1) ’
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Proposition 4.8 (Clebsch-Gordan decomposition, [2] Theorem 3.2.4]). The mor-
phism
|d—el
@ Vi@ Ve = Viye ®Vige2® - O Vig_ej42 D Vig_e|
i=0
is an isomorphism.
Proof. 1t is enough to show that the morphism Q™ : V@V, — Vgie—am is surjective

for 0 < m < min(d, e). By Propositiond.7] it is sufficient to show that the morphism
Q™ :Vyg® Ve = Vyye_am is nonzero, which follows from the explicit calculation

e—m, m d!m' e— m
O™ (xf Y5 Y = ngJr ?

]

Remark 4.9 (Schur’s lemma). Let V and W be two finite dimensional irreducible
representations of SLo. Then there exists nonzero homomorphism from V to W if
and only if they are isomorphic. In particular, we have

dimy, Homg,, (1) @ Vass @ Vo, | = Z Oa;b; -
4,J

5. CORRESPONDENCE

Let X and Y be schemes. A closed subscheme of X x Y is called an algebraic
correspondence between X and Y. We can regard a morphism X — Y as an
algebraic correspondence given by the graph of the morphism. Therefore algebraic
correspondence is a generalization of morphism.

5.1. The moduli space of correspondences over P!. Over P! x P!, we denote
the line bundle p;O(d) ® p5O(e) by O(d,e) and the set of its global sections by
Va,e. We fix homogeneous coordinates of each component, choosing canonical bases
20,21 € V1,0 and yo,y1 € Vp,1. Using these coordinates we have

Vi,e = Z a;jay @iy Uyl aiy € b
0<i<d, 0<j<e
Later we will see that we can identify V. with Vy ® V. (Corollary [5.23]).

Definition 5.1. A nonzero element f of V. is called a bihomogeneous polynomial
of bidegree (d,e). A (d+ 1) x (e + 1)-matrix A = (a;j)o<i<d,0<j<e is called the
coefficient matriz of f if

(5.1) F= > ayrgtwiyy Uyl

0<i<d, 0<j<e

We often abbreviate a bihomogeneous polynomial (51)) as

f fa?y Za’bjxy

if the degree of correspondence (d, ) is apparent.
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Remark 5.2. Despite fixing a notation of canonical bases of Vi and Vp 1, we
sometimes regard a bihomogeneous polynomial as just a polynomial of variables
o, %1, Yo, Y1 Moreover, we sometimes substitute a pair of variables xq, 1 or yg, y1
by another pair of variables zg, z;.

Definition 5.3. A closed subscheme C of P! x P! is said to be a divisorial corre-
spondence, or simply a correspondence, if Oc = Opiyp1/Z and 7 is a locally free
sheaf of rank one. A divisorial correspondence C given by an ideal sheaf 7 is of
degree (d,e) if T is isomorphic to O(—d, —e) as an Op1 yp1-module.

Remark 5.4. We abbreviated the term “effective”, the condition which we required
for divisorial correspondence as a divisor on P! x P!. Moreover, we sometimes
abbreviate the term “divisorial” and simply call correspondence.

The fine moduli space of divisorial correspondences of degree (d, e), denoted by
Corrg,e, is given by the complete linear system

COI“I‘d,e ~ (A(Vd7e) \ {0})/Gm ~ P(Vd7e).

We sometimes abuse a symbol for a bihomogeneous polynomial to the correspon-
dence given by the polynomial and the point of Corrg . indicating the correspon-
dence.

5.2. Resultant.

Definition 5.5. Let R be a commutative ring R and z a variable. For R[z]q :=
{f € R[z] | deg, f < d}, the resultant res, q.) : R[z]q X R[r]. — R is defined as
the determinant of the Sylvester matrix

fo fi o fa
fo N1 o fa
€
d e . . . .-
; ; fo N1 - fa
ISz, (d,e) Z fiz', Z giz' | = .
o =0 do 91 Je
gO gl ... ge d
do g1 o Ye

For homogeneous polynomials of two variables zq, z1, F(xg, 1) = 28 f () and
G(zo, 1) = 2Gg(5L) of degree d and e respectively, we define the homogeneous
resultant

res(zy 211 (F (20, 1), G(x0, 21)) := resy (a.e)(f (), g(2)).
Example 5.6. The discriminant of a polynomial f(x) (with respect to its variable
x) is the resultant of the polynomial f(x) and its derivative f’(x). For example,
the discriminant of a cubic polynomial f(z) = 23 + ax + b is

b a 1
b a
res, (3.2)(f(2), f'(2)) = | a 3 = 4a3 + 27H2.

S
w

a 3

By Proposition E.7(i), a polynomial g(x) has a multiple divisor if and only if its
discriminant is zero.
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We need the following fundamental properties of the resultant.

Proposition 5.7 ([33, Proposition 2.13]). Let R be an integral domain and let K
be an algebraic closure of the fractional field Frac(R).

(i) The homogeneous resultant of two homogeneous polynomials on R is 0 if
and only if the polynomials have a common factor as homogeneous poly-
nomials over K.

(ii) For f,g € R[z], d = deg, f and e = deg, g, we have
RO(fR[z] + gR[z]) = resy (a.e) (f (), g(x)) R.

(iii) For homogeneous polynomials F(x,y) and G(z,y) such that
d e
v,y) = fo [ [(x = civ), Gla,y) = go [[ (= = Biw) (ci, Bj. € K, fo, 90 € R),
i=1 j=1

we have

d
res[w,y]( (z,y),G(x gH H =16 HG(ai’ 1).

i=1j=1

(iv) The homogeneous resultant is a unique family of maps which satisfies
res(y y)(ax + by, cx + dy) = bc — ad (a,b,c,d € K),
res[y ) (F1F2, G) = res(, o (F1, G) res, ) (F2, G) and
res(y (G, ) = (— 1)deg Frdeg @ resyy ) (F, G)
for any homogeneous polynomial F, F1, Fy and G.

Proof. The assertions and are the assertions (a), (c¢) and (b) of [33
Proposition 2.13] respectively. The assertion follows from (iii)| O

Corollary 5.8. Let F,G and H be homogeneous polynomials of variables x,vy.
(i) If deg F + deg H = deg G, then we have
res(y,y] (F,G+FH) = res(y,y] (F,G).
(ii) [8, Chapter 12.1] For any matriz g = (& s) € GL3(R), we have

resge (F(g - (2,9)),G(g - (2,9))) = (det 9)1= 4 T resy, ) (F(2,y), G(x,y)),
where g - (x,y) = (ax + by, cx + dy).

Proof. (i) This is evident from Proposition [B7(iii)|

(ii) This is evident from Proposition B.7(iv) O
Remark 5.9. In [8, Chapter 12.1], Corollaryis shown by using the universality
of the resultant and covariance.

In the theory of arithmetic dynamics, homogeneous resultants are used for vari-
Ous purposes:
e to give a Lipschitz constant with respect to the chordal metric [33, Theo-

rem 2.4];
e to determine well-definedness of a rational self-map over P! [33, Theorem

2.5];
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e to compute the image of multiplier map (this is perhaps well-known to
experts, but the author could not find suitable reference);
e to compute the composition of correspondences ([15], [1]]).

We use homogeneous resultants for the latter two purposes.
5.3. Composition.

Proposition 5.10. Let C = Speck[z,y]|/(f(z,y)) and D = Spec k[z,y]/(g(z,y)) be
closed subschemes of A% and letic and ip be their inclusion morphisms respectively.

Let p: C/'_C:E — A? be the morphism defined as the composition of the morphisms
in upper row of the following diagram

—_~—

CoD —— A3 2134 A2
(5'2) l p.b. lidxAxid
C x D eXin a4

where A : A1 — A? is the diagonal morphism. Then the scheme-theoretic image of
p, denoted by C o D C A?, is written as

C o D ~ Specklz,y]/(res. (4.0 (f (2, 2), 9(2,9))) — A®.

Remark 5.11. For any algebraically closed field K over k, the pullback diagram
(B2) yields

CoD(K) = {(z,2,y) € A | (z,2) € C(K), () € D(K)}.
Therefore, the support of C' o D is the Zariski closure of the points
{(z,y) € A% | there exists z € A'(K) such that
(z,2) € C(K) and (z,y) € D(K)}.
Proof. The following diagrams

O 9, A2 D P, A2
id x(pgoic)J( lidxA (ploip)xidJ( J{Axid
C x Al 1eX14 a3 Al x D 94X a3

are pullback diagrams. On the other hand, we have a pullback diagram
C x D 2259 0 x 42

(53) J{id Xip J{id Xic
A% x D 19X A2 A2

By base-changing (5.3) by A? 1d xAxid, A?, we obtain the pullback diagram

CoD — C x Al

l p.b. licXid

Al x p J9XiD, a3

This means C o D is equal to Spec k[z,y, z]/(f(z, ), g(z,y)). The assertion follows
from Proposition E[(iD)} O
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Proposition 5.12. Let C,D C P! x P! be divisorial correspondences, F = (f;;),
G = (gk1) be the coefficient matrices of C and D respectively. Let us consider the
following diagram

CoD —— P x Pl x P! — P8, pl x pl

(5.4) l p-b. JidxAxid

C x D =25 Pl x Pl x P! x P!

Then the composition of the morphisms in upper row C oD — P! x P! factors
through the divisorial correspondence given by the coefficient matric H = (hpp)
such that

dd'—m _m_ ee'—n_ n __ d—i i . e—j.J d—k_k e —1 1
E hmng L1 Yo Y1 =T€8[z,21] E fijzg @1z Zl?E gkizg Z1Y% W
m,n 7 k,l

if H # 0.

Proof. For a standard open covering of P1, {Uy = P\ {0},U; = P!\ {oo}}, we
denote Uy, as..a, for the open subscheme U,, X -+ X Uy, of (P')". The closed
subscheme Im(id xA x id) of (P!)* is covered by the open subschemes U,gp, of
(PY)*. Proposition (.10 gives the construction of the upper row of (5.4)) over each
Uagpy =~ A, where the codomain is restricted to U, ~ A? C P! xP!. By combining
these constructions, we obtain the assertion. ([l

Definition 5.13. The composition map o : Corrg . X Corrgr ¢ -+ Corrggr e is the
rational map which is induced from the map

Vie X Varer 2 (f(z,9),9(2,y)) = (f o g)(x,y) == res.(f(x,2),9(2,v)) € Vaa cer-
We write C' o D for o(C, D).

Lemma 5.14. Let + : Corrg e X Corrg er — Corrtgt g eter, (C,D)— C+ D be the
map of the addition of divisors. Then we have

(C+D)oE=(CoE)+(DoE)and Co(D+E)=(CoD)+ (CoE).

Proof. The addition of divisors is given by the multiplication of homogeneous poly-
nomials. Therefore, the assertion follows from Proposition B.7(iv )| O

Remark 5.15. Compositions of smooth integral correspondences are not always
reduced and irreducible. For example:

(i) Nonreduced case is given in [I8] (2.5)],

res(f(z, yk),yk —z)= f(xay)k-

(ii) Reducible case is given by symmetric correspondences, the bihomogeneous
polynomials such that f(z,y) = f(y,x). In this case, we have the diag-
onal correspondence = — y(= xoy1 — yoxr1) as a nonreduced irreducible
component, that is,

(z = y)? [ res(f(,2), f(2,9))-
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By Proposition (.12] and Proposition IBZZEZL the composition map is defined ex-
cept on the locus where f(z,z) and g(z,y) have a common divisor h(z). Indeed,
this locus is the image of the morphism

®:Corrg,c—1 xCorrgr_q s X P! — Corrg,e X Corrgs e/,
([fx9)],  lo(zv)], [a:p]) = ([f(zy)(Byo — ay)], [9(z,y)(Bzo — az1)]),
( C, D, P )= CU(P xPY, DU(P' x P) ).

Proposition 5.16. The indeterminacy locus of the composition map
o: Corrge X Corrgr o --+ COrrggs eer
is Im(®).

Proof. Let (C, D) := ®(C, D, P) be a point of Im(®). We show the indeterminacy
of the point under the composition map by taking lines

A' — Corrge x Corrgr o (= P(Vie) X P(Vir 1))

through (C~', D) and comparing their image by the composition map.

By Lemmal5.T4 we can reduce the problem to the case that the pair (C, D) is not
in the indeterminacy locus. By Proposition B.§(ii), we can assume that P = [1 : 0]
without loss of generality. Let hi(x) and ha(x) be sections of Op1(d) and Op: (€)
respectively and let [ be a line on Corrg . x Corrg o through the point (C’, D) such
that

L=1py byt Al Corrg . x Corrgs e/,

av ([f(z,y)y1 + ahi(@)ys), [9(z, y)a1 + aha(y)zd ).

We write
d/

Fl@, o =Y fil@)yhys " and g(y, 2)yo = > gi(2)yyi 7.
i=1 j=1

Then we have

res[yo,yﬂ (f(xv y)yl + ahl(x)y(e)v g(y7 Z)yl + ah2 (Z)y(()i/)

ahi(z)  fi(2) )
ahi(z) fi(z) @)
_ () A@ o L@
aha(z)  g1(2) s gar(2)
ahy(z)  g1(2) o ga(2)
aa(x) @z o gal2)

= a(hl (x)gl (Z) - h2(2)f1 (,T)) TeS[y6,y1] (f(l’, y)7 g(y7 Z))
+ a? - (polynomial).
Therefore we have
o(1(0)) = [(h1(z)g1(2) — ha(2) f1(z)) Tesyy, 4,1 (f (2, 9), 9(y, 2))]-

Since the pair (C, D) = ([f(z,y)], [9(y, z)]) has no common factor, we have f;(z) #
0Oor g1(z) # 0. Thus the point o({(0)) depends on the choice of hy and hy. Therefore,
at the point (C, D), the map o has indeterminacy. (Il
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Definition 5.17. A horizontal (resp. vertical) component of a correspondence C
is an irreducible component of degree (i,0) (resp. (0,%)) for some ¢ > 1.

Lemma 5.18. If a composition Cy0Cy of correspondences has any horizontal (resp.
vertical) component, then Cy or Co has a horizontal (resp. vertical) component.

Proof. We note that the first projection p; : C — P! has a point P € P! with non-
finite inverse image if and only if C' has a vertical component. Thus, by Remark
[BE.ITl we obtain the assertion. The case of horizontal component is similar. O

Proposition 5.19. The composition map is associative, that is, the following dia-
gram s commutative:

oxid
COI‘I‘d76 X COI‘I‘d/)e/ X COI‘I‘d//)e// ***** > COI‘I‘dd/@e/ X COI‘I‘d//7e//
| |
(5.5) lidxo o
¥ ¥
COI‘I‘d,e X COI‘I“d/d//7e/e// D CEEEEE » Corrdd/dn,ee/eu

Proof. By Proposition and Lemma [5.I8 the compositions of the two diagonal
paths in (B0 are rational map. By Proposition [£.12] the images through the two
paths of a general point of Corry . x Corrg o x Corrgr o, which indicates the tuple
of correspondences (C,C’,C"), are both given by the upper row of the following
diagram:

C o/é’\’:C” ([P’l)4 P14 (P1)2
l p-b. lidxAxAxid
C x O x O ZEXE (pr)s
Therefore (B3] is commutative. O

Remark 5.20. In terms of the resultant, this property is known as “associativity
law of resultants” (in [18]). If we admit this fact, we can show Proposition 519 by
checking well-definedness of the rational maps

Corrg . x Corrg ¢ x Corrgr e ==+ COrtygqrar eererr

in (55) at a point in the domain. An example of such a point is (z¢ — 3¢, 2% —

eI dll e/l
—y° ).

Yy,

Definition 5.21. The iteration map ¥, : Corrg. --+ Corrgn ¢n is the map which
sends a bihomogeneous polynomial f(x,y) to the bihomogeneous polynomial (fo fo

o f)(z,y).

From the direct computation of resultants by using Sylvester matrix, or using
the equivariance of resultants in Corollary [5.§(ii), we obtain Proposition [£.22]

Proposition 5.22. Let g € PGLy ~ Aut(P!) be a morphism given by g([xo : x1]) =
[axg + bz : cxo + dx1] and f(x,y) be a bihomogeneous polynomial. Then we have

(go fog ") (z,y) = flawo + bry, cxo + dwy, ayo + by, cyo + dy ).
Corollary 5.23. For the conjugation action
(5.6) Corrg,e x PGLy — Corrg. : (C,g9) — goCo g 1,

the induced action of SLa on Corrg. ~ P(Vy.) is given by a representation on Vg .
and the representation is isomorphic to Vg ® V.
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Proof. By Proposition [5.22] the action of SLy on Vj . is isomorphic to the one on
the tensor space of the space of d-ic forms and the space of e-ic forms, Sym(V;*)* ®
Sym, (V7*)*. By Proposition 3 it is isomorphic to V3 ® V. O

6. FUNDAMENTAL PROPERTIES OF THE MODULI SPACE OF CORRESPONDENCE

In this section, we give simple generalizations of the results in [32] and [19], a
characterization of the stable/semistable locus of the group action and the ratio-
nality of the moduli spaces.

6.1. Stability of group action. First, we briefly review the geometric invariant
theory [27].

Definition 6.1 ([27, Definition 1.6]). Let G be a reductive group scheme and X
a scheme with G-action o : G x X — X. For an invertible sheaf £ over X, an
isomorphism ¢ : ¢*L ~ p3L is said to be G-linearization if ¢ satisfies the cocycle
condition

paspo (idg xo) ¢ = (u xidx)*¢ (on G x G x X).

Remark 6.2. If £ is very ample and G is affine, then G-linearization is described as
the G(O(X))-action on £(X) compatible with o.

Remark 6.3. For a G-linearization ¢ of an invertible sheaf £ over a normal scheme
X, @™ 0" L™ ~ p5 L7 is a G-linearization of L.

Remark 6.4 ([27, Proposition 1.4]). If there exists no surjective homomorphism
G — G, of group schemes and X X k is normal, G-linearization ¢ of an invertible
sheaf £ is unique if exists.

For a given action and a given invertible sheaf, G-linearization may not be unique,
for instance, if the action is trivial, any regular homomorphism G — Aut(L) gives
a G-linearization.

Definition 6.5 ([27], Definition 1.7]). Let G be a reductive group, X an algebraic
variety with G-action and P a geometric point of X.

(i) P is said to be pre-stable if the stabilizer group of P is finite and there
exists a G-stable affine open neighborhood of P.

Moreover, we suppose that £ is an ample invertible sheaf over X with G-
linearization.

(if) P is said to be L-semistable if for some positive integer n > 0, there exists
f € H(X, L™ such that f(P) # 0 and X; is affine.
(iii) P is said to be (proper) L-stable if P is L-semistable and pre-stable.

The set of pre-stable (resp. L-semistable, L£-stable) geometric points is the set of
geometric points of an open subscheme of X called pre-stable (resp. L-semistable,
L-stable) locus. We denote the loci by X*(Pre) (resp. X*5(L), X°(L)).

Remark 6.6. For a G-variety X which is isomorphic to a projective space P(V), we
sometimes write X* and X** for the stable locus and semistable locus of any O(n)
with G-linearization.

Remark 6.7 (27, Converse 1.12]). If the categorical (resp. the geometric) quotient
of X by G exists, then X = X*°(L) (resp. X = X*(L)) for some ample invertible
sheaf £ over X with G-linearization.
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Theorem 6.8 ([27, Theorem 1.1]). Let G be a reductive group, X = Spec R an
affine algebraic variety with G-action. Then the categorical quotient X J| G is con-
structed as Spec RC .

Theorem 6.9 ([27, p. 40]). Let G be a reductive group, X a proper algebraic
variety with G-action, L a very ample invertible sheaf with G-linearization. Then
the categorical quotient X**(L) J/ G is constructed as Proj @;-, H*(X, L4)C.

Definition 6.10. Let G be a reductive group, X a proper algebraic variety with
G-action and £ a very ample invertible sheaf over X with G-linearization.

(i) f G = Gy, and & = ¢ is a fixed closed point of the G,,-action, then
the weight 1~ (xg) of mg is —n if the k(zo)*-representation L|,, — L]z,
(Remark [6.2)) is isomorphic to (k(zg))(n).

(ii) If G = G,, and z is a closed point, then we take the extension [, : Al — X
of the G,,-orbit of x by the valuative criterion. The weight pu*(z) of = is
the weight of the fixed point I,(0) of the G,,-action.

(iii) For any homomorphism of group schemes A : G,,, — G and a closed point
x, the A-weight p*(x,\) of z is the weight of z by the G,,-action on X
induced by A.

Theorem 6.11 (|27, Theorem 2.1]). Let G be a reductive group, X a proper al-
gebraic variety with G-action and L a very ample invertible sheaf over X with
G-linearization. Then, a closed point x of X is in X°*(L) (resp. X°(L)) if and
only if p“(z,\) > 0 (resp. u*(z,\) > 0) for all nontrivial group homomorphisms
G, = G.

By Corollary 523 the moduli space of correspondences Corry . is isomorphic
to P(Vy ® V,) equivariantly with respect to SLa-actions. By Remark 2] an SLo-
linearization is given by the natural representation over H°(P(V; ® V.),O(1)) ~
(Va®V,)*, the dual representation of V;® V... By Proposition 5 (V;®V,)* is iso-
morphic to Vy@V,. By Theorem[6.9} the uniform categorical quotient Corry’, / SL
is constructed as Proj k[Vy ® V,]5%2.

The reductive group PGLy also has a PGLs-linearization on O(m) by
Proposition [4.8 and Corollary In fact, we have k[V]3L2 = k[V]PGL2 for any
finite dimensional representation V' of PGLy, therefore

o0 oo
Corry’, / PGLg =~ Proj @ k[Vy @ V.56 ~ Proj @ k[Vy ® V,]SLe.
=0 =0
Theorem generalizes a result in [32].

Theorem 6.12. A divisorial correspondence C' given by a bihomogeneous poly-
nomial Z?:o Z;ZO aijxiyj is not a stable point (resp. not a semistable point) of
Corrg if and only if there exists an SLo-conjugate of the coefficient matriz (b;;)
such that bj; =0 for all i + j < % (resp. i+ j < %}

Proof. By [32], any maximal subtorus of SLa(k) is conjugate to ¢ : G,,, — SLa(k)
such that c(t) := (8 tgl)' For a bihomogeneous polynomial f of degree (d,e), we
have

d e
c(t) - f = ftaeo, t toy, tyo, t yr) = Z Zt(dJre)*Q(”j)aijxiyj.
i=0 j=0
Therefore by Theorem [6.11] we obtain the claim. O
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6.2. Unstable locus of iteration map. Proposition .19 implies that (g o C o
g H"=goCmog!, so the iteration map V,, : Corrg, --+ Corrgn on (Definition
B.2T) is PGLo-equivariant. Therefore, we can define iteration map Dyn,, --»
Dyngn . if the composition Corrge --» Corrgn en --+ Dynga . is well-defined, that
is, the image of ¥,, : Corry, --+ Corrgn ¢» is not contained in the indeterminacy
locus of Corrgn en ==+ Dyngn .n. Using Theorem we check this by seeing the
simplest case as in Remark

Corollary 6.13. The iteration map ¥, : Corrge --+ Corrgn ¢» induces the rational
map

o, : Dynd,e - Dynd",e" :
Proof. Put I := ged(d, e), d' :=d/l and €’ := ¢e/l. Then, by direct computation, we
have

Vo (o = y]) = (@7 =y,

The largest multiplicity of this iterated correspondence at the point on the diagonal
is min(d", e") of (0,0) and (00, 00). By Theorem 612}, the point ¥, ([z¢ — y¢]) on
the Corrgn ¢» is in the semistable locus. Therefore, the composition Corrge --+
Corrgn en ==+ Dyngn . is well-defined, and PGLg-invariant by Proposition 5.19
By Theorem [6.9] we obtain the rational map ® : Dyng . --» Dyngn ([l

n.
,€

Remark 6.14. The composition map does not induce a rational map

Dynd’e X Dynd,’e, -— Dyndd,’ee,,
because for a general pair of correspondences (C,C’) and a general g € PGLg, we
have ([C],[C"]) = ([go C o g™'],[C"]) as a point of Dyn, . x Dyng ./, but C o C" is
not PGLs-conjugate to goC og=toC’.

Remark 6.15. To describe the indeterminacy locus of each ®,, : Dyn,; . --+» Dyngn n
is a problem. A conjecture is that each ®,, has indeterminacy locus which ®,,,(m <
n) does not have. The case of quadratic map (d, e) = (1,2) is shown in [5] and the
case of maps d = 1 in arbitrary degree e is shown in [I7].

6.3. Rationality. Let V = V’/ @ V" be a representation of a reductive group
G. Then we have the inclusion morphism k[V'] — k[V]. This morphism is G-
equivariant by definition, therefore leads to the morphism k[V']¢ — k[V]¢ and the
rational map P(V*)** J/ G --» P((V')*)** J G. If the action of the group G on
(V')* is free for general point, then the fiber of a general point of P((V')*)** J G
via P(V*)** /G --» P((V')*) // G is naturally isomorphic to (V/V’)*. Therefore we
have Proposition

Proposition 6.16. For a representation of a reductive group G and a representa-
tion V, P(V*) J G is rational if there exists a subrepresentation V' C 'V such that
the action of G on V' is generically free and P((V')*) J/ G is rational.

We recall that the field k we fixed is infinite. Let 1 < d, e be positive integers.
By the Clebsch-Gordan decomposition (Proposition FLg]) and the Schur’s Lemma
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(Remark A.9]), we have

Homgr,, (Viye—1 @ V1, Va® Ve)

~ Homgp, (Vite ® Vare—2, Vare ® Vige2 @ @ Vig_g))
~ Homgr,, (Vite, Vite) ® Homsr, (Vige—2, Viatre—2)
~k®k.

For a vector ¢ = (cp,c1) € k@ k (co,c1 # 0), we have an injective homomorphism
Pe Vate—1 @V =2 V30V,

of representations. Then it induces a surjective rational map
pi: Corrge --» Corry gye—1 -

Here, homomorphism of representation is indeed equivariant, so we obtain
pe:Dynge -=>Dyny g0 g

Proposition 6.17. Dyn, . is rational for d,e > 1 and (d,e) # (1,1).

Proof. For the case d = 1, this is shown by Levy [19]. In the same paper, it is
also shown SLy(k) acts generically free on the representation Vp ® Vi for D > 3.
Therefore the general case follows from Proposition [6.16) ]

Remark 6.18. In [16], [21], [22], [23], [24] and [31], the rationality of Corrg . / SLg X
SLg is shown for some (d,e)’s. The rationality of SLy leads to the rationality of
Corrg e for these cases.

Remark 6.19. In [19], the rationality of Dyn, 4, ~ P(V}; ® V) J/ PGLy is shown by
reducing to the rationality of Fix ~ P(Vyy.) / PGL2 using the morphism

QY i P(Vgyeo1 @ V1) 2 P(Vige ® Vige—a) -+ P(Vaie).
The isomorphism Fix ~ P(Vyi.) / PGLs is explained in Section [1

7. MULTIPLIER MAP
7.1. Construction. Let f be a bihomogeneous polynomial
f(@o,71,90,91) = S agai iy Yl
0<i<d, 0<j<e

We need to define multipliers of f. We begin with a local argument. We fix an
affine coordinate

(7.1) <aj: Lyg= y_l)
To Yo

of the open affine subscheme A} x A} = Uﬂj}v (z0) x Uph (yo) of PL x P,.

The restriction of the correspondence f over Al x A}J is given by

f(.’i’, ﬂ) = Z (lij.’figj.

0<i<d, 0<j<e
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From the implicit function theorem, the derivative, which we denote by g—z or

(%)f (a,b), of the curve V(f(Z,y)) around a point (a,b) € V(f(Z,y)) is given by
d O:f(z,7
(7.2) (ﬁ)f O f(@,9)

if 0, f(a,b) # 0.

We can use the bihomogeneous polynomial f(x,y) = f(xo, 21, Y0, ¥y1) to compute
the value (Z.2)). From the coordination (ZIJ), we have the following equations of
rational functions of variables zq, z1, Yo, y1:

2§y50f(2,9) = 0uy f(w,y) = d- f(2,y) — 0o f(w,y) and

(7.3) 23y05f(2,9) = By, f(x,y) = d- f(x,y) = Dy, f(2,y).
Therefore, at a point (a,b) € VY(f)\ VT (9, f), we have

d_y _ _amlf(aab) _ __azof(avb)

dx B a’yl f(aa b) B _8yof(a7 b)

because f(x,y) = 0 for (z,y) € VT (f). Therefore, for any pair of bihomogeneous
polynomials g, g1, we have

dy _ g0(a.0)0s,f(a.1) + g1(a. )0, f(a.1)
dz gO(a, b)ayo f(aa b) + g1 (av b)am f((l, b) .

We do not specify the derivation operator gody + ¢g191 and write the value given by
them by

dy _ 0xf(a,b)
dr — 0yf(a,b)’

As we mentioned in Section [I, the fized point of (the correspondence defined
by) fis Apt xpiypr Vi(f) = {z € P* | f(2,2) = 0}. To describe the tuple of the
multipliers for the fixed points of f, we construct the symmetric form of the fixed
point multipliers o;(f) by

d+e
; - (02f)(2, 2)
(7.4) 1+ (-De(Ht'= ] (1+ t).
i=1 2:f(2,2)=0 < (ayf)(z> Z) )

The map Corrg, --+ A4Te given by f ~ (0;(f))i=1....a+e has indeterminacy locus
which consists of the correspondences that have any y-critical fixed point. To
incorporate correspondences with y-critical fixed points, we prefer to consider the
following homogenized form of the multiplier map:

Corrge > frs | [[  (0yf(z,2) + 0uf(2,2)t) | € P(k[tlare).

z:f(z,2)=0
By Proposition we have
(7.5) H (Oyf(z,2) + 0u f(2,2)t) = resyy, ) (f(2,2), 0y f(2,2) + 0u f (2, 2)1).
z:f(z,2)=0

In Subsection [[.2] we need to substitute the variable t. Therefore we define the
multiplier maps as the following.
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Definition 7.1. The fized point multiplier map is the rational map
A (de) : Cotrae 3 f > [res.(f(z,2), 0uf(2, 2)dx + 9y f (2, 2)dy)] € P(Dare),

where we regard dr and dy as just variables and D,, is the space of n-ic forms in
them. The n-th multiplier map is the rational map A, (g.e) = A1, (gn,en) © ¥y if
exists.

By the equivariance of resultant (Corollary B&(ii)) and the description of the
conjugation action (Proposition [(.22]), the multiplier map A, (4.¢) is invariant under
the conjugation action of PGLg on Corrg .. Therefore, by Theorem [6.9, we obtain
a rational map Dyn, , --+ P(Dgncn). We also denote this map by Ay, (q,e)-

Remark 7.2. Whether W0\ (gn ¢n) and @,0A; (4 on) are well-defined is a problem.
From the expression of LHS in (Z1]), the fixed point multiplier map is defined for
correspondences with no singular fixed point. A simple way to show the well-
definedness is to give a correspondence C of degree (d,e) such that C™ have no
singular fixed point. If d and e are coprime and n is odd, ¥,, ([z%y¢ —1]) = [z y¢" —
1] are examples. But the author does not have enough examples to give the well-
definedness for all (d, e, n) yet.

Example 7.3. Consider the bihomogeneous polynomial of degree (2,2),
fla,y) = 2®y? — 22%y — 2® + 2y = 2iy] — 2agyoyr — 21y + 225Y0y1-
The fixed points of f are
{2 = [20,21]) €P' | f(2,2) =0} = {[20,21] €P* | 21/20 = —1,0,1,2}.
dy

The derivative 32 around a fixed point z is given by

0z, f(2,2) 223 — 422 — 22 25 —222—2

SO flz ) 22822242 0 282417

thus the multipliers are {—2, 0,2, %} The symmetric form of the multiplier is given
by

2 2 1
(t+2)t(t—2) (t—g> :t4—gt3—4t2+§t:5(5t4—2t3—20t2+8t).

Indeed, by Definition [[.I] we obtain the point in P(Dy) corresponding to the sym-
metric form:

M (dye) (f) = [resz(2* — 22% — 2% + 22, (22° — 42° — 2z)da + (22° — 227 + 2)dy)]
= [—128(dx)(dy) + 320(dx)*(dy)* + 32(dx)(dy)® — 80(dy)*]
= [8(da)* (dy) — 20(dx)*(dy)* — 2(da)(dy)* + 5(dy)"].

The sequence of coefficients (0,8, —20, —2, 5) satisfies the equation
2:0+1-840-(=20)—1-(=2)—2-5=0,

this is the Woods Hole formula for this correspondence.
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7.2. Resultant form of the Woods Hole formula. For any pair of variables
(v, 1), we define a derivative operator d, by

do = —a0ny + @104, -

We also recall that the Cayley operator €y, is defined by Qg = 0,0y, — Oy, 0y
and the Clebsch-Gordan decomposition is defined by

Q" f(20,21) := (ng,f(iﬂoyfﬁhyoayl))’(

z0,21)=(Y0,91)=(20,21)

In particular, Q°f(z) = f(z, 2) gives the fixed points of f. Moreover, we can give a
representation-theoretic decomposition of the multiplier map as follows.

Lemma 7.4. Let
f=Ffy) =) ayzg vy 7yl
4,7

be a bihomogeneous polynomial of degree (d,e). Then we have
((dxfxz,z)) _ (# Tig > < d=(2°)(2) >
(dyf)(z,2) it —are) \a(Q)(2))

Proof. From the definition of Cayley operator (&Il and the operators d,,d, and
d,, we have

(dof) (2 2) = S0 — 20)aiyoi*,
(dyf)(z,2) = g:(@ —2j)ai; 2",
d.(Q°f)(z) = zzj:(d +e—2i—2j)a;; 2" and
,J
2021 (21 f)(2) = Z(—ei +dj)a;; 2",
0.

where zi*7 is the abbreviation of z§ 772" This leads to

( 420 f) () ) _ (1 1 ) ((dxf)(z,Z))
2021 (' f)(2) 5 %) \(dyf)(z2)
and this is equivalent to the assertion. O

For any pair of positive integers d’,e’, we take the basis (dz(od,’e,),dzé, 4er) Of
Dy =k-de®k-dy by

d’ e 2 2
0 ._ 1 —

(7.6)  dzig oy = T dx + 7o dy and dzg . = T dx — 7o
This coordinate change helps to give Proposition

dy.

Proposition 7.5. For each ¢ € (k*)?, let A. be the automorphism of P(Dgye)
induced by the linear automorphism

(d’z?d,e)) s <00d'z?1,d+e1)>
dz} c1dz}
d+e 1 d+e
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on Dy. Then, the following diagram is commutative:

Dyny,, - it » P(Daye)
|
Y A1,(1,dte—1)
Dyny gyeq —--=------3 » P(Daxe)

Proof. By Lemma [(4] we have
dpf(2,2)dx + dy f(2,2)dy = d.(Q°f) (z)dz(()d,ye,) + 201 f(2)dz gy o0
For a vector ¢ = (cg,c1) € (k*)?, the morphism p. : Ve — Viie—1,1 Of representa-

tion is defined as Qip.(f) = ¢; - Q'f (i =0,1) for any f € V.. Therefore, for any
bihomogeneous polynomial f € Vg ., we have

M (de)(f) = resz(QOf(z), dz(QOf)(z)dz?dﬁe) + zozlﬂlf(z)dzcll+e) and
AlL(1,dte-1) © pe(f) = YeSz(QOf(Z)7 Codz(QOf)(Z)dz?d+e—1,1) + c1zolelf(z)dzé+e).

This shows the assertion. O

Remark 7.6. For a bihomogeneous polynomial f =", j a;;x'y!, we have

M(ae) () = [res: (Q°F)(2), d=(Qf) (2)da(y ) + 2021 (2 ) (2)dzg )] € P(Dase).

From the definition of resultant, we can see that each coefficient is divisible by
a00@de- As a point of P(Dgy.), we have

(7.7) A yae)(f) = [res: ((Q°f)(2), d(Q°f) (2)dz(y ) +2021 (2 f) (2)dzg ) /a00ade]-

d+e

As a (d + e)-ic form of variables dz(()d o) and dz}, ., the coefficient of (dzj, )" on

[0 is

res, (QVf(2), 20210 f(2)) /agoaae = res.(Qf(2), Q1 f(2)),
this is SLo-invariant by Proposition From the invariance of the multiplier
map, the other coefficients of (7.7 are SLo-invariant on Corrg . of degree 2(d+e—1).

For any basis {ds,dt} of Dy, the coefficient function [(ds)*(dt)"~!] € D; is the
dual base of (ds)*(dt)"~* with respect to the basis {(ds)*(dt)"*}o<i<n of D,,. We
also note that D} ~ H°(P(D,,),O(1)).

Theorem 7.7. The image of A\ (ae) : Dyng . ~=+ P(Daye) is the hyperplane defined
by
(7.8) (=)~ (d=")] = 0,
where [(dz°)?e=1dz1] is the coefficient function of (dz?d’e))d'*‘e_ldzéﬂ.
We see an example before the proof.
Example 7.8. Let
fz,y) =222y + 2%y + 4oy — 20 — 3y — 2
be the bihomogeneous polynomial of degree (2,2). Then we have
QVf(z) = 22* +52° — 52 — 2,
d.(Q°f)(2) = 82* +102% + 10z + 8 and
20 f(2) = 2(—62% 4 2).
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Therefore, we have

A (22)(f) = res, (22" + 52 — 52 — 2, (82" + 102 + 102 + 8)dz" + 2(—62% + 2)dz")
= 24(5832(d2")* — 7344(dz")?(dz")? + 1600(d2°)(dz")3 — 88(dz')?)

and the coefficient of (dz°)3(dz*)! is 0.

Proof of Theorem [[ 1l By Proposition [Z.5] it is enough to show the assertion for
e = 1, the case of the moduli space of maps. We show the index theorem (3]
is equivalent to the hyperplane [(dz°)%(dz')!] = 0 by the coordinate change. The
coordinate change is induced by the coordinate change

(i) = (7 =) (&)
dz 1 @i/ \

on Dy, which induces a coordinate change
-1

() R G I ) L GO T )
on D,

We note that D, is naturally isomorphic to (Sym,,(D7))*, so D} is naturally
isomorphic to Sym,,(D7). The vector space of n-ic form of Dj is isomorphic to
the vector space (Sym,, (D;*))* ~ (Sym,, D1)* and the canonical morphism S, :
Sym,, (D7) — (Sym,, D1)* is given by B, ([(ds)"(dt)"~"]) = (7)[ds]'[dt]"~" for any
basis {ds,dt} of D; (Remark [L.6]). Therefore, we have

fasa([(@:2) (@) = ("] ) 1101

~ Sy

() ()

d+1
- (Z(z’ -n(“TH) [dxmdy]d“-i)

=0

= (d-+ 1)([da] + [dy])* (5 [da]

=0

d+1
= Bas1 (% Z(z — 1)[(dx)i(dy)d+1—i]> :

where we used

¢ (20) = ()= () (o =) =60 ()

and (f) =0 fori<0,d< 1.

Therefore, the hyperplane defined by [(dz°)%(dz')] = 0 is the one defined by
Zfiol(z —1)[(dz)i(dy)?T1~%] = 0. By (Z.4) and Definition [T]] this is also the same
as one which the index theorem (3] defines.

The surjectivity of the multiplier map onto the hyperplane is shown in [I0]. O

The only linear relation between the elementary symmetric polynomials of fixed
point multipliers is the one obtained by the coordinate change from (.8). The
Woods Hole formula for correspondences (IL4)) should be such a relation. It is easy
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to check this fact by a similar computation to the above proof. Moreover, if starting
this argument from the Woods Hole Formula for rational maps ([3]), this gives an
alternative proof of (4.

Corollary 7.9. Let d,e > 2 be positive integers and let C' be a correspondence
defined by the bihomogeneous polynomial f(x,y) = 0 of degree (d,e). Then, we
have the Woods Hole formula

d+e

(7.9) > _(=1)(e—iai(f) =0.

=0

Proof. Let us fix the vector ¢ = (1,1) for the morphism p.. Then, by the proof of
Proposition [[.5] we have

dzo) (di di > (dx> <[d20]> <1 1 > (wx])
= | dte § and =(. _ .
(dzl d+te die dy [dzl] 2 Td [dy]
Therefore, the equation

J d+e—1 o d+e—1\ [(d+e d ) _ d+e—1 —(i—e) d+e
i-1 )¢ i )T\ d+e Tdye )TVTOL

of binomial coefficients leads to

d+e
Bare([(d2")T71(d2")]) = Bare <d ;r 3 - e)[(da:)i(dy)d+e—i]> ,

=0

Then, Theorem [Z.7] leads to
d+e

(7.10) D (e = )(d2) (dy)™ (A (a0 (f) = 0.

i=0
By Definition [ 1] and (4]), we have

d+e
(1) Ao () = [Z(—l)ioz—(f)(dw)i(dy)d+e_i] € P(Das.).
i=0
By applying (I0) to (ZI1]), we obtain
d+e
S (1) — e)ai(f) = 0.
i=0

]

The representational simplification gives the following result from the Woods
Hole formula.

Corollary 7.10. For an arbitrary field K and any polynomials f,g € K[z] of
degree deg f > 3 and deg f > deg g + 2,

9 veso(F(@). ') +tg(x))] =0
t=0
Proof. We first consider the case where K = k is a field of characteristic zero.
We put d := deg f. By Proposition [£.8] there exists a bihomogeneous polyno-
mial F(x,y) of degree (d — 1,1) such that Q°F(z) = f(z) and Q'F(z) = g(2).
By Remark and Theorem [7] we have the k-coefficient of ¢ of the polynomial
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res.(f(2), 2f'(2) + tzg(z)) € k[t] is 0. Since resultant is Z-polynomial of the coeffi-
cients of f and g, the coefficient of ¢ is 0 in arbitrary characteristics. This leads to
the assertion. (]

Remark 7.11. Corollary also can be proved by the following idea. We can
expand the resultant as

(712)  resy(f(2), f'(x) +tg(2)) = A(f) + ¢+ Fi(f,9) +1* - (polynomial),

where A(f) = res,(f(z), f/(x)) is the discriminant of f. From another expression
of resultant

d e

d e
res, | ag [ [(x = a),be [J(@ = 8)) | = agbd T] [T (i = 85).

i=1 j=1 i=1j=1

we have A(f) = 0 if and only if f have a multiple root. If we perturb the coefficients
of f/ by t, each solution of f' moves O(t) (t — 0). Then, if f have a multiple root
a, we have two factors of the form (o — (o + O(t))) (t — 0) on the resultant of
([T12) factored by the above equation. Thus, we have Fy = 0 in (Z12) if A(f) = 0.
By looking at degrees of each variables on A(f) and Fi(f,g), we obtain F; = 0.
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