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PIECES OF NILPOTENT CONES FOR CLASSICAL GROUPS

PRAMOD N. ACHAR, ANTHONY HENDERSON, AND ERIC SOMMERS

ABSTRACT. We compare orbits in the nilpotent cone of type By, that of type
Chn, and Kato’s exotic nilpotent cone. We prove that the number of [Fy-points
in each nilpotent orbit of type B,, or C,, equals that in a corresponding union
of orbits, called a type-B or type-C' piece, in the exotic nilpotent cone. This is
a finer version of Lusztig’s result where corresponding special pieces in types
By and C, have the same number of Fg-points. The proof requires studying
the case of characteristic 2, where more direct connections between the three
nilpotent cones can be established. We also prove that the type-B and type-C
pieces of the exotic nilpotent cone are smooth in any characteristic.

1. INTRODUCTION

Let F be an algebraically closed field; for the moment, assume that the charac-
teristic of F is not 2. The algebraic groups SOg,11(F) (of type B;,) and Spa, (F)
(of type C},) share many features by virtue of having dual root data and hence
isomorphic Weyl groups: W(B,,) 2 W(C,,) = {£1}1.5,.

The connection between the orbits in their respective nilpotent cones N (02,,11)
and N (sp,,,) is subtle. (Recall that in characteristic # 2, these nilpotent cones are
isomorphic to the unipotent varieties of the corresponding groups, so everything we
say about nilpotent orbits implies an analogous statement for unipotent classes.)
The nilpotent orbits are most commonly parametrized by their Jordan types: in
the case of N(02,411), these are the partitions of 2n + 1 in which every even part
has even multiplicity; in the case of N'(sp,,, ), there are the partitions of 2n in which
every odd part has even multiplicity. But to make a connection between the two
nilpotent cones, it is more natural to use the parametrization derived from the
Springer correspondence.

In the Springer correspondence, nilpotent orbits (or, strictly speaking, the triv-
ial local systems on such orbits) correspond to a subset of the irreducible repre-
sentations of the Weyl group. The irreducible representations of {1} S,, are
parametrized by the set Q,, of bipartitions of n, on which we put the partial order
of ‘interleaved dominance’, as in [Spa2] and [AH]: (p;0) < (u;v) means that the
composition (p1, 01, p2, 02, -+ ) is dominated by the composition (p1, v1, 2, Va, -« - ).
In the conventions used in this paper (for which see Section 2), the nilpotent orbits
in NM(02,+1) and N (sp,,,), each with the partial order given by closure inclusion,
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correspond respectively to the sub-posets of Q,, consisting of B-distinguished and
C-distinguished bipartitions:

OB —{(;v) € Qu | s > vi — 2, v; > iy, for all i} and
QY ={(mv) € Qulpi >vi — 1, v; > piy1 — 1, for all i}.

Therefore, when comparing the two nilpotent cones, one is led to the sub-poset
of special bipartitions (which label Lusztig’s special representations of {£1}1.5,,):

Q=07 NQY ={(m;v) € Qn|pi >vi — 1, vi > piya, for all i}.

Spaltenstein [Spal] observed that for every (p; o) € QB there is a unique (u;v) € Q°,
which satisfies (p;0) < (u;v) and is minimal among all special bipartitions with
this property. Hence one can group the orbits in M (02,,1) together into locally
closed subvarieties called special pieces, one for each (u;v) € Q2. The same is true
for QY so one can also define special pieces in N (sp,,,) with the same parameter
set. In fact, special pieces can be defined in the nilpotent cones of all types; see
Spaltenstein [Spal|] and Lusztig [L3].

The special pieces are a natural basis of comparison between the nilpotent cones
in types B, and C,. In [L3] Theorem 0.9, 6.9], Lusztig proved that for any
(u;v) € Q2 the corresponding special pieces of N(02,+1) and N (sp,,,) have the
same number of F,-points for every finite subfield ;. If F = C, the statement be-
comes one where the corresponding special pieces have the same equivariant Betti
numbers. Lusztig’s proof consisted of computing each side of the equality inde-
pendently and showing that the answers are the same; it did not give any direct
connection between the special pieces.

More recently, the work of Syu Kato [K1l [K2] has revealed that there is a third
nilpotent cone which in some respects is intermediate between type B and type C.
This is the exotic nilpotent cone

M =TF?" x {x € gly, | = nilpotent, (zv,v) = 0 for all v € F?"},

where (-,-) denotes a nondegenerate alternating form. This exotic nilpotent cone
may seem more closely affiliated with type C, in that it is the symplectic group
Spo, which acts on it, but note that it is the Hilbert null-cone in the reducible
representation F2" & A?(F?") whose weights are the same as those of 02,11 (under
the usual identification of the weight lattice of Spa,, with the root lattice of SOay,41).

The orbits in 91, with the partial order given by closure inclusion, correspond to
the entire poset Q,, as proved in [KI] and [AH, Section 6]. Therefore, in 91 one
can not only define special pieces in the same way as for A(02,41) and N (spy,),
one can define type-B pieces parametrized by QF and type-C' pieces parametrized
by QS.

In the main result of this paper, Theorem 2.23] we prove equalities of numbers of
F,-points between the type-B pieces of 91 and the orbits of A (02,,41), and between
the type-C pieces of 91 and the orbits of N (sp,,,). These finer equalities automati-
cally imply that the number of F,-points in a special piece of 91 equals that in the
corresponding special pieces of N (02,41) and N (sp,,); thus we have a new proof
of Lusztig’s result, via the exotic nilpotent cone (see Section 2 for the details).

The key to proving Theorem[2.23]is to remove the restriction on the characteristic
of F, considering also the case of the ‘bad’ characteristic 2. The classification of
nilpotent orbits in characteristic 2 is slightly more complicated, but Lusztig and Xue
have shown in [L6, Appendix] that there is a uniform way to define certain pieces
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of N(02,41) and N (sps,, ), which in characteristic # 2 are the nilpotent orbits and
which in characteristic 2 are unions of nilpotent orbits. The number of F,-points
in one of these nilpotent pieces is given by a polynomial in ¢ which is independent
of the characteristic. For the exotic nilpotent cone, the classification of orbits and
the polynomials giving the number of [F -points are the same in all characteristics.
Since it suffices to prove an equality of polynomials in ¢ in the case where ¢ is
a power of 2, we can restrict our attention purely to the case of characteristic 2,
where it is possible to make direct connections between the three nilpotent cones.

It is perhaps not surprising that it should be easier to relate types B,, and C,
in characteristic 2, since that is the characteristic in which there is an isogeny
SO2,41 — Span. In commenting on a draft of this paper, Lusztig pointed out
that this isogeny gives a bijection between F,-points in corresponding unipotent
conjugacy classes, which provides yet another way to prove his result about special
pieces (using the results on unipotent pieces in [L4l [L5, [L6, X3]). However, the
isogeny does not induce a Lie algebra isomorphism, and the connection between
the orbits in N (02,+1) and N(sp,,) only becomes apparent when one uses the
exotic nilpotent cone 91 as a bridge between them.

One half of the bridge was constructed in [K2], where Kato observed that there is
an Spa,-equivariant bijective morphism (not an isomorphism) from 9 to AN (spy,).
In Section 3, we deduce from this the corresponding half of Theorem 2231

In Section 4, we supply the second half of the bridge, observing that in char-
acteristic 2 there is an isomorphism from AN (02,41) to 9. This isomorphism is
not SOs,11-equivariant, but we are still able to use it to show that the number of
F,-points in an orbit in A (02,41) equals that in a corresponding union of orbits in
N (see Theorem E.T4]). This implies the other half of Theorem 2.23

In Section 5, we prove that the type-B and type-C' pieces of 91 (in any character-
istic) are smooth, like the nilpotent pieces of [L6, Appendix]. We conjecture that
the special pieces of 9 are rationally smooth, like those of N'(02,+1) and N (sp,,,) in
good characteristic. We also make some remarks about the problem of computing
intersection cohomology of nilpotent orbit closures in bad characteristic.

For the convenience of the reader, we list in Table [l our notation for the various
kinds of pieces considered in this paper, with the reference number where they are
first defined. The entries of the first column indicate which nilpotent cone in which
characteristic contains the pieces listed in that row. The heading of each other
column indicates the subset of Q,, to which the labels (u;v) in that column belong
(the subset Q22 not previously mentioned, will be defined before Theorem F.4)).
Notice that pieces of the exotic nilpotent cone are designated by blackboard-bold
letters @ (for orbits), T (for type-B and type-C pieces), and S (for special pieces),
while pieces of N (02,+1) and N (sp,,,) are designated by calligraphic letters O (for
orbits), T (for nilpotent pieces), and S (for special pieces). The guiding principle of
this paper is that for each column of Table[I] the pieces listed in that column should
be closely related (though not necessarily isomorphic): in particular, we show that
there is a uniform polynomial which counts the F,-points of each of them.

2. COMBINATORICS OF BIPARTITIONS

Throughout this section, F denotes an algebraically closed field of characteristic
not equal to 2. We will recall the parametrization of orbits in M (02,+1), N (5ps,,),
and the exotic nilpotent cone 91, over F. We will then state our main result,
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TABLE 1. Pieces of nilpotent cones for classical groups.

cone; char F | Q, QB2 oB ¢ Q5

N(o2n41); 7 2 07, 213 Sy, 2246]
N(0241); 2 02 B4 TB EL.16] Sf;y E.16]
N (spa): # | oc, B | St Bz
N(spy,); 2 o5 B2 | 7,577 EIN T

N; any 0, 220] ']I‘§

2EDR | T, 223 | TS, 222 | S, 226]

Theorem [2:23] which relates various pieces of the three cones, and show how it
implies Lusztig’s result on special pieces.

The orbits in N (02,+1) and N (sp,,,) are usually parametrized by certain parti-
tions of 2n+ 1 and 2n, respectively. To make comparisons between these two cones
and the exotic nilpotent cone, we need to change to the parameters given by the
Springer correspondence, which for types B and C were determined by Shoji in
[Shi]. Tt is more convenient for us to use the combinatorics of bipartitions rather
than Lusztig’s symbols as in [C| 13.3] and [CM| 10.1]. Much of the combinatorics
we will describe is also to be found in [X3].

Throughout the paper, n denotes a nonnegative integer. A composition of n is
a sequence m = (7,2, T3, - - ) of nonnegative integers, almost all zero, such that
|| = n, where |7| denotes m1 + 72 4+ w3+ - - -. The set of compositions of n becomes
a poset under the partial order of dominance:

T<ANES T+ T < A4+ Mg, for all k.

A composition 7 is a partition if m; > w41 for all i. The poset of partitions of
n is denoted P,. We use the usual shorthand notation for partitions: for example,
(212) means (2,1,1,0,0,---) and @ means (0,0,0,---).

A composition 7 is a quasi-partition if w; > w40 for all i. It is clear that the set
of quasi-partitions of n is in bijection with the set Q,, of bipartitions of n, that is,
ordered pairs of partitions (p; o) with |p| + || = n. Namely, the bipartition (p; o)
corresponds to the quasi-partition (p1, 01, p2, 09, -+ ) obtained by interleaving the
parts. Following [Spa2], [Sh3|, and [AH], we use the partial order on Q,, corre-
sponding to the dominance order on quasi-partitions: that is, (p; o) < (u;v) if and
only if

pr+o1+petoet-+ppt+or < pr+vit+petrve+-+ g+ v, and
pr+oit ot ppt Okt prpr < gt vt ke + Ve e,
for all k.
It is well known that Q,, parametrizes the irreducible characters of {£1}1.5,

W(B,) = W(C ). We use the conventions of [GPf, 5.5] in which y (™) is the trivial
character, xZ/(") is the character whose kernel is W(D,,), and tensoring with the

o~

sign representation interchanges x** and x” St
We also define, for any (u;v) € Q,,

b(u;u)ZO,U1+1V1+2M2+3V2+4M3+5U3+"'.

The representation-theoretic meaning of this quantity is explained in [GP1, 5.5.3]:
it is the smallest degree of the coinvariant algebra of W (B,,) = W(C,,) in which
the character x** occurs.
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2.1. The nilpotent cone of type C),. Let chn denote the sub-poset of Ps,, con-
sisting of partitions of 2n in which every odd part has even multiplicity. We define
amap ®° : Q,, — PS, as follows. For any (p;0) € Q,,, ®“(p;0) is defined to be
the composition of 2n obtained from the quasi-partition

(2/)1; 2017 2p2a 2027 2937 2037 o )

by replacing successive terms 2s, 2t with s + ¢, s + t whenever 2s < 2t. The quasi-
partition property implies that we never have to make overlapping replacements,
so this makes sense.

Proposition 2.1. Let (p;0), (u;v) € Q,,. Then:
(1) @°(p;0) € Pg,.
(2) If X € Pap, then X > (2p1,2071,2p2,209,- -+ ) if and only if X > ®%(p; o).
(3) If (p;0) < (w;v), then ®C (p; ) < ®C(u;v).

Proof. Set ™ = (2p1,201,2p2,203,--+), and for brevity write & for ®%(p; o). It is
clear from the definition that any odd part of £ arises as a replacement of some pairs
of successive parts of 7, so its multiplicity must be even. To prove (1), we need
only check that & > &; 41 for any . If m; < m;41, then & = &;+1 by construction.
On the other hand, if m; > m; 41, then

. mi—1 + 7 Tiy1 + 7
& = min {m, %} > max {7Ti+1, %} =&it1,
since m;_1 > w41 and m; > 1o (here we can interpret mp as oo to handle the i = 1
case). Hence (1) is proved.
By definition we have

T + Tr41
2 b

§1+§2+---+§k:7r1+7r2+~-~+7fk1+maX{7Tk:7

so & > m, from which the “if” direction of (2) follows. To prove the converse, we
assume that A € Ps,, satisfies A > w. Then for any positive integer k, we have

A1+ A1 2w+ + o1 and
M4+ A1+ A+ Apy1 > T+ TE—1 + T TR

Taking the average on both sides of these two inequalities and using the fact that
Ak > Ak+1, we deduce that

Tk + T
At Memt A 2 g
Hence
T + T
)\1+"'+)\k>7T1+"'+7Tk1+maX{7Tk,%}_fl+"‘+fk,

as required to prove (2).
The proof of (3) is now easy: if (p; o) < (u;v), then

(2p1a 20-17 2p2a 2027 o ) S (2/-/’1) 27/17 2:“’27 2”27 o ) S (I)C(/'[/7 V)a
and (2) applied with A = ®“(; v) implies that & (p; o) < &€ (u;v). O
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Example 2.2. When n = 2, the map ®° : Q; — P{ is as follows:
9((2);2) = (4), @9((1); (1) = (2%), @9(25(2)) = (2%),
9((1%); 2) = (217), @“(2; (1%)) = (17).
Note in particular that ®¢ is not injective.

Recall the definition of the sub-poset of Q,, consisting of C'-distinguished bipar-

titions:
QY = {(m;v) € Qu | pi > vi — 1, vi > pipq — 1, for all 4}

We define a map ®C : PS — QY as follows. (It is actually a special case of
the general 2-quotient construction described in [M} Example 1.1.8].) Start with
a partition A € P¢, and modify it by halving all even parts and by replacing any
string of odd parts 2k + 1,2k +1,--- ,2k+ 1,2k + 1 with k,k+1,--- ,k,k+ 1 (the
part 2k + 1 has even multiplicity by assumption). The result is a quasi-partition of
n, and we let @C()\) be the corresponding bipartition.

Proposition 2.3. Let m, A\ € PS,. Then:
(1) °(\) € QF.
(2) If 7 < A, then ®%(7) < @C(N\).

Proof. Both parts are easy from the definitions. O

Proposition 2.4. The relationship between ® and € is as follows:
(1) For any A € PS,, ®°(BC(N)) = A.
(2) For any (p;0) € Qn, (p;0) < </I;C(<I>C(p; 0)), with equality if and only if
(pi0) € QF.
(3) The posets QS and PS, are isomorphic via the inverse maps ®¢ (restricted
to Q°) and ®°.

Proof. Parts (1) and (2) are proved by short calculations, and part (3) follows from
these together with Propositions 2.1l and 2.31 O

Definition 2.5. For any (p;0) € Q,, let (p;0)C denote ®C (% (p;0)) € QF.
Explicitly, (p; o) is the bipartition constructed from (p;o) as follows. Whenever
p; < o;—1, replace p;, o; with L%J, (%L and whenever o; < p;11 — 1, replace
0, s with | 22 |, (2]
overlapping replacements.

. As before, it is clear that we never have to make

Corollary 2.6. For (p;o) € Q, and (u;v) € QF, the following are equivalent:
(1) (p20)® = ;).
(2) € (p; o) = 8 (s ).
(3) (p;0) < (;v), and for any (1;v) € QF such that (p;o) < (7;v), we have
(u5v) < (150).
Proof. This follows formally from Proposition 2.4 O

With this notation we can reformulate the standard parametrization of nilpotent
symplectic orbits in characteristic # 2 and the (Zariski) closure ordering on them.
Let V be a 2n-dimensional vector space over F with a nondegenerate alternating
form (-,-), let Sp(V) be the stabilizer of this form, and let N (sp(V')) denote the
variety of nilpotent elements in its Lie algebra. If F has positive characteristic p (an
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odd prime, because characteristic 2 is not allowed in this section), we assume that
we have a fixed Fp-structure of V' such that (-,-) is defined over F,. Then Sp(V)
and N (sp(V)) are defined over the finite subfield F, with ¢ elements for any ¢ = p®.

Theorem 2.7 (Gerstenhaber, Hesselink [CM|, Theorems 5.1.3, 6.2.5]).

(1) The Sp(V)-orbits in N'(sp(V)) are in bijection with QF. For (u;v) € QF,
the corresponding orbit Oiu has dimension 2(n? — b(u;v)) and consists of
those x € N (sp(V')) whose Jordan type is ® (u;v).

(2) For (p;0), (u;v) € Qg;

0% COG, <= (p;0) < (1;v).

The statement in [CM] uses, instead of QF, the isomorphic poset Pg, so that the
parametrization of orbits is by Jordan types. As mentioned above, the motivation
for switching to the poset Q¢ is that the orbit (’)E;l,, with the trivial local system,
corresponds to the irreducible representation of W(C,,) with character x** under
the Springer correspondence. This is shown in [Shll Theorem 3.3].

Remark 2.8. Shoji’s conventions in [Shi] differ from those above in two ways. First,
Shoji uses Springer’s original construction of Springer representations, from which
the one now in use is obtained by tensoring with the sign representation. Second,
Shoji’s parametrization of irreducible characters of {+1} 1.5, differs from ours by
transposing both partitions of the bipartition.

Remark 2.9. Theorem 2.7 refers only to C-distinguished bipartitions, whereas we
defined ®¢ on all bipartitions. An irreducible representation of W (C,,) indexed by
a bipartition (u;v) which is not C-distinguished corresponds under the Springer
correspondence to a nontrivial local system on some orbit in M (sp(V)); the Jordan
type of this orbit is an element of P§, which is in general not equal to ®¢ (y;v).
(See [Shll, Theorem 3.3] or [C, 13.3] for the rule.) However, there is a Springer
correspondence interpretation of the whole map ®¢ in characteristic 2, as explained
in the next section.

Remark 2.10. The dimension formula for (’)f;:,, stated above is easily deduced from
the formula given in terms of ®“(y;v) in [CM] or from the fact that the dimension
of the Springer fibre for a nilpotent element of OS;V equals b(u; v).

It is clear from Theorem 277 that if F has characteristic p, each orbit (95”, is
defined over F, for any ¢ = p®. Note that in general, OE;V(IFq) is the union of
multiple Sp(V')(F,)-orbits; we are not concerned with the latter kind of orbits.

Proposition 2.11. For each (u;v) € QF, there is a polynomial P, (t) € Zlt],
independent of F, such that for any finite subfield Fy of F, \(’)iu(]}"q) = Pgu(q).

Proof. The most convenient reference is the last sentence of [L6l A.6], which in-
cludes a statement about characteristic 2 as well. For historical accuracy, we should
note that the result in odd characteristic has been known for much longer: for ex-
ample, it follows from [Sh2, Section 4] that [OF,,(IFy)| is a rational function of ¢
independent of the characteristic, and by the Grothendieck Trace Formula, this
rational function must be an integer polynomial. O
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In [L3], the polynomial PS,(t) is given an alternative interpretation in terms of
equivariant Betti numbers of nilpotent orbits, in the case where F = C:

2 b)) T Y . Sp(v —j
(2.1) PC,(t) = 2 b)) TT(1 - 7)) 3 dim Hy P (0S,) 7.
i=1 §>0
An explicit rational function formula for the power series on the right-hand side is
given in [L3| Lemmas 5.2, 5.3]. It follows from this that

n

t2(n2—b(u;l/)) H(l _ t—2i)

2.2 PC (1) = =1 ,

(22) b (1) 5 sv) }
II II a-#
a>1  i=1

Cly
where fC(u;v) = LMJ, and m,(®¢(u;v)) means the multiplicity of a as
a part of the partition ®¢(u;v). Hence ng(t) is actually a polynomial in t2. We
will not need to use the explicit formula ([2.2)) in this paper.

2.2. The nilpotent cone of type B,. The situation in type B, is very similar.
Let PE 11 denote the sub-poset of Py, 1 consisting of partitions of 2+ 1 in which
every even part has even multiplicity. We define a map ®% : 9, — P5 11 as
follows. For any (p;0) € Q,, consider the infinite sequence

(2p1—|—1,20’1—1,2p2—|—1,20’2—1,2p3+1,20’3—1,"').

Whenever two consecutive terms s, ¢ satisfy s < t, replace them with %, ST'H (note

that ST“ € N); clearly we never have to make overlapping replacements. The
terms in the infinite tail —1,1,—1,1,--- are all replaced with 0, so the result is a
composition ®Z(p; o) of 2n + 1.

Proposition 2.12. Let (p;0), (u;v) € Q,. Then:
(1) ®5(p;0) € Pap iy
(2) If X € Papy1, then A > (2p1 + 1,201 — 1,2p2 + 1,209 — 1,--+) if and only
if A > ®F(p;0).
(3) If (p;0) < (;v), then @B (p;0) < &P (u;v).
Proof. Essentially the same as the proof of Proposition 211 O
Example 2.13. When n = 2, the map ®Z : Qy — P is as follows:
5((2);2) = (5), @5((1): (1)) = (31%), %(2;(2)) = (2°1),
P((1%); 2) = (31%), @F(2;(1%)) = (1°).
Recall the definition of the sub-poset of Q,, consisting of B-distinguished bipar-
titions:
Qf ={(u;v) € Qn | > vi — 2, v; > piy1, for all i}.
We define a map 5 : PL . — QF as follows. Start with A € P35 ;. If \;
is odd, replace it with %, and for every string of equal even parts \; =
Air1 = --- = 2k with \;_; > 2k, replace them with k, k,--- if i is even or with
k—1,k+1,k—1,k+1,--- if i is odd. (This applies to the infinite tail of zeroes when
k = 0 and i is necessarily even; they all remain zero.) The result is a quasi-partition
of n, and we let ®Z(\) be the corresponding bipartition.
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Proposition 2.14. Let 7, A € PH . Then:
(1) ®B()) € QB.
(2) If 7 < A, then ®B(7) < ®B(N).
Proof. Both parts are easy from the definitions. O

Proposition 2.15. The relationship between ®P and BB is as follows:
(1) For any A € P51, OB(PB(N)) = \.
(2) For any (p;o) € Qn, (p;o) < @B(@B(p; 0)), with equality if and only if
(pio) € QF.
e posets an are isomorphic via the inverse maps re-
3) Th oF and PH ' hic via the i o8
stricted to QB) and ®B.

Proof. Again, parts (1) and (2) are proved by short calculations, and part (3)
follows from these together with Propositions and 2141 O

Definition 2.16. For any (p;0) € Q,, let (p;0)? denote ®3(®5(p;0)) € QF.
Explicitly, (p;o)? is the bipartition constructed from (p;o) as follows. Whenever
p; < o; — 2, replace p;,o; with (%] -1, L%j + 1, and whenever o; < p;11,
replace oy, pi1 with [ 2521 | ZitPit | Ag hefore, it is clear that we never have
to make overlapping replacements.

Corollary 2.17. For (p;o) € Q,, and (u;v) € QB the following are equivalent:
(1) (p30)" = (wv).
(2) @5 (p;0) = 2P (u;v).
(3) (p;0) < (w;v), and for any (T;v) € QF such that (p;o) < (1;v), we have
(15v) < (150).
Proof. This follows formally from Proposition O

Let V be a (2n + 1)-dimensional vector space over F with a nondegenerate qua-
dratic form @, let SO(‘~/) be the identity component of the stabilizer of this form,
and let A(o(V)) denote the variety of nilpotent elements in its Lic algebra. If F
has characteristic p (an odd prime), we assume that we have a fixed Fp-structure
on V such that Q is defined over F,. Then SO(V) and N (o(V)) are defined over
F, for any ¢ = p°.

Theorem 2.18 (Gerstenhaber, Hesselink [CM| Theorems 5.1.2, 6.2.5]).
(1) The SO(V)-orbits in N'(o(V)) are in bijection with QB. For (u;v) € OB,
the corresponding orbit (951, has dimension 2(n* — b(u;v)) and consists of
those x € N'(o(V)) whose Jordan type is ®B (u; v).
(2) For (p;0), (u;v) € QF,
O), COE, < (p;0) < (1;v).

As in type C, this result is usually stated in terms of P% ;| instead of QF.
Again, it follows from [Shi, Theorem 3.3] that the orbit O, with the trivial local
system, corresponds to the irreducible representation of W (B,,) with character y**
under the Springer correspondence (bearing in mind Remark 2.8)).

It is clear from Theorem 218 that, if F has characteristic p, each orbit (951,
is defined over F, for any ¢ = p®. As in type C, we are not concerned with the

O(f/)(]Fq)—orbits into which Oﬁy(Fq) splits.
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Proposition 2.19. For each (u;v) € QF, there is a polynomial PP (t) € Zlt],
independent of F, such that for any finite subfield ¥y of F, |OfF (F )\ = PP (q).

Proof. The same comments as in the proof of Proposition [Z11] apply here. O
As in type C, |L3] gives, in the F = C case,

(2.3) Pﬁu(t) = —b(uv)) H (1—¢2 ZdlmHSO(V) OB e

7>0
and also an explicit formula for PZ,(t) analogous to (2.2).

2.3. The exotic nilpotent cone. Hitherto we have used proper sub-posets of
Q,, to parametrize orbits. We will now see that the full poset 9, occurs in the
parametrization of orbits in the exotic nilpotent cone.

Asin §2.1, V denotes a 2n-dimensional vector space over F with a nondegenerate
alternating form (-,-). Define

S ={z € End(V) | (zv,v) =0, for all v € V}.
Under our assumption that F has characteristic different from 2, S is the Sp(V)-

invariant complementary subspace to sp(V) in gl(V) = End(V). Syu Kato’s ezotic
nilpotent cone of type C,, is
N=Vx(SNN(gl(V))) ={(v,z) € V x S| nilpotent}.

To describe the parametrization of Sp(V')-orbits in N, we first need to recall the
parametrization of GL(V')-orbits in the enhanced nilpotent cone V-x N(gl(V)). As
explained in [AHL Section 2], these are in bijection with bipartitions of 2n. For
(T3¢) € Qay, the orbit O, C V x N(gl(V')) consists of those (v, z) such that

e z has Jordan type 7+ ¢ (the partition obtained by adding (71,72, --) and
(¢1,02, -+ ) term-by-term) and
e v belongs to the open GL(V)®-orbit in ), x¥ (ker(z™ %)), where GL(V)*
is the stabilizer of x in GL(V).
For a more explicit description, see [AH, Proposition 2.3].
For any partition A, let AU denote the ‘duplicated’ partition (A1, A1, Az, Ag, -+ ).

Theorem 2.20 (Kato, Achar—Henderson; [K1] for (1), [AH, Section 6] for (2)).

(1) The Sp(V)-orbits in M are in bijection with Q,,. For (u;v) € Q,, the cor-
responding orbit O, has dimension 2(n* —b(u;v)) and is the intersection
of M with the orbit O,uuuuy in the enhanced nilpotent cone V- x N (gl(V)).

(2) For (p;o),(1;v) € On,
Opio € Opp = (pi0) < (15v).
From the above description of orbits in the enhanced nilpotent cone, it follows

that O, consists of those (v, z) € 9 such that

e z has Jordan type (4 +v)U (p +v) and

e v belongs to the open Sp(V)®-orbit in ), x* (ker(z#i1¥)).
For an explicit representative of each orbit O, see the proof of [AH, Theorem
6.1]. It is clear that if F has characteristic p, each orbit @, is defined over F, for
any q =p
Proposition 2.21. For each (u;v) € Q,, there is a polynomial P, ( ) € Z[t],
independent of F, such that for any finite subfield F, of F, |0, (F )| =P,.(q).
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Proof. This is easier than Propositions ZIT] and 219, as the stabilizer Sp(V)®®)
in Sp(V) of a point (v,z) in O, (F,) is connected (see [KI, Proposition 4.5]), so
1Sp(V) ()|
G Fall eauals 15,y (e,
that |0y, (F,)| is a rational function in ¢ is enough to imply that it is an integer
polynomial in ¢, so it suffices to show that [Sp(V)("*)(F,)| is given by an integer
polynomial in ¢ independent of F. This follows from the fact that the reductive
quotient of Sp(V)(”’x) is a product of symplectic groups whose ranks are determined
inductively in [Spr2l Section 4], independently of F. O

By the Grothendieck Trace Formula, showing

By the same argument, it follows that if F = C,

n
(24) Py () =200 TT( =472 3 dim Hy Y (0p0) .
i=1 j>0

The following explicit formula for P, (t) is proved in [Sun, Corollary 3.12]:

t2(n2—b(u;l/)) H(l _ t—2i)

2.5) P,.(t)= =1 ,

25) Fuw(t) Ma () —1 ' Ma () .
(I a-e) I 11 a-e
a€J(uv) i=1 a@J(pv) i=1

where m, (1 + v) means the multiplicity of the positive integer a as a part of p+ v,
and J(p;v) is the set of a such that for some ¢ > 1, y; +v; = a and g1 < p,
and for some j > 1 (possibly the same as 4), u; +v; = a and vj_1 > v; (here we
interpret vy as oo if j = 1). We will use this formula only in Example

2.4. Pieces of the exotic nilpotent cone. Now we can define the pieces of 9
mentioned in the introduction. For explicit examples, see Examples 228 and [5.141

Definition 2.22. For any (u;v) € QF, we define the corresponding type-B piece
of 91 to be the following disjoint union of orbits:

B _
’]T[L;I/ - U ©P§0"
(p;o-)EQn
(pio)P=(wsv)

For any (u;v) € QY, we define the corresponding type-C' piece of M to be
c
TM;I/ = U @P§U'

(p;0)€Qn
(p;0)C=(psv)

Combining Theorem [Z77(2) and Theorem 2I§|(2) with Corollaries and 217
we see that

TS, = 0u \ |J Or and
(rv)eQB
(T50)<(m5v)

TE;V = O \ U Oz,
(T;’U)GQS
(T5v)<(psv)

(2.6)

So ']I‘ﬁy and ’]I‘E;V are locally closed subvarieties of 9.
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We can now state the main result of this paper.

Theorem 2.23. Suppose that F has odd characteristic p. Then:
(1) For any (15v) € QF and any g = p*, [TZ,,(F,)| = |OB, (F,)|. Equivalently,
we have an equality of polynomials:

Y. Pt =PI
(p;0)€Qn
(pi0) P=(psv)
(2) For any (u:v) € QF and any g = p*, [T, (Fy)| = [0C, (F,)|. Bquivalently,
we have an equality of polynomials:

Do Pre(t) =P,
(p;0)€QH
(p;0) =(psv)

In view of (2.1]), (23)), [24)), and [L3, Lemma 5.2], one can also interpret Theorem
2.23(1) as saying that when F = C, the varieties T/}, and O7, have the same
equivariant Betti numbers (for their respective groups Sp(V) and SO(V)), and
Theorem 2.:23/(2) as saying that ']I‘iy and Oiu have the same equivariant Betti
numbers (for the group Sp(V)).

Our proof of Theorem 2.23] does not directly relate the varieties wa and O,
or ']I‘iy and (95;,/, in good characteristic. Instead, we prove each equality of poly-
nomials in the case when ¢ is a power of 2 (which obviously suffices). This requires
switching to the case of characteristic 2 and finding explicit connections there be-
tween the three nilpotent cones N (sp(V)), N'(o(V)), and M. Part (2) of Theorem
223 will be proved (or rather, deduced formally from results of Spaltenstein, Kato,
Lusztig, and Xue) in Section 3, and part (1) will be proved in Section 4.

In this approach, we never need to use the explicit formulas for P, (t), PZ,(t),
and P, (t) referred to above. It is probably possible to give a combinatorial proof
of Theorem [Z.23] using these formulas, but we prefer our method because it gives
some insight into the relationship between the varieties.

To conclude this section, we deduce Lusztig’s result on special pieces from The-

orem [2.23] Recall that the poset of special bipartitions is defined by
Q= Q7N QL ={(mv) € Qulpi > vi = 1, v; > pisr, for all i}

The following result was observed by Spaltenstein in the cases corresponding to
orbits in M(sp(V)) or N(o(V)) (i.e. where (p;0) € QY or (p;0) € QB).

B

Proposition 2.24. For any (p;0) € Qy, there is a unique (p;0)° € QF satisfying:

(1) (pyo) < (p;0)° and
(2) (p;0)° < (13v) for any (1;v) € QS such that (p;o) < (1;v).

Proof. Define (p;)° to be ((p;0)¢)B. From Definitions and 216 we see that
(p;0)° can be constructed from (p;o) as follows. Whenever p; < o; — 1, re-
place p;, 0y with L%j, [%], and whenever o; < p;y1, replace oy, p;41 with
[Fitpia] | ZitPitt | Ag usual, we never have to make overlapping replacements.
It is clear that the bipartition (p;0)° constructed in this way is special and sat-
isfies (p;0) < (p;0)°. Suppose that another special bipartition (7;v) satisfied
(p;0) < (1;v). Since (1;v) € QY Corollary .6 implies that (p; )¢ < (7;v). Then
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since (1;v) € QB Corollary ZI7 implies that (p;0)° < (7;v). The uniqueness of
(p; 0)° follows formally. O

Remark 2.25. When (p;0) € QF or (p;0) € QF, the irreducible representation
of {£1}1 S, labelled by (p;0)° is in the same family, in Lusztig’s sense, as that
labelled by (p;o) (see [L3l Theorem 0.2]). This is not the case in general: for
example, (&5 (3))° = ((1);(2)) is in a different family from (& (3)).

As a consequence of Proposition 224, N(o(V)), N(sp(V)), and N each have a
partition into locally closed special pieces.

Definition 2.26. For any (p;v) € Q5 define the corresponding special piece of
N(o(V)), N(sp(V)), or 9N respectively to be

B B AB —
Se= U ol =08\ U O,
(po)eQB (Tv)€Qs
(p;0)°=(p5v) (T50) < (p5v)
s.- U on-on\ U o%
(ps0)€Qf (T0)€Q2
(p;0)°=(p5v) (T50)<(p;v)

Sy = U Opio = W \ U Oro.
(p;0)€Qn (T5v)€Qs,
(p;0)°=(p5v) (T50)<(m;v)

The equality |2, (F,)| = |SEV(IFq)| was proved in [L3| Theorem 0.9, 6.9] by
directly computing both sides of the equivalent polynomial equality. We now have
a new proof which proceeds via the exotic nilpotent cone.

Theorem 2.27. Suppose that F has odd characteristic p. For any (u;v) € Q2 and
any q = p*, |SZ,(Fo)| = [Suw (Fy)| = |SEV(IFq)|, Equivalently, we have an equality
of polynomials:

Z Pp]?a(t) = Z Pp;a(t) = Z P,fa(t)-

(pi0)eQf (P;9)€Qn (pi0)€Qy
(p0)°=(psv) (pio)°=(nsv) (p0)°=(pv)

Proof. Since QF C Qf and Q; C QS, the special pieces in 91 are disjoint unions of
type-B pieces and also disjoint unions of type-C' pieces (in fact, the partition of N
into special pieces is the finest partition for which this holds). Explicitly, for any

(usv) € 95,

(2.7) Sew= |J Th= U TS

(p;0)€QR (pi0)€Q]
(p30)°=(psv) (p30)°=(psv)
Hence the result is an immediate consequence of Theorem [2.23] O

Example 2.28. Let n = 3. We have ((1); (1%)) € Q3 and (2; (21))° = ((13); 9)° =
((1); (12)). The only other bipartition less than ((1);(1%)) is (@;(13)), which is
itself special. Therefore, the special piece S(1),(12) in the exotic nilpotent cone is
the union of the orbits Oy);(12), Og;(21), and O3y, The numbers of Fy-points of
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these orbits are:

00y, 02) (o)l = (¢* = 1)(¢° — 1),
021 (Fo)| = (¢ + 1)( -1,
02)0(Fy)| = ¢° —

Now (@5 (21)) is in QF but not QF, and ((13); @) is in QF but not QF. Therefore,
the special piece breaks into type- B and type-C' pieces as follows:

Sw:a2) = Tya2) YU Ts,an), where
Tﬁ);(P) = 00);02) U O3y, Tg;(zl) = 0g;,(21),
Sy12) = Ty U T(e)er where
T2y = O@y12) U Ozian)s T(ioyo = Os)ia
We have
TG F)l = (¢ = 1)(¢° = 1) +¢® —1=¢"(¢" - 1),
|Tg;(21)(Fq)‘ =(+1)(¢° —1).
In accordance with Theorem [2.23(1), these are also the numbers of F,-points in the
orbits (9 .12y of Jordan type (31%) and O5 &:(21) of Jordan type (2213) in N (o7).
Slmllarly,
TG0 (F)l = (¢* = D)(@° =D+ (@ + D(¢° = 1) = (¢* +¢*)(¢° = 1),
|T83);Q(Fq)| = CIG -1,
which in accordance with Theorem [223|(2) are also the numbers of F,-points in the
orbits (9(1) (12y of Jordan type (2212) and O% (13), of Jordan type (21%) in N (spg).
The number of F,-points in the special piece labelled by ((1);(12)), in any one of
the three cones, is (¢* + ¢> + 1)(¢% — 1).

3. COMPARING EXOTIC AND SYMPLECTIC NILPOTENT CONES
IN CHARACTERISTIC 2

In this section, F denotes an algebraically closed field of characteristic 2 and
V is a 2n-dimensional vector space over F. For concreteness, we choose a basis
e1,ea, - ,ea, of V and use it to identify End(V') with the ring of 2n x 2n matrices
over F. We fix a nondegenerate quadratic form @ on V:

Q(arer + ases + -+ - + aoap—1€2n—1 + Q2n€2n) = Q102 + A202—1 + - + A1
The associated nondegenerate symmetric form is defined by
(v,w) = Qv+ w) — Qv) — Q(w).
Explicitly,
(3.1) {(arer + -+ aspean,brer + -+ + bapean) = a1bay, + agbop_1 + - + a2, b1.

Since F has characteristic 2, (v,v) = 0 for all v € V', so this is actually an alternating
form.

Let O(V) and Sp(V) be the stabilizers in GL(V') of the quadratic form @ and
the alternating form (-, -}, respectively. Then O(V) is clearly a closed subgroup of
Sp(V), and both are defined over F, for any ¢ = 2°. The identity component of
O(V) is a simple group of type D,, (for n > 4). The symplectic group Sp(V) is
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connected and simple of type C,, (for n > 2). A reference for these and subsequent
facts is [Spril, Exercises 7.4.7].
The Lie algebra of Sp(V) is, as in all characteristics,

sp(V) = {z € End(V) | (zv,w) = (xw,v), for all v,w € V}.

As a representation of Sp(V), it is isomorphic to S?(V*), the space of symmetric
bilinear forms on V, via the isomorphism which sends = € sp(V) to the form
(v,w) — (zv,w). A new feature of characteristic 2 is that sp(V') is not an irreducible
representation of Sp(V'), because it contains as a subrepresentation (and Lie ideal)
the Lie algebra of O(V'), namely

o(V) ={z € End(V) | (xv,v) =0, for all v € V'},

which corresponds to the space of alternating bilinear forms A?(V*). In matrix
terms, sp(V') consists of all matrices which are symmetric about the skew diagonal
(in the sense that the (4, j)-entry equals the (2n+1—j,2n+ 1 —i)-entry) and o(V)
consists of all matrices which are symmetric about the skew diagonal and have zero
entries on the skew diagonal (that is, the (¢,2n 4+ 1 — )-entry is zero for all 7).

As a representation of Sp(V), the quotient sp(V')/o(V) is isomorphic to the space
V't of functions f : V — F which are Frobenius-semilinear in the sense that

flv+w) = fv)+ f(w), flav) =a®f(v), forall a € F, v,w € V.

The isomorphism sends the coset of z € sp(V) to the function v — (zv,v). The
representation V* is in turn isomorphic to the Frobenius twist V(1) (which is the
same as V except that there is a new scalar multiplication a.v = a'/ 2p), via the map
which sends v € V(1) to the function (v,-)2. Thus we have a short exact sequence
of representations of Sp(V):

(3.2) 0——o(V) ——sp(V) —— VD 0.
Indeed, sp(V) is the Weyl module for Sp(V) of highest weight 2¢; (the highest
root), and V() is the irreducible module of highest weight 2¢;. In matrix terms, if

2n
x is the matrix (a;;), then m(z) = Z a;7/22n+1_i €;.
i=1
Now the crucial observation of Kato in [K2, Section 4] is that there is a ‘non-linear
splitting’ of the short exact sequence ([B.2]). Namely, we have an Sp(V)-equivariant
map s: V — sp(V) defined by

s(v)(w) = (v,w)v, for all v,w €V,

such that 7(s(v)) = v. In matrix terms, the (7, j)-entry of s(>_ a;e;) is a;an41—;-
Note that s does not preserve addition.
As a result, we have an Sp(V')-equivariant bijection (denoted ml in [K2])

(3.3) U:VaoV)—=sp(V): (v,x) — s(v) + .

Note that ¥ is a morphism of varieties but its inverse U =1 : y — (7(y), y—s(7(y))) is
not (7 is a morphism if its codomain is V) but not if we reinterpret the codomain
as V).

Recall that the ordinary nilpotent cone of Sp(V) is

N(sp(V)) ={y € sp(V) |y is nilpotent}.
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Kato’s exotic nilpotent cone of Sp(V), in the present context, is
N=VxN(@(V))={(v,x) € V@o(V)|x is nilpotent}.

Actually Kato defines 9 in [K2] as the Hilbert nullcone of the Sp(V')-representation
V @ o(V) and then proves that 91 =V x N(o(V)).

Proposition 3.1 (Kato). ¥ restricts to an Sp(V)-equivariant bijective morphism

TN — N(sp(V)).

Proof. This amounts to saying that for v € V and z € o(V'), ¥(v, x) is nilpotent if
and only if x is nilpotent. For any ¢, we have

s(v)(z'v) = (v, z'v)v = (&I, 2L/ p)p = 0,

because (w,w) = (zw,w) = 0 for all w € V. It follows that ¥(v,z) preserves the
subspace F[z]v spanned by all 2°v and induces the same endomorphisms of F[z]v
and V/F[x]v as © does. The result follows. O

The classification of Sp(V)-orbits in N (sp(V)) was found by Hesselink in [HJ,
and the closure ordering on these orbits by Groszer [G]. For us it is more convenient
to use the reformulation of their results in terms of bipartitions, due to Spaltenstein.

Recall the definition of the map ®¢ : Q,, — PS/ from the previous section. We
need to supplement this by defining the Hesselink index, a function x,., on the
set of numbers which occur as parts of ®(u;v), as follows. For every part 2s
which was left unaltered from the composition (2u1, 214, 219,219, -+-), we define
Xuv(2s) = s; for every part s + t arising from 2s < 2t, we define ., (s +t) = s.
It is easy to see that these definitions never conflict. Observe that ®¢(@;v) is the
duplicated partition v Uv = (11,11, V9,9, - - ) and that xg.,(v;) = 0 for all 4.

Theorem 3.2 (Hesselink, Spaltenstein [Spa2, 3.3, 3.6, 4.2]).

(1) The Sp(V')-orbits in N(sp(V')) are in bijection with Q. For (u;v) € O,
the corresponding orbit OS2 consists of those y € N (sp(V)) whose Jordan
type is ¢ (w; v) and which satisfy

min{j > 0| (y**'w,w) = 0, for all w € ker(y™)} = xuw(m),

for all parts m of ®C (u;v).
(2) For (p;o), (n;v) € Qn,

057 C O < (pio) < (u;v).

In particular, the Sp(V)-orbits in N'(o(V)) arise as the special case where y = @:
Ogi consists of those y € N (0(V)) whose Jordan type is v Uv. (Each such orbit
splits into finitely many O(V')-orbits, which are also described in [Spa2].)

Spaltenstein observed in [Spa2}, 3.8] that his bijection between Q,, and Sp(V)-
orbits in M (sp(V)) would have to be the Springer correspondence if the latter
could be defined successfully in characteristic 2 (in particular, if it could be shown
to behave well with respect to induction). His expectation has been verified by Xue
in [X2, Theorem 8.2].

Following Kato, we deduce from Theorem that Theorem persists in
characteristic 2.



600 PRAMOD N. ACHAR, ANTHONY HENDERSON, AND ERIC SOMMERS

Theorem 3.3 (Kato [K2| Theorem 4.1, Corollary 4.3]).

(1) The Sp(V)-orbits in N are in bijection with Q. For (u;v) € Q,, the
corresponding orbit Q,., is the intersection of N with the orbit Ouuuwuy
in the enhanced nilpotent cone V- x N (gl(V)).

(2) For (p;0),(p;v) € Qn,

Opio € O <= (p30) < (7).

Proof. Since ¥ is bijective and Sp(V)-equivariant, the Sp(V)-orbits in O are the
preimages under ¥ of the orbits OEE in M(sp(V)). In particular, the number of
Sp(V)-orbits in M is |Q,|. It is clear that each Sp(V)-orbit in 9 is contained
in a single GL(V)-orbit in the enhanced nilpotent cone V' x A (gl(V)), and the
explicit representative used in the proof of [AHL Theorem 6.1] shows that for each
(u;v) € Qp, the enhanced nilpotent orbit O,uuuy does intersect 91. Part (1)
follows. Knowing this, the proof of part (2) is the same as in the characteristic # 2

case ([AH, Theorem 6.3]). O

It follows that the definition of type-B, type-C, and special pieces of 91 given in
Definitions 2.22] and [2.26] can also be applied to the characteristic 2 case.

Remark 3.4. Kato’s terminology is slightly different: his statement in [K2l, Corollary
4.3] that different orbits in 9 have different ‘k-invariants’ is equivalent to saying
that they are contained in different GL(V)-orbits in the enhanced nilpotent cone
V x N(gl(V)). The ‘marked partitions’ of [K2l Definitions 3.11, 3.12] are another
way of parametrizing these enhanced nilpotent orbits, equivalent to the bipartitions
of 2n used above.

Kato shows in [K2, Theorem 10.7] that the orbit O, is the one which corre-
sponds to (u; v) (or rather, the irreducible representation of W (C,,) with that label)
under his exotic Springer correspondence.

Comparing Theorems and B3] it is natural to guess that the orbit (’)Ef
(specified by Jordan form and Hesselink index) and the orbit O, (specified by the
enhanced nilpotent orbit in which it lies) correspond under the bijection ¥, and
this is indeed the case.

Theorem 3.5. For any (u;v) € Qn, 052 = ¥(0y,,).

Proof. This follows from the results of [X2] and [K2]: since the orbits O and
Oy, correspond to the same irreducible representation of W (C,,) under the respec-
tive Springer correspondences, they must correspond under ¥, by the deformation
argument of [K2, Theorem B]. Compare [K2, Theorem D]. O

It follows (or can be checked independently) that if (v, .. ) is the explicit
representative of O, defined in the proof of [AH| Theorem 6.1}, then ¥ (v, z,;0)
is a representative of the orbit OEE

An immediate consequence of the bijection between O, and (953 is that they
have the same number of Fy-points for any ¢ = 2°. It is clear from the descriptions
of these orbits that they are defined over F,, as is the bijection ¥. Moreover, this
number of F-points is given by the same polynomial P, (t) as in Proposition 221k

Proposition 3.6. For any (u;v) € Q, and any q = 2%,
|O;€;’3(Fq)| = ‘(O)/L;V(Fq” = P/L;V(Q)'
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Proof. Now that Theorem [3.3]is known, the description of stabilizers for the exotic
nilpotent cone given in [K1l, Proposition 4.5] carries across verbatim to the case
of characteristic 2. Hence the reductive quotient of each stabilizer is a product of
symplectic groups (Spaltenstein observed the equivalent fact for A'(sp(V)) in [Spa2]
3.9]), and the ranks of these symplectic groups are the same as for the corresponding
orbit in characteristic # 2. Since the polynomial giving |Spa(F,)| is independent
of characteristic, the result follows. O

In particular, the dimensions of the orbits 053 and O, in characteristic 2 are
the same as that of O, in characteristic # 2, namely 2(n? — b(p; v)).

We now define locally closed subvarieties of A (sp(V')) corresponding to the type-
C and special pieces of the exotic nilpotent cone:

Definition 3.7. For any (u;v) € QF (in the former case) or (u;v) € Q5 (in the
latter case), define

c _ C,2 c _ C,2
Tusw = U Opo and 5, = U Op-
(p;0)EQn (p;0)€Qn
(p30)=(psv) (p30)°=(;v)

By definition, 7,5, consists of all elements y € N(sp(V)) whose Jordan type
is ®“(u;v). Note that in characteristic # 2, the same definition gives the orbit
OE;V. This subvariety ’7:LCV is the nilpotent piece defined by Lusztig and Xue in [L6,

Appendix] (see also [X3]).

Proposition 3.8 (Lusztig). For any (u;v) € QF and any q = 2%,

Proof. This is the type-C case of the statement at the end of [L6l A.6], where
the number of F -points in a nilpotent piece is given by a polynomial which is
independent of the characteristic. The argument for type C was essentially already
present in [L4] 3.14]. O

Combining Propositions and [3.8] one deduces the t = 2% case, and hence the
general case, of the polynomial identity which is Theorem [2.23)(2).

4. COMPARING EXOTIC AND ORTHOGONAL NILPOTENT CONES
IN CHARACTERISTIC 2

Continue the assumptions and notation of the previous section. Write Feq for a
one-dimensional vector space over F with basis eg, and set V= Feqg® V. We extend
the quadratic form @ to a quadratic form @ on V, defined by @(aeo +v) = a?+Q(v)
for a € F, v € V. The associated alternating (and hence symmetric) form (-,-) on
V has Feq as its radical and restricts to the same nondegenerate form on V as in
the previous section.

Let O(V) be the stabilizer in GL(V) of the quadratic form Q. This is a connected
simple group of type B,, (for n > 2). Note that O(‘~/) preserves the subspace Feg and
acts trivially on it, but does not preserve the subspace V'; the subgroup preserving
V can be identified with O(V). However, we can make O(V) act on V by identifying
V with V /Feg. This gives a homomorphism I' : O(V) — Sp(V) which is a bijective
isogeny (not an isomorphism of algebraic groups). The restriction of T to O(V) is
the identity O(V) — O(V'). Again, a reference is [Sprl], Exercises 7.4.7].



602 PRAMOD N. ACHAR, ANTHONY HENDERSON, AND ERIC SOMMERS

The Lie algebra of O(V) is
o(V) = {z € End(V) | zeo = 0, (zv,v) =0, for all v € V}.

The Lie algebra homomorphism « induced by I' is the surjective homomorphism
0(‘7) — o(V) obtained by identifying V' with 1% /Feq (in particular, its image is not
the whole of sp(V')). The kernel of v can be identified with V' via the map § which
sends v € V to the endomorphism w — (v, w)eqy of V. Thus we have a short exact
sequence of representations of O(V):

) Y

(4.1) 0 v o(V)

o(V)——0.

In matrix terms, v simply deletes the Oth row and column (that is, the row and
column corresponding to eq), and d(aie; + - - - + agpe2,) is the matrix whose entry
in row 0 and column i is ag, 14 for 1 < i < 2n, with all other entries being zero.

There is an obvious section of 7, namely the embedding i : o(V) — o(V) whose
image consists of the endomorphisms preserving the subspace V. Note that i
is O(V)-equivariant but not O(V)-equivariant. As a result, we have an O(V)-
equivariant vector space isomorphism

(4.2) U:Vao(V)—=o(V): (v,z)— d(v) +i(z).
This trivial observation allows us to connect the exotic nilpotent cone with the

nilpotent cone in o(V).

Proposition 4.1. U restricts to an O(V)-equivariant (but not O(V)-equivariant)
isomorphism of varieties M — N (o(V)).

Proof. Let (v,z) € V & o(V). Since Fey C ker(¥(v,z)), U(v,z) is nilpotent if
and only if it induces a nilpotent endomorphism of V /Fey = V. However, the
endomorphism it induces is exactly x. ([

Remark 4.2. We will not need it, but there is a way to regard M as an O(V)-
equivariant flat deformation of M (o(V)), in the spirit of [K2]. Namely, let O(V)
act on 91 x F by the rule

(4.3) g-(v,z,t) = (C(g)v +tT(g)ze(g™), T(g).2,1),
where ¢: O(V) = V is the map defined by
(4.4) (c(9),v) = Q(g™")v)'/* + Q(v)"/?, for all g € O(V), v € V,
which is a 1-cocycle (implying that ([@3]) does define an action) because
(c(9)+T(9)e(h),v) = (e(g), v) + (c(h),T(g~ )
= QM(g™ ") * + Q)2+ QT(h™ T (g~ ")) + QT(g~)v)'/?
= (c(gh),v),

for all g,h € O(V), v € V. Then the action of O(V) on the zero fibre M x {0} is
the standard action on 9 via the isogeny to Sp(V'), whereas for ¢ # 0, we have an
O(V)-equivariant isomorphism

(4.5) Uy N x {t} = N(o(V)): (v,2,t) — t16(v) + i().
The isomorphism T of Proposition 1] is the ¢ = 1 case of 0.
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To recall Spaltenstein’s classification of orthogonal nilpotent orbits, we need some
more notation. Let Py denote the set of partitions of 2n which are of the form
pU p for some partition p of n, and let Por?, denote the set of partitions of 2n + 1
which after subtracting 1 from a single part (that is, removing one box from the
Young diagram) becomes a partition in Pg;;p. We define a map ®5-2 : Q,, — ngil
by setting ®:2(y; ) to be (14 v) U (u+v) with 1 added to the (2¢(v) + 1)th part
(making that part, which was pig(,)41, now equal to fty()41 + 1)

Example 4.3. When n = 2, the map ®22 : Qy — PE"P is as follows:
52((2);0) = (32), @7((1); (1)) = (2°1), @7%(2;(2)) = (2°1),
eP2((1%);2) = (21°), @72(2;(1%)) = (1°).

We also define a function X, on the set of numbers which occur as parts of
®B-2(11;v), by the (clearly self-consistent) rules

~ ~ wi +1, 1fz§€(y),
v v +1) = v +1, wllhs + Vi) = e
Xy (te(ry+1 + 1) = He()+1 Xpusw (i + i) {% 0> 00,

Finally, we define a new sub-poset of Q,, containing the sub-poset QZ:
QP = {(p;v) € Q| i > vi — 2, for all i}.
Theorem 4.4 (Hesselink, Spaltenstein [Spa2| 3.2, 4.2]).
(1) The O(V)-orbits in N'(o(V)) are in bijection with QB2 For (u;v) € Q52
the corresponding orbit (95;,2 consists of those y € N(o(V)) whose Jordan
type is ®P2(u;v) and which satisfy

min{j > 0|Q(y’w) = 0, for all w € ker(y™)} = X (M),

for all parts m of ®52(u;v).
(2) For (p;0), (u;v) € QB2

02 C 0L < (pio) < (15v).

In [X2, Theorem 9.2], it is proved that the orbit O2:?, with the trivial local
system, corresponds to the irreducible representation of W (B,,) with character y**
under the Springer correspondence.

The preimages under W of the orbits (’)3;,2 are some O(V)-stable locally closed
subvarieties of the exotic nilpotent cone 9, which are not, in general, unions of the
orbits @,,, described in Theorem [3:3] (that is, they are not Sp(V')-stable). To relate
these two types of pieces of 91, it is convenient to collect together various orbits
according to the Jordan type of the nilpotent endomorphism.

For (p;0), (;v) € Qp, we write
(p;0) = (p;v) to mean that (p;0) < (u;v) and p+0 = p+ v.

Note that under the assumption p + o = p + v, the condition (p;o) < (u;v) is
equivalent to the condition that p; < p; for all 4.

Definition 4.5. For any (u;v) € @, (in the former case) or (y;v) € QB2 (in the
latter case), define

Epp = U Ope and &y = U 05&2'
(p;0)€EQn (pio)eQR?
(p;0) 2 (p5v) (p;0) 2 (psv)
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It follows from Theorem B:3(2) that E,,, is an open subvariety of the closure

0,.;» and from Theorem [£4[2) that &,., is an open subvariety of the closure ol

Proposition 4.6. Let (u;v) € Q,,. Then:
(1) E,. consists of those (v,x) € M which satisfy the following conditions:
(a) x has Jordan type (u+v)U (p+v).
(b) For all i and all u € ker(x#it"i), we have (v, z"iu) = 0.

(2) The projection E,,.,, — (’)ngV : (v,2) = x is a vector bundle of rank 2|u|.

Proof. From Theorem [B3]it follows that E,,;, consists of those (v, z) € 91 such that
z has Jordan type (u+v)U(u+v) and v belongs to the subspace Y, x* (ker(z#i1¥7)).
It is easy to see that this subspace has dimension 2|u|, so we need only prove that
it is the perpendicular subspace to Y, z#i (ker(z#T)). Since the dimensions are
correct, it suffices to show that for all 7, j and all u; € ker(z#it"1), u; € ker(a#it"7),
we have (zViu;, z#iu;) = 0. But if ¢ > j, then (z"iu;, x"iu;) = (xhitiu;, u;) = 0,
since p; > pi, and if ¢ < j, then (x"iu;, x#iu;) = (u;, x#+iu;) = 0, since v; > v;.
The proof is finished. O

Proposition 4.7. Let (p;o) € Q, and (v,z) € N. Then V(v,z) has Jordan
type ®B2(p; o) if and only if the following conditions hold: x has Jordan type
(p+o)U(p+o) and

(4.6) min{j > 1] (v,a7 " (ker(2?))) = 0} = pu(oys1 + L.

Proof. Set y = \Tl(v, x). Since z is the endomorphism induced by y on ‘7/F60 2V,
the Jordan type of z is obtained from that of y by removing a single box, which

. el . d
must be the unique box whose removal leaves a partition in Py, . Therefore, z has

Jordan type (p+0)U (p+ o) if and only if y has a Jordan type obtained from this
by adding a box. We assume this henceforth; what remains is to prove that the
added box is in column py(s)41 + 1 if and only if (6] holds.

The column number of the added box can be expressed as

min{j > 1| dimker(y’) = 1 + dimker(z7)}.

Now for any a € F and u € V, we have by definition
(4.7 v (aeg +u) = (v, 27 u)eg + x/u, for all j > 1.
Hence ker(y’) C Feg @ ker(z7), with equality if and only if (v, 27! (ker(z7))) = 0.
Therefore,
min{j > 1| dimker(y’) = 1 + dimker(z?)} = min{j > 1| (v, 27! (ker(2?))) = 0},
and the proof is finished. O

Remark 4.8. Tt is easy to see that the explicit representative (vpio, Zpi0) € Opio
defined in the proof of [AH, Theorem 6.1] satisfies the conditions in Proposition
A7 so \Tf(vp;g,xp;o) has Jordan type ®%2(p;o). In fact, one can check that for
(w;v) € QB2 \T/(vw,,xw,) is a representative of the orbit O},

Proposition 4.9. Let (u;v) € QB2. Then:
(1) \T/’l(é'mu) consists of those (v,z) € I which satisfy the following condi-
tions:
(a) x has Jordan type (u+v) U (u+ v).
(b) For alli and all u € ker(z*+"), we have (v, xiu) = Q(zHi+1u)/2.
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(2) The projection \I/_l(é’w,) — (’)g;iﬂ, : (v,x) = x is a fibre bundle in the
Zariski topology, where the fibres are homeomorphic to F2IH .

Proof. Let (v,x) € M, and set y = V(v,z). Let (p;0) € QF2 be the bipartition
such that y € OF:2. To prove (1), we must show that (v,z) satisfies conditions
(a) and (b) if and only if (p;o) = (u;v). But by Proposition f7, = has Jordan
type (p+ o) U (p+ o), so condition (a) is equivalent to p+ o = p + v. We assume
this henceforth; what remains is to show that condition (b) is equivalent to the
statement that p; < pu; for all 7.

We first suppose that p; < p; for all ¢ and deduce condition (b). Note that
{(o) > £(v). Since condition (b) is trivially true for ¢ > ¢(v), we assume that
i < 4(v). By the definition of OB:2, we have Q(y”'w) = 0 for all w € ker(yt++).

;o)
Since ker(y#iT¥i) is y-invariant, this equation implies the equation @(ysw) =0 for
any s > p; + 1, in particular, for s = p; + 1. From the proof of Proposition E.1]
and the fact that p; +v5 > pre)p1 + 1 > peoy1 + 1, we see that ker(ytit) =
Feo @ ker(z# %), So for all u € ker(z#+71), we have Q(y*i*'u) = 0; using (@7)
and the definition of Q, this becomes the desired equation (v, zMiu) = Q(atitu)l/2,

For the converse, we suppose that p; > u; + 1 for some ¢ and show that con-
dition (b) fails for this particular ¢, which obviously satisfies ¢ < £(v). By the
definition of (’)5’02, we have @(ypiw) # 0, and therefore also @(y‘““w) # 0, for
some w € ker(yit%i). Using (47) again, we see that this implies that (v, zHiu) #
Q(xi+u)'/2 for some u € ker(z*t¥i). Part (1) is now proved.

It follows from the description in part (1) that \TI*I(EMV) — Og;fH_V is a fibre
bundle in the Zariski topology, although it cannot be locally trivialized in the cat-
egory of varieties because of the non-regular functions = — Q(x*i+1u)/2 involved.
The fibre over z is an affine subspace of V' based on the vector subspace perpen-
dicular to >, x#i(ker(a#"i)). As seen in Proposition EL6] this vector space has
dimension 2|u]. O

Remark 4.10. If we replaced @_1(5#;,,) with \Tl;l(é'#;y) where U, is as in Remark
A2 the equation in Proposition EZ9(1)(b) would become (v, z#iu) = t Q (2 u)1/2.
Sending ¢ to 0, we get the variety E,,., described in Proposition Therefore, we

have a flat family whose zero fibre is E,,;, and whose general fibre is isomorphic to
Enw-

It is clear from the descriptions of the orbits (95;,2 that they are defined over I,

for any ¢ = 2°, as are the isomorphism ¥ and the bundle projections involved in
Propositions and @9 Of course, the count of F,-points makes no distinction
between the true vector bundle of Proposition .Gland the ‘Zariski-topological vector
bundle’ of Proposition 4.9 Recalling Proposition 3.6 we deduce:

Corollary 4.11. For any (u;v) € Q2 and any q = 2%,

€ (Fg)| = [Eps (Fq)| = Z P (q)-
(p;0)€Qn
(p;0) 2 (13v)
We now want to derive a formula for |02 (F,)|. (In general, O/ (F,) splits into

a number of orbits for the finite group O(V)(F,), which are described in [X1]; we do
not consider these here.) We need one further combinatorial result and definition.
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Proposition 4.12. For (p;0) € Q,, there is a unique (p; o)~ € QB2 satisfying:
(1) (p;0) = (p;0)~ and
(2) (p;0)~ < (130) for any (T;v) € QB2 such that (p;o) < (1;v).
Proof. We construct (p; o)™ by replacing p;, o; with [25%] — 1,229 | 4+ 1 when-
ever p; < 0; — 2. Properties (1) and (2) are easily checked, and uniqueness follows
formally. O

Definition 4.13. For any (u;v) € Q52 we define the associated type-(B,2) piece
of the exotic nilpotent cone to be

Ty = U Opo = Ouw \ U O
(p;0)€EQn (rw)eQ?
(p30)~ =(ps5v) (T50)<(m;v)

Theorem 4.14. For any (u;v) € @52 and any q = 2%,

OZ2EN = TR2F) = > Prola)
(p;0)€Qn
(p;0)~=(msv)

Proof. By definition, we have

(4.8) &= |J 07 and E,= |J T52
(p;0)€Q] 2 (p;o)€QE?
(pi0) 2 (s5v) (pio) 2 (ps5v)
Therefore, the result follows by poset induction from Corollary EIT] O

In particular, we get the usual dimension formula dim 022 = 2(n? — b(; v)).
Note that our argument has produced not only the equinumeracy result stated in

Theorem ELT4} but also a relationship between the actual varieties OF;? and T%2:

from Propositions and [£9 it follows that they are both fibre bundles in the
Zariski topology over the same base (’)gi 4, With isomorphic (smooth) fibres.

Remark 4.15. Arguing as in Remark .10, we have a flat family whose zero fibre
is Tﬁf and whose general fibre is isomorphic to (’)5’1,2 Therefore, the relationship
between orbits in the nilpotent cones of types B,, and C), in characteristic 2 may

be expressed as follows: each orbit 05’3 in A'(0(V)) has a deformation T2;2 which

v
is in turn in bijection (via ¥) with a union of orbits in N (sp(V')), namely
Tabt= U ooz =0 J om
(p;0)€EQn (T;'U)EQE’2
(pio) ™ =(ps5v) (T3v)<(p;v)

It is clear that ((p;0)™~)¢ = (p; o), so each 7;6;?,3’2 is a locally closed subvariety of
the nilpotent piece ’T(g,y)c defined in Definition [3.71

We now define locally closed subvarieties of A'(0(V)) corresponding to the type-
B and special pieces of the exotic nilpotent cone:

Definition 4.16. For any (u;v) € QF (in the former case) or (;v) € Q5 (in the
latter case), define

75= U 0F and SZ,= | OF
(p;o)€QE-2 (p;o)eQf?
(p;0)B=(p;v) (p30)°=(m;v)
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It is clear that ((p;0)~)® = (p;0)B, so Theorem 14l implies the following
formula for the number of IF -points of 7;51,:

Corollary 4.17. For any (u;v) € QF and any q = 2%,

‘ﬁfu(Fq” = Z Pp;U(Q)'
(p;0)€Qn
(pi0) P=(p;v)

Unlike the situation in type C, the elements of 7751, do not all have the same
Jordan type. However, by [X3| 4.3], the piece 7:5,,, which we have defined using
the combinatorial map ®&, coincides with the nilpotent piece defined by Lusztig
and Xue in [L6, Appendix] using gradings of the Jacobson-Morozov kind. Hence
we have:

Proposition 4.18 (Lusztig, Xue). For any (u;v) € QF and any q = 2°,

Proof. This is the type-B case of the statement at the end of [L6l A.6], where
the number of F-points in a nilpotent piece is given by a polynomial which is
independent of the characteristic. O

Combining Corollary 17 and Proposition [£18] one deduces the ¢ = 2° case,
and hence the general case, of the polynomial identity which is Theorem 2:23|(1).

5. SMOOTHNESS AND RATIONAL SMOOTHNESS OF PIECES

As mentioned before, the nilpotent pieces 7;01, and ’7;’?” defined in Definitions
B0 and are given an alternative characterization in [L6, Appendix], using
gradings of Jacobson—Morozov type. In this approach, each nilpotent piece is seen
to be isomorphic to G x* 2, where G is the appropriate classical group, P is a
parabolic subgroup, and s is an open subset of a vector space; hence it is smooth.

We now aim to give an analogous proof of smoothness of the pieces TE;,, and
Tﬁy in the exotic nilpotent cone. This argument works in any characteristic, so let
(V,{-,-)) be a 2n-dimensional symplectic vector space over F whose characteristic
is now arbitrary. Recall that

S ={z € End(V) | (zw,w) =0, for all w e V},
N ={(v,x) € V x S|z nilpotent}
and that the type-C and type-B pieces of 9t were defined in Definition (which

applies equally well in characteristic 2).
We study the type-C pieces first.

Definition 5.1. For any \ € PS,, a A-filtration of V is a Z-filtration (V>4)aez of
V, with V>4 C V>4 for all a, such that

(1) Vo1-4 = (Vo4)?* for all @ and
(2) dim V>, =305, max{[2-2],0} for all a > 1.

The reason for the notation is that such a filtration would arise from a Jacobson—
Morozov grading (V),cz associated to a nilpotent element of sp(V') of Jordan type
A via the definition V>, = @<, Vb.
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Observe that condition (2) implies V>, = 0 for a > Aq, and this together with
condition (1) implies V>, =V for a <1 — Ay, so a Afiltration can equivalently be
expressed as a partial flag:

0=V, CVor 1 C Vo, 2C - CVogy, CTVooy, CVoy, =V

Moreover, the dimensions of V>, for all @ < 0 are uniquely determined by conditions
(1) and (2), and the partial flag is isotropic by condition (1). Therefore, the set of
all MA-filtrations can be identified with the partial flag variety Sp(V)/P, where P is
the parabolic subgroup of Sp(V) which stabilizes a particular A-filtration.

Definition 5.2. For (v,z) € 91, we say that a Mfiltration (V>,) is C-adapted to
(v,z) if v € Vo1 and 2(V>q) C Vagio for all a.

Our aim is to prove that if (v,z) belongs to the type-C piece ']I‘gc(/\), then
there is a unique A-filtration which is C-adapted to (v,z). We will give a recursive
construction of this filtration, inspired by [L5] [L6] and [X3] 2.10]. For any partition
A, we write k(\) for the multiplicity of the largest part A\; of A (we interpret k(@)
as 00).

Proposition 5.3. Let A € 732(’;, and assume A\ > 2. Let N € 7326;”7,6(”) be the
partition obtained from X\ by replacing all parts equal to A1 with Ay — 2 and by
re-ordering parts if necessary so that these come after any parts equal to Ay — 1.
Then:
(1) If (V>q) is a A-filtration of V, then dimV>y, 1 = dim V/Vsa_y, = k(N).
We can define a N -filtration (VL) of the symplectic vector space V' =
Vsooa,/Voa,—1 by the rule -

0, ifaZ/\l,
V2= Vou/Vor—1, if2—=X <a<A—1,
a fa<l—A.

(2) Conversely, suppose that W is a k(X\)-dimensional isotropic subspace of V,
and we have a N'-filtration (VL,) of V' = WL /W. Then we can define a
A-filtration (Vsq) of V' by the rule

0, if a > A,
VZa: @71(V£a), if2—)\1§a§)\1—1,
‘/7 ifagl_)\lu

where ¢ : W+ — V' is the canonical projection.

The constructions in (1) and (2) are inverse to each other, so specifying a A-
filtration of V' is the same as specifying a k(\)-dimensional isotropic subspace W
of V and a N -filtration of W+ /W.

Proof. This is all easily checked using the definition of A-filtration. O
Proposition 5.4. Let A\ € P§, with \; > 2, and define \' as in Proposition 5.3
Take any (v,z) € Tgc(m, and set

N {im(m’\l_l), if Ay is odd,

LS . _ . .
(v.e) Fz= ~lv+im(z* 1Y),  if Ay is even.
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(1) W(’}) 2 08 k(\)-dimensional, isotropic, and contained in ker(x).
(2) If (V>q) is a A-filtration which is C-adapted to (v, x), then Vs>, 1 = W(); )

(3) In the exotic nilpotent cone for the vector space (W(’}) x))L/W()J o) the in-

duced pair (v + Wé]’x),$|(W(>':)1x))L/W(>;}1x)) lies in Tgc()\,).

Proof. Let (p;0) € Q, be such that (v,z) € Q,,; by assumption, ®°(p;o) = A.
Once part (1) is proved, it makes sense to speak of the exotic nilpotent cone for
(W()T‘w))l/W()q‘w), and (v,2') = (v + W()t\u:c)’x‘(Wﬁ,,w) L/W();))w)) is a well-defined
element of that cone, so we can let (p’;0’) € Q,,_k(r) be such that (v/,2") € Oy 0.
Then part (3) is equivalent to the statement that ®C(p’;0’) = X. We divide the
proof into three cases depending on k().
Case 1: k()\) = 1. By the definition of ®¢, we must have \; = 2m, where
m = p; > o1. Thus (p+ o)1 < 2m — 1, which implies that im(2z?™~1) = 0, so
W()v\w) = Fz™ v, Since m = p; = dimF[z]v, 2™ v is nonzero, so W()T‘w) is 1-
dimensional, and clearly isotropic. Moreover, z™v = 0, so W()q‘)_ 2) is contained in
ker(x), proving (1). If (V5,) is a A-filtration which is C-adapted to (v, ), then by
definition we have 2™ v € Vsom—1 and dim Vso,,—1 = 1, proving (2). For part
(3), it is easy to see using explicit orbit representatives that

, m—1 ifi <k(p), , o +1 ifi<k(p) -1,
Pi = iy and o = e
Pi ifi >k(p)+1 g if i > k(p).

If 0y < m — 2, then p} > o}, and the only difference between \ and ®“(p’;0’) is
that the latter begins with 2m — 2 rather than 2m, so ®°(p’;0’) = X as required.
If o1 = m —1, then p < o} for all i < £, where £ = min{k(p) — 1, k(0)}. Therefore,
@Y (p';0") begins (2m—1,2m—1,--- ,2m—1,2m—1,2m—2,---), with 2/ copies of
2m — 1, where the remaining parts are the same as those of \; again, this is exactly
N

Case 2: k(\) = 2c for some ¢ > 1. By the definition of ®°, we must have
p1+ 01 = A1, and either k(p) = ¢, k(o) > ¢, and p; < 01, or k(p) > ¢, k(o) = ¢,
and p; < 01. Hence (p+ o)1 = A and k(p+ o) = c. It follows that im(z*171) is
2¢-dimensional and contained in ker(z). Also, it is isotropic, since its perpendicular
subspace is ker(z** 1) and A\; > 2. If \; is even, then either 23y =0 (if p1 < 01)
or 0 # a7y € im(z* 1) (if p1 = 01 = At, forcing k(p) = c); so whether )\; is
even or odd, W(AU’I) = im(z* 1) and part (1) is proved. If (V5,) is a Mfiltration
which is C-adapted to (v,z), then by definition im(zM~1) = 2*M=1(Vs1_y,) is
contained in V>y,_1, and they are both 2¢c-dimensional, proving (2). For part (3),
one sees from explicit orbit representatives that (p’;o’) is the bipartition obtained
from the ‘bi-composition’

(Pl—l,"‘ ,Pc—l,ﬂc+1,ﬂc+2;"' ;0—1_1;"' ao—c_laac+1vo—c+27"')

by applying the rectification procedure of [AH| Lemma 2.4]. Namely, if k(p) =
k(o) = ¢, then no modification is required. If k(p) = ¢ and k(o) > ¢, then we must
subtract one from each of o.y1, -+, 04 and add one to each of pey1,---, pr(o)
(and then re-order parts of the first composition as required, if it happens that
Per1+1=p1). If k(p) > c and k(o) = ¢, then we must restore the original parts
p1,+ ,pe and replace o1 — 1,-++ ;0. — 1 by 61 —2,-+- ;0. — 2 (and then re-order
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parts of the second composition as required, if it happens that o.y1 = 0. —1). A
short calculation shows that in any of these cases, ®“(p;0’) = X'.

Case 3: k(\) = 2c+ 1 for some ¢ > 1. By the definition of ®“, we must have
A1 = 2m where m = p; = 01, and k(p) > k(o) = c¢. Therefore, (p + o)1 = 2m and
k(p+0o) = c. It follows that im(z*™~1) is 2c-dimensional, contained in ker(z), and
isotropic. Also, x™ v is contained in ker(x) and not contained in im(z?™~1), so
W(){;,a;) =Fz™ o +im(2*™~1) is indeed (2c+1)-dimensional and part (1) is proved.
If (V>q) is a Afiltration which is C-adapted to (v,z), then by definition W(Av,w) is
contained in V>,_1, and they are both (2¢ 4 1)-dimensional, proving (2). In this
case, the passage from (p; o) to (p’;0’) can be done in two steps: first finding the
bipartition labelling the type of (v+Fz™ 1v, T|(pm—14)L /pgm—1,) as in Case 1, and
then using that as the starting point for the procedure in Case 2. Again it is easy
to see that ®(p’;0’) = . O

Theorem 5.5. Let A € PS,,. For any (v,r) € Tgc
(Vsa) of V which is C-adapted to (v, x).

)’ there is a unique A-filtration

Proof. The proof is by induction on n: the n = 0 case is vacuously true, so assume
that n > 1 and that the result is known for smaller values of n. If A = (12"), then
v =0, z = 0, and a Mfiltration involves no nontrivial subspaces, so the result is
true. Therefore, we can assume that A\; > 2.

By Proposition 5.4, we have a k(A)-dimensional isotropic subspace W()z\),z) which

is contained in ker(z), and the induced pair (v, 2’) = (’U-I-W)i‘)@), | (A DLW )

(v,z (v,z)

lies in 'H‘gc()\/). By the induction hypothesis applied to A and (v’, '), there exists a

N-filtration (VZ,) of (W(’}w))J—/W()T‘)’x) which is C-adapted to (v/,z"). Let (V>,) be
the A-filtration of V obtained from W()q\;, 2y and (VZ,) by the procedure of Proposition
(.3(2); we aim to show that this filtration is C-adapted to (v, ).

From the fact that v + W/}nr) € VZ,, it follows that v € V1. Trivially we have
2(V>a) € Vagqz when a > A or a < —A; — 1. By definition, V>, 1 = W(};,z)
and VZQ,)\l = (W()i‘)@))l, SO {E(VZ)\lfl) - VZ)\lJrl = 0 and (E(sz)\l) - VZQ,)\l.
From the fact that «'(VL,) C VL, for all a, it follows that z(V>4) C V>442 when
2—X; <a < A\ —3. All that remains to prove is that (V>x,—2) C V>, = 0 (which
implies x(V>1-x,) € V>3_x,). If Ay — 1 is not a part of A, then Vs, 2 = V>, 1.
Assume henceforth that Ay — 1 is a part of A, which means that A} = A\ — 1.

If Ay =2, then Vs, = (W(’}ME))l = (Fv)* Nker(z), so x(Vsy,—2) = 0. If
A1 >3, then VI, = Wé‘;,@,) by Proposition B4)(2), so

W2 4 Farm Lo+ 2M 2(WA L)L), if Ay is odd,
Va2 = (;\),z) M=20TA L o : ~
Wiz 2 =W, 1)) if Ay is even.

(v,z)
Since W(){;,z) D im(zM 1) by definition, we have (W(}J’z))J— C ker(zM~1). Also, if
A1 is odd, then the bipartition (p; o) such that (v, z) € O, must satisfy p; < 21,

A

so 277 v = 0. Thus x(V>x,—2) = 0, as required.

To prove the uniqueness, suppose that (Us,) is any A-filtration of V' which is C-
adapted to (v,z). Then Usy,_1 = Wé‘} +) by Proposition £.4(2). The X'-filtration
(UL,) of (Wé‘) x))l/W&‘} 2 to which (U>q) corresponds under Proposition (.3 is
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clearly C-adapted to (v, 2'), and hence must equal the filtration (V) used above,
by the uniqueness part of the induction hypothesis. Therefore, (Us,) equals (V>,).
Il

Remark 5.6. Suppose F has characteristic 2, and define y = ¥(v,z) € N(sp(V))
as in Section 3. If (V,) is C-adapted to (v,z), then y(V>4) C Vsgqo for all a.
Therefore, in this case the unique Afiltration (V>,) is the one attached to the

element y € 7:300 ) in [L6, A.3], for which a nonrecursive formula is given in [L4]
2.3].

Now let (u;v) € QF and set A = @ (u; v). Fix a Mfiltration (V) of V and let
P be its stabilizer in Sp(V'). Define

Sso={x € 5|x(V>4) C Vsgqo for all a}.

Then we have a P-submodule V> @ S>2 of V@ S, and an associated vector bundle
Sp(V) xF (Vo1 @ S52) over Sp(V)/P. We can identify Sp(V) xF (V>1 & S>2) with
the variety of triples ((Usq), v, x), where (v,z) € Dt and (Us,) is a A-filtration of V
which is C-adapted to (v, ). We have a proper map 7 : Sp(V) xZ (V51 ®852) = N
which forgets the filtration (Usg).

Theorem 5.7. With notation as above, the map 7 : Sp(V) xF (Vo1 @ S>2) — N
has image Q,., and is a resolution of that variety. This resolution restricts to an

isomorphism Sp(V) x U = T;C;;w
C

Hiv

where U is some open subvariety of V>1 @ S>a.

In particular, T, is smooth.

Proof. We must first show that Sp(V) x¥ (V51 @ S>2) has the right dimension,
namely 2(n? — b(u;v)). The dimension is clearly independent of characteristic, so
we can assume temporarily that the characteristic is zero and that (V>,) arises
from a Jacobson-Morozov grading (V,) associated to a nilpotent y € N (sp(V)) of
Jordan type A. Then P is the canonical parabolic attached to y, and we have a

known resolution Sp(V) x¥ sp(V)>2 — O0F,,, where

sp(V)>2 = {y € sp(V) [y(Vza) C Vaaro for all aj.

Hence it suffices to prove that dimsp(V)>2 = dimV>q 4+ dim S>9, which follows
from the explicit formulas

dimsp(V)so = Z (dim Vot 1> + Z (dim V,,)(dim V),

a>1 2 a>2
1—a<b<a—2
(5:1) dim V,
dim Ssp = ( 5 “) + > (dimV,)(dim V).
ozl 1—(1%%%(1—2

Since 7 is proper and Sp(V) xP (Va1 @ S»») is irreducible, the image of m
is an irreducible closed subvariety of 91 of dimension < 2(n? — b(u;v)), which
contains 'IFEW by Theorem [.5, and must therefore equal Q. It is obvious that
Sp(V)xF (V>18S>2) is smooth. Its open subvariety 7 (T¢,,,) is Sp(V)-stable, and
hence must be of the form Sp(V) xF U for some open subvariety U of V1 ®S>2. By
the uniqueness in Theorem [5.5] the restriction 7 : Sp(V) xF U — TS;V is bijective.

All that remains is to show that the inverse map ’JI‘S;U — Sp(V) xP U is a
morphism of varieties. This is equivalent to saying that the map which associates
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to (v,z) € TS, the unique M-filtration specified in Theorem 5.Blis a morphism from
TS, to Sp(V)/P. By the recursive construction used to prove Theorem BB this
follows from the fact that the map (v, ) — W&‘) z) s @ morphism from 'H‘Sﬂ, to the
Grassmannian of k(A)-dimensional isotropic subspaces of V. O

Remark 5.8. In the case (u;v) = ((n); @), a Mfiltration is a complete flag in V,
and this resolution is nothing but Kato’s exotic Springer resolution of N (see [K1J).

The argument for the type-B pieces is very similar, so we will concentrate on
the points which are different. For any A\ € P2, 41, we define a Mfiltration of V
by Definition [5.1] again, despite the fact that |A\| = 2n + 1 whereas dimV = 2n.
Proposition [£3] remains true for A € PZ |, except that now X € P2B(n7k()\))+1' We
must make a slight change to Definition

Definition 5.9. For (v,z) € M, we say that a A-filtration (V>,) is B-adapted to
(v,z) if v € Voo and z(Vsq) C Vaqqo for all a.

The analogue of Proposition (.4l is as follows.

Proposition 5.10. Let )\ € PQEZH with Ay > 2, and define X' as in Proposition
B3l Take any (v,x) € ']I‘gB(/\), and set

N Jim(@MTh), if A\ is even,

wa) 7 pel 3 -1y +im(zM ), if Ay is odd.

(1) W();w) is k(X\)-dimensional, isotropic, and contained in ker(zx).

(2) If (V>q) is a A-filtration which is B-adapted to (v, ), then V>, 1 = W()T‘w),

(3) In the exotic nilpotent cone for the vector space (W()q‘w))l/W(’}]’x), the in-

. by ; ; B
duced pair (v + W(Ux);I|(W(/>)Y$))L/W(’>)ym)) lies in T@e()\,)-

Proof. The proof is much the same as that of Proposition B4l Let (p;0) € Q,, be
such that (v,z) € O,,,; by assumption, ®5(p;0) = A\. Let (p/;0’) € Qn_k(n) be
such that (v/,2") € Op,,, where (v',2') = (v + W(}}’I),$|(W(>/:),$))L/W();,$)). Then
part (3) is equivalent to the statement that ®Z(p’;0’) = .

Case 1: k(\) = 1. By the definition of ®Z, we must have \; = 2m + 1, where
m = p; > o1. Thus (p+ o)1 < 2m, which implies that im(z*™) = 0, so W();J’z) =
Fz™~ 1y, and part (1) follows for the same reason as in Proposition 54l If (Vs,) is a
Mfiltration which is B-adapted to (v, x), then by definition we have 2™ v € Vo,
and dim V>, = 1, proving (2). The description of (p;0’) is the same as in Case 1
of Proposition 5.4 and the proof that ®7(p’; ') = )’ is analogous.

Case 2: k(\) = 2c for some ¢ > 1. By the definition of ®Z, we must have
p1+ 01 = A1, and either k(p) = ¢, k(o) > ¢, and p; < 01, or k(p) > ¢, k(o) = ¢,
and p; < o1 —1. Hence (p+0); = A\; and k(p+0) = c. It follows that im(z*171) is
2¢-dimensional and contained in ker(z). Also, it is isotropic, since its perpendicular
subspace is ker(z™~1) and A\; > 2. If \; is odd, then either 2ty = ¢ (if
p1<o1—1)or0+#zl 21y € im(z™ 1) (if py = o1 — 1 = |4t ], forcing k(p) = c).
Therefore, whether A; is even or odd, W)q‘)’m) = im(z*~1) and part (1) is proved.
The rest of the case is almost identical to Case 2 of Proposition [5.4]

Case 3: k(\) = 2c + 1 for some ¢ > 1. By the definition of ®Z, we must have
A1 =2m+ 1, where m = p; =01 — 1, and k(p) > k(o) = ¢, s0 (p+0)1 =2m + 1,
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and k(p + o) = c. It follows that im(z?™) is 2c-dimensional, contained in ker(z),
and isotropic. Also, ™ v is contained in ker(z) and not contained in im(z*™), so
W()v\w) = Fax™ ' + im(z*™) is indeed (2c + 1)-dimensional and part (1) is proved.
The rest proceeds as in Case 3 of Proposition (.41 O

Theorem 5.11. Let A € PQBn+1' For any (v,z) € T&)B()\), there is a unique -
filtration (V>4) of V which is B-adapted to (v, x).

Proof. This is entirely analogous to the proof of Theorem [B.5] using Proposition
E.I0 in place of Proposition (.4 O

Now let (u;v) € @8 and set A = ®B(u;v). Fix a Miltration (V5,) of V and let
P be its stabilizer in Sp(V). Then Sp(V) xF (Vsa @ S>2) can be identified with
the variety of triples ((Usq),v, z), where (v,z) € M and (Us,) is a Mfiltration of V'
which is B-adapted to (v, z). We have a proper map 7 : Sp(V) xF (Voo ®S52) — N
which forgets the filtration (Us,,).

Theorem 5.12. With notation as above, the map 7 : Sp(V) xF (Voo @ Ss2) — N
has tmage O, and is a resolution of that variety. This resolution restricts to an
isomorphism Sp(V) xP U = TZ where U is some open subvariety of V>2 ® S>s.

mv?
In particular, 'H‘ 18 smooth.

W

Proof. The only part which is different from the proof of Theorem (.7 is the verifi-
cation that dim Sp(V) x¥ (Va2 @ S>2) = 2(n? — b(u; v)), for which we can assume
that the characteristic is zero. Let V be a (2n + 1)-dimensional vector space with
a nondegenerate quadratic form, and let (‘7) be a Jacobson—-Morozov grading of
V associated to a nilpotent y € N (o ( )) of Jordan type A. Define a filtration
V>a = @b>a V, and let P be its stabilizer in SOV ), a parabolic subgroup. We

have a known resolution SO(V) x x P 0(V)s2 = OB so it suffices to show that

v
(5.2)  dim(SO(V)/P) +dimo(V)>s = dim(Sp(V)/P) + dim Vs, + dim Ss5.
Now the fact that (V>,) is a A-filtration implies that

L dim V>, ifa>1,
dim V>a = . - .
= dimVs,+1 ifa<0.
It follows easily that the two partial flag varieties SO(V)/P and Sp(V)/P have the
same dimension. Moreover,

(5.3) dimo(V)s2 = » (dm; V") + > (dimV,)(dimV}),
ozt lfa%%§a72

and comparing with (&) gives the result. O

Now suppose that (u;v) € QF. In characteristic # 2, Kraft and Procesi showed
in [KP| that the special pieces SBU and SCV are rationally smooth. This can be
expressed as a statement about stalks of intersection cohomology complexes on
these varieties: specifically, that dimIC(OF )|, =1 for all x € SE v, and similarly
for Sﬁ:y. (This fact, conjectured by Lusztig in [L1], is now known to hold for all

simple Lie algebras in good characteristic.)
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Conjecture 5.13. For any (u; ) € Qp, the special pieces S, of N in any char-
acteristic, and the special pieces S u L of N(02,41) and SC of N (spy,,) in charac-
teristic 2, are also rationally smooth.

W

Note that Theorems [5.7 and .12 give two (usually different) resolutions of O,
and show that the open subvariety ']I‘E;V U ']I‘f;l, of S,.;,, is smooth.

Example 5.14. The smallest S, which is not proved to be smooth by this argu-
ment is the 58-dimensional S(91y.(21) for n = 6. We have
(21)5(21)
TGuyi(21) = Qi) Y Ouzysian) U Oayy2) U Oaiaz) U Oaz),
TGy = O@1)21) UO2),012) U Qi) (2) U Ozz1y,1),
Senen = Thaycen) U Thayen U Oaoys)-

The resolutions of Qa1),(21 given by Theorems[B.7land 5. 12/both have 1-dimensional
fibres over the orbit @(y3),(3). Using the Decomposition Theorem, one can check
that S(21);(21) is rationally smooth.

The rational smoothness of SE;U in characteristic 2 is equivalent to that of S
by the following result:

2

Lemma 5.15. Suppose F has characteristic 2. For any (u;v) € Q,,, the Sp(V)-
equivariant bijection ¥ : N — N (sp(V)) induces isomorphisms of stalks

IC( )‘(v x) NIC( )l‘I’(v x)

for all (v,z) € O,y .

Proof. Because V is a finite morphism, the functor RV, is exact on the category of
perverse sheaves. Moreover, RV,IC(Q),,,,) is the intersection cohomology complex
associated to the local system £ on OC 2 obtained by applying ¥, to the constant
sheaf on Q. Because ¥ is a bijectlon £ must also be a constant sheaf. In other

words, RU,IC(0,,,,) = IC(OEE ). Finally, the proper base change theorem yields
an isomorphism IC((D) ) = RYIC(0p; ) w(v,2), completing the proof. O

We conclude with some remarks on the problem of computing stalks of inter-
section cohomology complexes of orbit closures in general. For nilpotent orbits in
good characteristic, these stalks can be computed by an algorithm described by
Lusztig [L2l §24], following earlier work of Shoji [Sh2]. Several variants of this
algorithm have appeared in the literature, including one introduced by Shoji [Sh3]
related to the combinatorics of limit symbols. In [AH]|, it was shown that Shoji’s
limit-symbol version of the algorithm computes stalks of intersection cohomology
complexes on the enhanced nilpotent cone. It was conjectured in [AH|, Conjec-
ture 6.4] that the same algorithm works for 91 as well. Further support for this
conjecture comes from Kato’s work on the exotic Springer correspondence in [K2].

In view of Lemma [5.T15 and the work of Xue in [X1], [X2], we have a new interpre-
tation of [AHL Conjecture 6.4]: it asserts that the stalks of intersection cohomol-
ogy complexes for orbit closures in A(sp(V)) in characteristic 2 are given by the
Lusztig-Shoji algorithm, defined using the Springer correspondence in characteris-
tic 2. It is natural to guess that this holds for A (o(V)) as well.



PIECES OF NILPOTENT CONES FOR CLASSICAL GROUPS 615

ACKNOWLEDGEMENTS

The authors are indebted to the Isaac Newton Institute in Cambridge and to the
organizers of the Algebraic Lie Theory program there in 2009, during which this
paper was conceived. We are also grateful to Ting Xue for helpful conversations
and for keeping us informed of her work [X3] as it progressed, and to George Lusztig
for his comments on a draft of this paper.

[AH]
(€]

[CM]

[GPf]

[Spal]
[Spa2]
[Sprl]

[Spr2]

REFERENCES

P. N. Achar and A. Henderson, Orbit closures in the enhanced nilpotent cone, Adv. Math.
219 (2008), no. 1, 27-62. MR2435419|/(2010b:14093)

R. Carter, Finite Groups of Lie Type: Conjugacy Classes and Complex Characters, Wiley—
Interscience, 1985. MR 794307 (87d:20060)

D. H. Collingwood and W. M. McGovern, Nilpotent Orbits in Semisimple Lie Algebras,
Van Nostrand Reinhold Mathematics Series, Van Nostrand Reinhold Co., New York, 1993.
MR1251060|/(94j:17001)

M. Geck and G. Pfeiffer, Characters of Finite Coxeter Groups and Iwahori—Hecke Algebras,
London Mathematical Society Monographs, New Series, vol. 21, Oxford University Press,
New York, 2000. MR1778802 (2002k:20017)

R. Groszer, Degenerationsverhalten nilpotenter Konjugationsklassen klassischer Lie-
Algebren in Charakteristic 2, dissertation, Bonn 1980.

W. H. Hesselink, Nilpotency in classical groups over a field of characteristic 2, Math. Z.
166 (1979), 165-181. MR525621)(82d:14030)

S. Kato, An exotic Deligne-Langlands correspondence for symplectic groups, Duke Math.
J. 148 (2009), no. 2, 305-371. MR2524498

, Deformations of nilpotent cones and Springer correspondences, Amer. J. Math.
133 (2011), no. 2, 519-553. MR22797355

H. Kraft and C. Procesi, A special decomposition of the nilpotent cone of a classical Lie
algebra, Astérisque, no. 173-174 (1989), 271-279. MR1021514(90m:17025)

G. Lusztig, Green polynomials and singularities of unipotent classes, Adv. Math. 42 (1981),
169-178. MR641425//(83¢:20059)

, Character sheaves V, Adv. Math 61 (1986), 103—155. MR849848|(87m:20118c)

, Notes on unipotent classes, Asian J. Math. 1 (1997), no. 1, 194-207. MR1480994
(98k:20078)

, Unipotent elements in small characteristic, Transform. Groups 10 (2005), no. 34,
449-487. MR2183120 (2006m:20074)

, Unipotent elements in small characteristic 11, Transform. Groups 13 (2008), no. 3—
4, 773-797. MR2452615//(2009j:20066 )

, Unipotent elements in small characteristic III, with an appendix by G. Lusztig and
T. Xue, J. Algebra 329 (2011), 163-189. doi:10.1016/j.jalgebra.2009.12.008, MR2769321
I. G. Macdonald, Symmetric Functions and Hall Polynomials, second edition, Oxford
Mathematical Monographs, Oxford University Press, 1995. MR1354144 (96h:05207)

T. Shoji, On the Springer representations of the Weyl groups of classical algebraic groups,
Comm. Algebra 7 (1979), no. 16, 1713-1745. MR546195|(81h:20007a)

, On the Green polynomials of classical groups, Invent. Math. 74 (1983), 239-264.
MR723216//(85£:20032)

, Green functions attached to limit symbols, in Representation Theory of Algebraic
Groups and Quantum Groups, Adv. Stud. Pure Math., vol. 40, Math. Soc. Japan, Tokyo,
2004, 443-467. MR2074601 |(2005{:05169)

N. Spaltenstein, Classes Unipotentes et Sous-Groupes de Borel, Lecture Notes in Mathe-
matics 946, Springer-Verlag, 1982. MR672610 (84a:14024)

, Nilpotent classes and sheets of Lie algebras in bad characteristic, Math. Z. 181
(1982), 31-48. MR671712(83m:17007)

T. A. Springer, Linear Algebraic Groups, 1998, Birkhduser Boston, 2nd edition.
MR1642713|/(99h:20075)

, The ezotic nilcone of a symplectic group, J. Algebra 321 (2009), no. 11, 3550-3562.
MR2510061//(2010i:20053)



http://www.ams.org/mathscinet-getitem?mr=2435419
http://www.ams.org/mathscinet-getitem?mr=2435419
http://www.ams.org/mathscinet-getitem?mr=794307
http://www.ams.org/mathscinet-getitem?mr=794307
http://www.ams.org/mathscinet-getitem?mr=1251060
http://www.ams.org/mathscinet-getitem?mr=1251060
http://www.ams.org/mathscinet-getitem?mr=1778802
http://www.ams.org/mathscinet-getitem?mr=1778802
http://www.ams.org/mathscinet-getitem?mr=525621
http://www.ams.org/mathscinet-getitem?mr=525621
http://www.ams.org/mathscinet-getitem?mr=2524498
http://www.ams.org/mathscinet-getitem?mr=2797355
http://www.ams.org/mathscinet-getitem?mr=1021514
http://www.ams.org/mathscinet-getitem?mr=1021514
http://www.ams.org/mathscinet-getitem?mr=641425
http://www.ams.org/mathscinet-getitem?mr=641425
http://www.ams.org/mathscinet-getitem?mr=849848
http://www.ams.org/mathscinet-getitem?mr=849848
http://www.ams.org/mathscinet-getitem?mr=1480994
http://www.ams.org/mathscinet-getitem?mr=1480994
http://www.ams.org/mathscinet-getitem?mr=2183120
http://www.ams.org/mathscinet-getitem?mr=2183120
http://www.ams.org/mathscinet-getitem?mr=2452615
http://www.ams.org/mathscinet-getitem?mr=2452615
http://www.ams.org/mathscinet-getitem?mr=2769321
http://www.ams.org/mathscinet-getitem?mr=1354144
http://www.ams.org/mathscinet-getitem?mr=1354144
http://www.ams.org/mathscinet-getitem?mr=546195
http://www.ams.org/mathscinet-getitem?mr=546195
http://www.ams.org/mathscinet-getitem?mr=723216
http://www.ams.org/mathscinet-getitem?mr=723216
http://www.ams.org/mathscinet-getitem?mr=2074601
http://www.ams.org/mathscinet-getitem?mr=2074601
http://www.ams.org/mathscinet-getitem?mr=672610
http://www.ams.org/mathscinet-getitem?mr=672610
http://www.ams.org/mathscinet-getitem?mr=671712
http://www.ams.org/mathscinet-getitem?mr=671712
http://www.ams.org/mathscinet-getitem?mr=1642713
http://www.ams.org/mathscinet-getitem?mr=1642713
http://www.ams.org/mathscinet-getitem?mr=2510061
http://www.ams.org/mathscinet-getitem?mr=2510061

616 PRAMOD N. ACHAR, ANTHONY HENDERSON, AND ERIC SOMMERS

[Sun] M. Sun, Point stabilisers for the enhanced and ezxotic nilpotent cones, to appear in J. Group
Theory, arXiv:0909.0356v3.

[X1] T. Xue, Nilpotent orbits in classical Lie algebras over finite fields of characteristic 2 and
the Springer correspondence, Represent. Theory 13 (2009), 371-390. MR2540701

[X2] , Combinatorics of the Springer correspondence for classical Lie algebras and their
duals in characteristic 2, arXiv:0911.1350v1.
[X3] , On unipotent and nilpotent pieces, arXiv:0912.3820v1.

DEPARTMENT OF MATHEMATICS, LOUISIANA STATE UNIVERSITY, BATON ROUGE, LOUISIANNA
70803-4918
E-mail address: pramod@math.lsu.edu

SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY OF SYDNEY, NSW 2006, AUSTRALIA
E-mail address: anthony.henderson@sydney.edu.au

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF MASSACHUSETTS, AMHERST,
MassAacHUSETTS 01003-4515
E-mail address: esommers@math.umass.edu


http://www.ams.org/mathscinet-getitem?mr=2540701

	1. Introduction
	2. Combinatorics of bipartitions
	2.1. The nilpotent cone of type Cn
	2.2. The nilpotent cone of type Bn
	2.3. The exotic nilpotent cone
	2.4. Pieces of the exotic nilpotent cone

	3. Comparing exotic and symplectic nilpotent cones in characteristic 2
	4. Comparing exotic and orthogonal nilpotent cones in characteristic 2
	5. Smoothness and rational smoothness of pieces
	Acknowledgements
	References

