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Abstract. A group-theoretic version of Dehn surgery is studied. Starting
with an arbitrary relatively hyperbolic group G we define a peripheral filling
procedure, which produces quotients of G by imitating the effect of the Dehn
filling of a complete finite-volume hyperbolic 3-manifold M on the fundamental
group π1(M). The main result of the paper is an algebraic counterpart of
Thurston’s hyperbolic Dehn surgery theorem. We also show that peripheral
subgroups of G “almost” have the Congruence Extension Property and the
group G is approximated (in an algebraic sense) by its quotients obtained by
peripheral fillings.

1. Introduction and main results

Let M be a compact orientable 3-manifold with finitely many toric boundary
components T1, . . . , Tk. Topologically distinct ways to attach a solid torus to Ti are
parameterized by slopes on Ti, i.e., isotopy classes of unoriented essential simple
closed curves in Ti. For a collection σ = (σ1, . . . , σk), where σi is a slope on Ti,
the Dehn filling M(σ) of M is the manifold obtained from M by attaching a solid
torus D2 × S1 to each boundary component Ti so that the meridian ∂D2 goes to
a simple closed curve of the slope σi. The fundamental theorem of Thurston [34]
asserts that if M − ∂M admits a complete finite-volume hyperbolic structure, then
the resulting closed manifold M(σ) is hyperbolic provided σ does not contain slopes
from a fixed finite set.

Given a subset S of a group G, we denote by 〈S〉G the normal closure of S in G.
Clearly,

π1(M(σ)) = π1(M)/〈x1, . . . , xk〉π1(M),

where xi ∈ π1(Ti) ≤ π1(M) is the element corresponding to the slope σi. Thus
Thurston’s theorem implies the following group-theoretic result:

Let G be a fundamental group of a complete finite-volume hyperbolic 3-manifold,
and H1, . . . , Hk the cusp subgroups of G. Then there exists a finite subset F of G
such that for any collection of (primitive) elements xi ∈ Hi \ F , the quotient group
G/〈x1, . . . , xk〉G is (word) hyperbolic.

We generalize this result in two directions. First, instead of the class of fun-
damental groups of complete finite-volume hyperbolic manifolds, we consider its
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far-reaching generalization, the class of relatively hyperbolic groups. Second, in-
stead of single elements xi ∈ Hi, we deal with normal subgroups generated by
arbitrary subsets of the cusp subgroups.

Recall that the notion of relative hyperbolicity was introduced in group theory
by Gromov in [9], and since then it has been elaborated from different points of
view [4, 5, 8, 24]. Here we mention some examples and refer the reader to the next
section for the precise definition of relatively hyperbolic groups.

• If M is a complete finite-volume manifold of pinched negative sectional
curvature, then π1(M) is hyperbolic with respect to the collection of the
cusp subgroups [4, 8].

• Any (word) hyperbolic group G is hyperbolic relative to the trivial sub-
group.

• Geometrically finite convergence groups acting on nonempty perfect com-
pact metric spaces are hyperbolic relative to the set of maximal parabolic
subgroups [38].

• Free products of groups and their small cancellation quotients, as defined
in [19], are hyperbolic relative to the factors [24].

• Fundamental groups of finite graphs of groups with finite edge groups are
hyperbolic relative to the vertex groups [4]. In particular, according to
the famous Stallings Theorem [32], any group with infinite number of ends
carries such a relatively hyperbolic structure.

• Finitely generated groups acting freely on Rn-trees are hyperbolic relative
to the maximal noncyclic abelian subgroups [13]. This class of examples
includes limit groups studied by Kharlampovich, Myasnikov [18], and inde-
pendently by Sela [31] in their solutions of the famous Tarskii problem.

The group-theoretic analogue of Dehn filling is defined as follows. Suppose that
{Hλ}λ∈Λ is a collection of subgroups of a group G. To each collection N = {Nλ}λ∈Λ,
where Nλ is a normal subgroup of Hλ, we associate the quotient group

(1) G(N) = G/
〈⋃

λ∈ΛNλ

〉G
.

The purpose of this note is to announce the following result obtained in [27].

Theorem 1.1. Suppose that a group G is hyperbolic relative to a collection of
subgroups {Hλ}λ∈Λ. Then there exists a finite subset F of nontrivial elements of G
with the following property. Let N = {Nλ}λ∈Λ be a collection of subgroups Nλ �Hλ

such that Nλ ∩ F = ∅ for all λ ∈ Λ. Then:
1) For each λ ∈ Λ, the natural map Hλ/Nλ → G(N) is injective.
2) The quotient group G(N) is hyperbolic relative to the collection {Hλ/Nλ}λ∈Λ.

Moreover, for any finite subset S ⊆ G, there exists a finite subset F(S) of nontrivial
elements of G such that the restriction of the natural homomorphism G → G(N)
to S is injective whenever N satisfies the condition Nλ ∩ F(S) = ∅ for all λ ∈ Λ.

It is worth noting that the theorem applies to general (not necessarily finitely
generated) relatively hyperbolic groups. In case the group G is finitely generated,
the condition Nλ∩F = ∅ simply means that the subgroups Nλ contain no nontrivial
elements of small (word) length. Jason Manning and Daniel Groves recently found
([12]) another (topological) proof of Theorem 1.1 in the particular case when the
group G is torsion-free and finitely generated.
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2. Applications

Recall that if a finitely generated group G is hyperbolic relative to a collection
of hyperbolic subgroups, then G itself is a hyperbolic group [8, 24]. The following
corollary may be regarded as a generalization of the group-theoretic version of
Thurston’s hyperbolic Dehn surgery theorem. Indeed, in case G is a fundamental
group of a complete finite-volume hyperbolic 3-manifold, all cusp subgroups are
isomorphic to Z⊕Z and for any nontrivial element x ∈ Z⊕Z, the quotient Z⊕Z/〈x〉
is hyperbolic.

Corollary 2.1. Under the assumptions of Theorem 1.1, suppose in addition that
G is finitely generated and Hλ/Nλ is hyperbolic for each λ ∈ Λ. Then G(N) is
hyperbolic.

On the other hand, Theorem 1.1 can also be applied to manifolds of higher
dimension. Indeed, let M be a complete finite-volume hyperbolic n-manifold with
cusp ends E1, . . . , Ek. For simplicity we assume that each cusp end is homeomorphic
to Tn−1 × R+, where Tn−1 is an (n − 1)-dimensional torus. Let 1 ≤ l ≤ k. For
each Ei, 1 ≤ i ≤ l, we fix a torus Tn−1

i ⊂ Ei and a closed simple curve σi in Tn−1
i .

We now perform Dehn filling on the collection of cusps Ei, 1 ≤ i ≤ l, by attaching
a solid torus D2 × Tn−2 onto Tn−1

i via a homeomorphism sending S1 = ∂D2 to σi.
Let σ = (σ1, . . . , σl). The topological type of the resulting manifold M(σ) depends
only on the homotopy class of unoriented curves σi, i.e., on [±σi] ∈ π1(Tn−1

i ) [30].
If l = k, M(σ) is a closed manifold; otherwise it has k − l remaining cusps.

The Gromov–Thurston 2π-theorem states that M(σ) has a complete metric of
nonpositive sectional curvature for “most” choices of σ. (Although the theorem
was originally proved in the context of 3-manifolds, the same proof actually holds
in any dimension as observed in [2].) This means that the fundamental group of
M(σ) is semihyperbolic in the sense of [1]. The following immediate corollary of
Theorem 1.1 shows that, in fact, π1(M(σ)) is hyperbolic relative to finitely generated
free abelian subgroups, which is a much stronger property than semihyperbolicity.
In particular, π1(M(σ)) is biautomatic [29] in the sense of [7] (and therefore, it is
semihyperbolic [1]). We also note that relatively hyperbolic groups of this type are
Hopfian [11, 10], are C∗-exact [28], have finite asymptotic dimension [26] (hence
they satisfy the Novikov Conjecture [39]), and have many other nice properties.
Below we regard π1(Tn−1

i ) as a subgroup of π1(M), and set xi = [σi] ∈ π1(Tn−1
i ),

1 ≤ i ≤ l, and xi = 1 for l < i ≤ k.

Corollary 2.2. There is a finite subset of nontrivial elements F ⊂ π1(M) such
that if xi /∈ F for all 1 ≤ i ≤ k, then the quotient groups π1(Tn−1

i )/〈xi〉 naturally
inject into M(σ), and π1(M(σ)) is hyperbolic relative to the collection of finitely
generated free abelian subgroups {π1(Tn−1

i )/〈xi〉}1≤i≤k.

Let us discuss some algebraic applications of Theorem 1.1. Recall that a sub-
group H of a group G has the Congruence Extension Property if for any N �H, we
have H ∩ NG = N (or, equivalently, the natural homomorphism H/N → G/NG is
injective). An obvious example of the CEP is provided by the pair G, H, where H
is a free factor of G. Another example is a cyclic subgroup H = 〈w〉 generated by
an arbitrary element w of a free group F . In this case the CEP for H is equivalent
to the assertion that the element represented by w has order n in the one relator
group F/〈wn〉F , which is a part of the well known theorem of Karrass, Magnus, and
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Solitar [17]. Olshanskii [22] noted that the free group of rank 2 contains subgroups
of arbitrary rank having CEP. This easily implies the Higman–Neumann–Neumann
theorem stating that any countable group can be embedded into a 2-generated
group. The CEP has also been extensively studied for semigroups and universal
algebras (see [3, 33, 37] and references therein). It plays an important role in some
constructions of groups with “exotic” properties [23].

We say that a subgroup H of a group G almost has CEP if there is a finite set
of nontrivial elements F ⊆ H such that H ∩NG = N whenever N ∩F = ∅. Recall
that a subgroup H of a group G is said to be almost malnormal if Hg ∩H is finite
for all g /∈ H. Bowditch [4] proved that if G is a hyperbolic group and H is an
almost malnormal quasi-convex subgroup of G, then G is hyperbolic relative to H
(see also [25]). Thus the following is an immediate corollary of Theorem 1.1.

Corollary 2.3. Any almost malnormal quasi-convex subgroup of a hyperbolic group
almost has CEP.

If G is a free group, any almost malnormal subgroup H ≤ G is malnormal (i.e.,
it satisfies Hg ∩ H = {1} for all g /∈ H). It is also well known that a subgroup of
a finitely generated free group is quasi-convex if and only if it is finitely generated.
Even the following result seems to be new.

Corollary 2.4. Any finitely generated malnormal subgroup of a free group almost
has CEP.

If the free group is finitely generated, this is a particular case of the previous
corollary. To prove Corollary 2.4 in full generality, it suffices to notice that any
finitely generated subgroup H of a free group F belongs to a finitely generated free
factor F0 of F , and F0 has CEP as a subgroup of F . This easily implies that H
almost has CEP in F .

Considering a series of subgroups K � H � F in a free group F , where K is not
normal in F , it is easy to see that the word “malnormal” cannot be removed from
the corollary. It is less trivial that, in general, malnormal subgroups of free groups
do not have CEP. Here we sketch an example suggested by A. Klyachko. Let F
be the free group with basis x, y. By using small cancellation arguments, it is not
hard to construct a malnormal subgroup H of F generated by x and some word
w ∈ [F, F ]. Then 〈x〉F = H �= 〈x〉H since w ∈ 〈x〉F .

Theorem 1.1 also implies that, in an algebraic sense, the group G is approximated
by its images obtained by peripheral fillings. To be more precise, we recall that a
group G is fully residually C, where C is a class of groups, if for any finite subset
S ⊆ G, there is a homomorphism of G onto a group from C that is injective on
S. The study of this notion has a long history and is motivated by the following
observation: If C is a class of “nice” groups in a certain sense, then any (fully)
residually C group also enjoys some nice properties.

Using Theorem 1.1, we will obtain some nontrivial examples of fully residually
hyperbolic groups. We recall that a group is called nonelementary if it does not
contain a cyclic subgroup of finite index.

Corollary 2.5. Suppose that a finitely generated group G is hyperbolic relative to
a collection of subgroups {Hλ}λ∈Λ, and for each λ ∈ Λ, the group Hλ is fully resid-
ually hyperbolic. Then G is fully residually hyperbolic. Moreover, if G is nonele-
mentary and all subgroups Hλ are proper, then G is fully residually nonelementary
hyperbolic.
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For instance, fundamental groups of complete finite-volume Riemannian mani-
folds of pinched negative curvature are hyperbolic relative to the cusp subgroups
[4, 8], which are virtually nilpotent [6]. It is well known that any nilpotent group is
residually finite [14], and hence so is any virtually nilpotent group. Finally we recall
that finite groups are hyperbolic. Combining this with Corollary 2.5 we obtain

Corollary 2.6. Fundamental groups of complete finite-volume Riemannian mani-
folds of pinched negative curvature are fully residually nonelementary hyperbolic.

Note that any fully residually nonelementary hyperbolic group G has infinite
quotients of bounded period and, moreover,

⋂∞
n=1 Gn = {1}, where Gn = {gn | g ∈

G}. This easily follows from the result of Ivanov and Olshanskii [16].
Another application is related to the well-known question of whether all hyper-

bolic groups are residually finite. Although in many particular cases the answer
is known to be positive (see [36] and references therein), in the general case the
question is still open. The following obvious consequence of Corollary 2.5 shows
that this problem is equivalent to its relative analogue. In particular, in order to
construct a nonresidually finite hyperbolic group, it suffices to find a nonresidually
finite group that is hyperbolic relative to a collection of residually finite subgroups.

Corollary 2.7. The following assertions are equivalent.

(1) Suppose that a finitely generated group G is hyperbolic relative to a collection
of residually finite subgroups. Then G is residually finite.

(2) Any hyperbolic group is residually finite.

3. On the proof

The proof of Theorem 1.1 is based on methods developed by the author in [24,
25]. The starting point is the following isoperimetric characterization of relatively
hyperbolic groups suggested in [24].

Let G be a group, {Hλ}λ∈Λ a collection of subgroups of G, and X a subset of
G. We say that X is a relative generating set of G with respect to {Hλ}λ∈Λ if G
is generated by X together with the union of all Hλ. (In what follows we always
assume X to be symmetric.) In this situation the group G can be regarded as a
quotient group of the free product

(2) F =
(
∗

λ∈Λ
Hλ

)
∗ F (X),

where F (X) is the free group with basis X. If the kernel of the natural homomor-
phism F → G is a normal closure of a subset R in the group F , we say that G has
relative presentation

(3) 〈X, Hλ, λ ∈ Λ | R〉.

If � X < ∞ and �R < ∞, the relative presentation (3) is said to be finite and
the group G is said to be finitely presented relative to the collection of subgroups
{Hλ}λ∈Λ.

Set

(4) H =
⊔
λ∈Λ

(Hλ \ {1}).
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Given a word W in the alphabet X ∪H such that W represents 1 in G, there exists
an expression

(5) W =F

k∏
i=1

f−1
i R±1

i fi

with the equality in the group F , where Ri ∈ R and fi ∈ F for i = 1, . . . , k. The
smallest possible number k in a representation of the form (5) is called the relative
area of W and is denoted by Arearel(W ).

Definition 3.1. A group G is hyperbolic relative to a collection of subgroups
{Hλ}λ∈Λ if G is finitely presented relative to {Hλ}λ∈Λ and there is a constant
C > 0 such that for any word W in X ∪H representing the identity in G, we have
Arearel(W ) ≤ C‖W‖. The constant C is called an isoperimetric constant of the
relative presentation (3). In particular, G is an ordinary hyperbolic group if G is
hyperbolic relative to the trivial subgroup.

The proof of Theorem 1.1 consists of two ingredients. The first is a surgery on
van Kampen diagrams; some ideas used here go back to methods developed by
Alexander Olshanskii in his geometric solution of the Burnside problem [20, 21].

Recall that a van Kampen diagram ∆ over a presentation

(6) G = 〈A | O〉
is a finite oriented connected planar 2-complex endowed with a labelling function
Lab : E(∆) → A, where E(∆) denotes the set of oriented edges of ∆, such that
Lab (e−1) ≡ (Lab (e))−1. Given a cell Π of ∆, we denote by ∂Π the boundary of
Π; similarly, ∂∆ denotes the boundary of ∆. An additional requirement is that for
any cell Π of ∆, the label Lab (∂Π) is equal to (a cyclic permutation of) a word
P±1, where P ∈ O.

The van Kampen lemma states that a word W over an alphabet A represents
the identity in the group given by (6) if and only if there exists a connected simply-
connected planar diagram ∆ over (6) such that Lab (∂∆) ≡ W [19, Ch. 5, Theorem
1.1].

Van Kampen diagrams come into the proof of Theorem 1.1 via the following
observation. Let G be a group given by the relative presentation (3) with respect
to a collection of subgroups {Hλ}λ∈Λ. We denote by S the set of all words in the
alphabet H representing the identity in the groups F defined by (2). Then G has
the ordinary (nonrelative) presentation

(7) G = 〈X ∪H | S ∪ R〉.
A cell in a van Kampen diagram ∆ over (7) is called an R-cell if its boundary
is labeled by a word from R. We denote by NR(∆) the number of R-cells of ∆.
Obviously given a word W in X ∪H that represents 1 in G, we have

Arearel(W ) = min
Lab (∂∆)≡W

NR(∆),

where the minimum is taken over all disk van Kampen diagrams with boundary
label W .

The second ingredient of the proof of Theorem 1.1 is a result concerning geodesic
polygons in Cayley graphs of relatively hyperbolic groups (Proposition 3.4), which
seems to be of independent interest.
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Recall that the Cayley graph Γ(G,A) of a group G generated by a (symmetric)
set A is an oriented labelled 1-complex with vertex set V (Γ(G,A)) = G and edge
set E(Γ(G,A)) = G ×A. An edge e = (g, a) goes from the vertex g to the vertex
ga and has label Lab (e) ≡ a. The graph Γ(G,A) can be thought of as a metric
space if we set the length of each edge to be equal to 1.

Throughout the rest of the section, let G denote a group that is hyperbolic
relative to a collection of subgroups {Hλ}λ∈Λ. Also let X be a finite generating set
of G with respect to {Hλ}λ∈Λ, and Ω a subset of G. To state Proposition 3.4, we
need some auxiliary terminology introduced in [24].

Definition 3.2. Let q be a path in the Cayley graph Γ(G, X ∪H). A (nontrivial)
subpath p of q is called an Hλ-subpath for some λ ∈ Λ if the label of p is a word in
the alphabet Hλ \ {1}. If p is a maximal Hλ-subpath of q, i.e., it is not contained
in a bigger Hλ-subpath, then p is called an Hλ-component (or simply a component)
of q.

Two Hλ-subpaths (or Hλ-components) p1, p2 of a path q in Γ(G, X ∪ H) are
called connected if there exists a path c in Γ(G, X ∪H) that connects some vertex
of p1 to some vertex of p2 and Lab (c) is a word consisting of letters from Hλ \ {1}.
In algebraic terms this means that all the vertices of p1 and p2 belong to the same
coset gHλ for a certain g ∈ G. Note that we can always assume that c has length at
most 1, as every nontrivial element of Hλ \ {1} is included in the set of generators.
An Hλ-component p of a path q is called isolated (in q) if no distinct Hλ-component
of q is connected to p.

To every subset Ω of G, we can associate a (partial) distance function distΩ :
G × G → [0,∞] as follows. If g1, g2 ∈ G and g−1

1 g2 ∈ 〈Ω〉, we set distΩ(g1, g2) =
|g−1

1 g2|Ω, where | · |Ω is the word length with respect to Ω. If g−1
1 g2 /∈ 〈Ω〉, we set

distΩ(g1, g2) = ∞. Finally, for any path p in Γ(G, X ∪ H), we define its Ω-length
as

lΩ(p) = distΩ(p−, p+).

Definition 3.3. Let Qn denote the set of all pairs (P, I), where P = p1 . . . pn

is an n-gon in Γ(G, X ∪ H) with geodesic sides p1, . . . , pn, and I is a subset of
{p1, . . . , pn} such that each pi ∈ I is an isolated component of P. Below we also
use the following notation for vertices of P:

x1 = (pn)+ = (p1)−, x2 = (p1)+ = (p2)−, . . . , xn = (pn−1)+ = (pn)−.

Given (P, I) ∈ Qn, we set

sΩ(P, I) =
∑
pi∈I

lΩ(pi),

where Ω is a subset of G, and consider the quantity

s(n) = sup
(P,I)∈Qn

s(P, I).

Proposition 3.4. There exists a finite subset Ω of G and a constant D > 0 such
that sΩ(n) ≤ Dn for any n ∈ N.

To prove that the group G(N) is relatively hyperbolic, we consider the following
presentation:

(8) G(N) = 〈X ∪H | S ∪ Q ∪R〉,



PERIPHERAL FILLINGS OF RELATIVELY HYPERBOLIC GROUPS 51

where Q =
⋃

λ∈Λ Qλ and Qλ consists of all words (not necessary irreducible) in
the alphabet Hλ \ {1} representing elements of Nλ in G. Given an arbitrary word
W in X ∪H representing 1 in G(N), let ∆0 be an arbitrary diagram over (8) such
that Lab (∂∆0) ≡ W . By cutting all cells in ∆0 labelled by words from Q, we get
a diagram ∆ over (7) such that:

(D1) Topologically ∆ is a disk with k ≥ 0 holes. More precisely, the boundary of
∆ is decomposed as ∂∆ = ∂ext∆ � ∂int∆, where ∂ext∆ is the boundary of the disk
and ∂int∆ consists of disjoint cycles (components) c1, . . . , ck that bound the holes.

(D2) For any i = 1, . . . , k, the label Lab (ci) is a word in the alphabet Hλ \ {1}
for some λ ∈ Λ and this word represents an element of Nλ in G.

Using the above-mentioned diagram surgery we transform ∆ into a new diagram
∆1 that still satisfies (D1) and (D2) and, in addition, has the following properties:

(1) There is a set of (disjoint) simple paths {t1, . . . , tk} in ∆1 such that after
cutting ∆1 along t1, . . . , tk, we get a connected simply connected diagram ∆̃1. Note
that the cycle P in Γ(G, X ∪ H) corresponding to ∂∆̃1 can be naturally regarded
as an n-gon, n ≤ 4k + ‖W‖.

(2) The labels of holes in ∆1 lead to sides that are isolated components of P.
Now Proposition 3.4 allows us to derive the linear isoperimetric inequality for

G(N). The other two assertions of the theorem are proved in a similar way. All
details can be found in [27].
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