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HECKE MODULES AND SUPERSINGULAR
REPRESENTATIONS OF U(2,1)

KAROL KOZIOL AND PENG XU

ABSTRACT. Let F' be a nonarchimedean local field of odd residual charac-
teristic p. We classify finite-dimensional simple right modules for the pro-p-
Iwahori-Hecke algebra Hc (G, I(1)), where G is the unramified unitary group
U(2,1)(E/F) in three variables. Using this description when C' = F,, we define
supersingular Hecke modules and show that the functor of I(1)-invariants in-
duces a bijection between irreducible nonsupersingular mod-p representations
of G and nonsupersingular simple right Hc (G, I(1))-modules. We then use an
argument of Pasktuinas to construct supersingular representations of G.

1. INTRODUCTION

This article is set in the framework of the mod-p representation theory of p-adic
reductive groups. Our motivation comes from the possibility of a mod-p Local
Langlands Correspondence, that is to say a matching between (packets of) smooth
mod-p representations of a p-adic reductive group and certain Galois representa-
tions. The case of GL2(Q,) has been most extensively studied, and a (semisimple)
mod-p Local Langlands Correspondence has been established by Breuil ([9]) based
on the explicit determination of the irreducible smooth mod-p representations of
GL2(Qp). Moreover, this correspondence is compatible with the p-adic Local Lang-
lands Correspondence established by the work of several mathematicians; see [10],
[11], [15], [18], [24], [25], [28], and the references therein. The case of GLo(F') with
F # Q, is already much more complicated, however (see [12]).

In the present article, we investigate the smooth mod-p representations of the
unitary group G = U(2,1)(E/F), where E/F is an unramified quadratic extension
of nonarchimedean local fields of residual characteristic p. The irreducible subquo-
tients of parabolically induced representations have been classified by Abdellatif
(B]). We are interested in the smooth irreducible representations that do not ap-
pear in this fashion, which we call supersingular representations (we will comment
on this terminology at the end of this introduction). These representations are
the ones which are expected to play a crucial role in a potential Local Langlands
Correspondence. We now describe the ingredients in our method for constructing
such representations, inspired by the work of Vignéras and Paskunas.

Let I(1) be the unique pro-p-Sylow subgroup of the standard Iwahori subgroup
I of G, and let C denote an algebraically closed field. The pro-p-Iwahori-Hecke
algebra Ho(G,1(1)) is the convolution algebra of compactly supported, C-valued
functions on the double coset space I(1)\G/I(1). Under a mild assumption on the
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characteristic of C', we determine explicitly the structure of the algebra Ho (G, I(1))
and describe its center. This allows us to classify all simple finite-dimensional right
modules of H¢ (G, I(1)) for any field C satisfying Assumption B3] (see Section [3).
We remark that some of the results of this section have been subsumed under recent
work of Vignéras ([35], [36], [37]) and Abe ([]).

The motivation for considering modules of the algebra Ho (G, I(1)) comes from
the following observation. Attaching to a smooth representation m of G its space
of I(1)-invariants 7/(!) yields a functor with values in the category of He (G, I(1))-
modules. If C is of characteristic p, then 7/(!) is nonzero provided 7 is nonzero; this
suggests that the functor of I(1)-invariants is likely to give information about rep-
resentations generated by their I(1)-invariants (though in general, we don’t expect
an equivalence of categories (cf. [26])).

Using our explicit description of finite-dimensional simple Hg_ (G, I(1))-modules,
we establish a bijection between irreducible smooth nonsupersingular representa-
tions of G and certain simple modules (Corollary £4]). In particular, we show that
the simple HFP (G, I(1))-modules not arising in this fashion are precisely those with
a “zero” central character, and we call these modules supersingular. Our goal is to
attach an irreducible smooth supersingular representation of G to every supersingu-
lar Hg (G, 1(1))-module. The tool we will use is (homological) coefficient systems
on the semisimple Bruhat-Tits building X of G.

In [29], Schneider and Stuhler introduced coefficient systems on the Bruhat-Tits
building and used them to study complex representations of p-adic reductive groups.
Coefficient systems were later used in the mod-p setting by Paskiinas to construct
supersingular representations of GLa(F). The use of coefficient systems in this
context has proved extremely useful (cf. [27]), but so far has only been considered
for the group GLy(F'). We adapt this method to representations of U(2,1)(E/F),
and define an analog of Pasktinas’ category of diagrams, which is easier to handle
than (but equivalent to) the category of coefficient systems.

Next, we attach to every supersingular module M a diagram Dj,;. The 0-
homology of the corresponding coefficient system D,; is naturally a smooth G-
representation, and we show that any of its nonzero irreducible quotients contain
an ’H,FP(G, I(1))-module isomorphic to M. This implies that any such quotient is
a supersingular representation of G (Corollary FA)).

To produce such quotients, we next specialize to the case when the residue field
of F' has size p. In this setting we are able to construct explicitly an auxiliary
coefficient system &£y; (built out of injective envelopes of representations of finite
reductive groups I' and T attached to G) along with a morphism Dy; — Eys. This
morphism induces a map on the 0-homology of the coefficient systems, and we
consider the representation afforded by the image

TENN = 1m(H0(X, DM) — Ho(X, 51\/[)).
The result here is the following:
Theorem (Corollary [T.7]). Assume the residue field of F' has size p. The repre-
sentation mg,, s nonzero, irreducible, admissible, and supersingular. For noniso-
morphic supersingular Hﬁp (G, I1(1))-modules M, M’, the representations wg,,, Te,,,
are nonisomorphic.

We remark that while Dy, is uniquely determined, the choice of the coefficient
system &) is in general not unique. Therefore, to every supersingular module M
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we attach at least one supersingular representation; in this way, we construct at
least p?(p + 1) supersingular representations of G.

It is interesting to compare this result to Serre weight conjectures, which give
information about the K-socles of irreducible representations of GG, where K is
the hyperspecial maximal compact subgroup. Forthcoming work of Emerton—
Gee-Herzig-Savitt ([I9]) shows that a supersingular representation associated to
a “generic” Galois parameter (with values in the L-group of G) should have a K-
socle of length 9. This suggests that the supersingular representations constructed
above (which have a simple K-socle) are in some sense not compatible with Serre’s
conjecture, and might not participate in a potential mod-p Local Langlands Corre-
spondence. Though we do not address this question in the present article, it would
be quite interesting to see if one could generalize the methods of [12] and construct
supersingular representations with K-socles predicted by [19]. We hope to return
to this in future work.

We next address the shortcomings of our method when the residue field of F
has size greater than p. As mentioned before, our method relies on the comparison
of injective envelopes for representations of the finite groups I' and IV. When the
residue field of F is larger than F,, we demonstrate cases where the construction
of Section [[ would produce a coefficient system £,; which is “too big”, in the sense
that we cannot guarantee irreducibility of the resulting representation. Our main
tool will be Dordowsky’s Diplomarbeit ([I7]), in which the dimensions of injective
envelopes of representations of I' are computed.

To conclude, we draw some comparisons between our results and the analogous
results for the group SLy(F'), based on results of Abdellatif in [I]. The action of
SLo(F') on its Bruhat-Tits tree Xg partitions the set of vertices into two disjoint
orbits and acts transitively on the edges, and therefore the results of Section [l (for
U(2,1)(E/F)) carry over formally to SLo(F'). When the residue field of F' is Fp,
we attach to every supersingular HFP(SLQ(F ), Is(1))-module Mg two coefficient
systems Djysg and Eprg. There is one striking difference between this case and the
case of U(2,1)(E/F), however: when the residue field of F has size p, there is a
natural choice of auxiliary diagram Eyy,.

Theorem (Theorems 8.4] and B.5]). Assume the residue field of F' has size p.
For each of the p monisomorphic supersingular HFP(SLQ(F),Is(l))-modules Mg
there is a pair of associated coefficient systems (Dary, Ens)- The resulting SLo(F')-
representation afforded by

TMg = im(HO(X87DMS) — Ho(Xs,ng))

is mnonzero, irreducible, admissible, and supersingular. For nonisomorphic
Hz (SL2(F), Is(1))-modules Mg, Mg, the representations s, ary, are noniso-
morphic. In particular, when F' = Q,, we recover in this way all p nonisomorphic
supersingular representations of SL2(Q,) as classified in [I].

Remark on terminology. We briefly address our choice of nomenclature. The notion
of supersingularity was introduced by Barthel and Livné ([7] and [8]) in their classi-
fication of smooth, irreducible, nonsupercuspidal mod-p representations of GLy(F).
For a general connected reductive group, an irreducible smooth representation 7 is
called supersingular if the localization of a certain Hom-space associated to m is triv-
ial, while 7 called supercuspidal if it is not a subquotient of a parabolically induced
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representation. Thanks to recent work of Abe-Henniart—Herzig—Vignéras ([5]), we
now know that these notions are equivalent; we will use them interchangeably.

2. NOTATION

2.1. General notation. Fix an odd prime number p. Let F' be a nonarchimedean
local field of residual characteristic p, with ring of integers 0z and maximal ideal
pr. Fix a uniformizer w and let kp = op/pr denote the residue field of size ¢ = .
We fix also a separable closure F of F, and let kz denote its residue field.

Let E denote the unique unramified extension of degree 2 in F. We denote by
0g,PE, etc., the analogous objects for E. Since F is unramified, we may and do
take @ as our uniformizer. Let ¢ : kx = Fp denote a fixed isomorphism, and assume
that every F: -valued character factors through ¢. We identify kr and kg with F,
and 2, respectively, using the isomorphism .. We will also identify IE‘;2 with the
image of the Teichmiiller lifting map [ - | : ]qu2 — 0 when convenient.

We let  — T denote the nontrivial Galois automorphism of F fixing F' (which
induces the automorphism z — z¢ on F,2). We shall write E = F(\/€), where

€ € 0y is some fixed but arbitrary nonsquare unit, so that \/e = —y/e. We define
U(1)(E/F) to be the kernel of the norm map

NE/F . BEX - FX
T+ IT.
Denote by G the F-rational points of the algebraic group U(2,1), defined and
quasisplit over F. Explicitly, we take G to have the form

0 1 0
0lg=10
0 1

o = O

0 1

G={geGL3(E):g" [0 1 0

10 0

The group G possesses, up to conjugacy, two maximal compact subgroups (cf.
[32, Sections 2.10 and 3.2]), given by

—1
Or OE Pg

KZ:GLg(UE)mG and K':= pg op op | NG.
PE PE OE

Let K1, K} be the following subgroups of G:

1+pE PE PE 1+pE op 0g
Ki=| pg 14pz ve |NG K, :=| pg 14+ps oz |NG.
PE PE 14+pE p% PE 1+pg

The group K (resp. K7) is the maximal normal pro-p subgroup of K (resp. K').
We define

= K/K; 2 U@2,1)(F2/F,), T’ :=K'/K,=(U(1) x U1))(Fz/F,),

where U(1,1)(F,2 /F,) denotes the unitary group defined with respect to the matrix
(98):

We let B denote the upper-triangular Borel subgroup of I' and U its unipotent
radical; likewise, let B’ denote the lower-triangular Borel subgroup of IV and U’
its unipotent radical. The groups U and U’ are p-Sylow subgroups of I' and I”,
respectively. We define the Iwahori subgroup as I := K N K’, which we may also
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think of as the preimage in K under the reduction-modulo-co map of B. We denote
by I(1) the unique pro-p-Sylow subgroup of I, which is the preimage of U.

Let U and U~ denote the upper- and lower-triangular unipotent elements of G,
respectively, and define

1 =z y 1 0 0
w(z,y):=10 1 —-T|, u (z,y):=1xz 1 0],
00 1 y -7 1
where z,y € E satisfy 27 +y +7 = 0. We have u(z,y) " = u(—z,%),u (z,y) " =
u” (—x,7).
We define the following distinguished elements of G:
0 0 1 0 0 w!
s=10 1 o], s=[0 1 o |,
1 0 0 w 0 0
0 0 —e! 0 0 —w /e
ns: =10 1 0 y Mg 1= 0 1 0 )
Je o0 wye 0 0
w1 0 0 w 0 0
a=ss= 0 1 0], atli=s=|0 1 0
0 0 w@ 0 0 w!

2.2. Weyl groups. The diagonal maximal torus 7" of G consists of all elements of
the form

with a € E*,6 € U(1)(E/F). Note that T is not split over F. Let
To:=TNK=TnNnK', T':=TnNnK,=TnNKj,
H:=To/Ty = I/I(1) = F5 x U(1)(Fg2/Fy).
We will identify the characters of H and those of I/I(1).

Let N denote the normalizer of T" in GG, and define the finite and affine Weyl
group, respectively, as

W :=N/T and Wag := N/Tp.

The group W,g is a Coxeter group, generated by the classes of the two reflections
s and s’. We have a decomposition G = INI, where two cosets Inl and In'I are
equal if and only if n and n’ have the same image in Wg. This yields the Bruhat
decomposition for G:

G= |_| Twl;

WEWags

here we engage in the standard abuse of notation, letting Iwl denote Iwl for any
preimage w € N of w € Wog. We will take as our double coset representatives the
elements o™, nsa™, for n € Z. We let £ denote the length of an element of Wg,
defined by

¢"™) = [IwI : I
(cf. Section 3.3.1 in [32]). In particular, we have ¢(n,) = 3, £(ns) = 1. Moreover,
one easily checks the pair (I, N) forms a BN pair (cf. [6, Definition 6.55]).
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3. HECKE ALGEBRAS

3.1. Pro-p-Iwahori-Hecke algebra. We let C' denote an algebraically closed
field, and REP(G) the category of smooth representations of G. Given a smooth
C-representation o of a closed subgroup J of G, we denote by ind?(a) (resp.
c¢-ind§ () the induction (resp. compact induction) of ¢ from .J to G.

Let m be a smooth C-representation of G. Frobenius Reciprocity gives

! 2 Homy 1) (1, 7| 1)) 2 Homeg (c-indfy ) (1), ),
where 1 denotes the trivial character of I(1). The pro-p-Twahori-Hecke algebra
Ho(G, (1)) := Endg(c-indf;)(1))

is the algebra of G-equivariant endomorphisms of the universal module c—ind?(l) (1).
This algebra has a natural right action on Homg (c—ind?(l) (1), 7) by pre-composition,
which induces a right action on 7/(1). In this way, we obtain the functor of I(1)-
invariants, = — m/(1) from the category of smooth C-representations of G to the
category of right He (G, I(1))-modules.

By adjunction, we have a natural identification

He (G, I(1)) = Homyry (1, c-indfyy (1)] 1)) & c-indyy (1)1,

so we may view endomorphisms of C—ind?(l)(l) as compactly supported functions
on G which are I(1)-biinvariant. This leads to the following definition.

Definition 3.1. Let g € G. We let T, € H(G,1(1)) denote the endomorphism of
c—ind?m (1) corresponding by adjunction to the characteristic function of I(1)gI(1);

in particular, T, maps the characteristic function of I(1) to the characteristic func-
tion of I(1)gI(1).

Since W = N/Tj is a set of representatives for the double coset space I\G/I,
the group N/T gives a set of representatives for I(1)\G/I(1). We therefore only
consider the operators T,,, where n is a representative of a coset in N/T7. These
operators give a basis for Ho (G, I(1)) as a vector space over C. Using the natural
adjunction isomorphisms above, we see that if 7 is a smooth C-representation of
G,ven!™ and n € N, then

(3.1) v-T, = Z u o = Z un"tw.

wel(D\I(1)nI(1) wel(1)/I(1)Nn—11(1)n

3.2. Decomposition of the pro-p-Iwahori-Hecke algebra. LetAI;T denote the
group of all C*-valued characters of H = Ty/T, and let x € H. We define
(:F5, — C* and n: U(1)(Fgp2/Fy) — C* by

a 0 0 1 0 0
C(a):=x|0 @t 0 |, nd)=x10 o 0],
0 0 a'! 00 1

where a € IFqX2,6 € U(1)(F,2/F,). We stress that the characters ¢ and 7 depend on
X, though we will supress this dependence from our notation, and write x = ( ®

when convenient. We denote by x* the character given by x*(h) := x(n~'hn),
where h€ Handne N —T.
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Definition 3.2. Let x € H. We say x is of trivial Iwahori type if x factors
through the determinant, x is hybrid if x* = x, but x does not factor through the
determinant, and y is regular if x* # x.

Note that y = ¢ ® n factors through the determinant if and only if ¢ is trivial,
and x* = x if and only if (7" is trivial. For x € H, we define a representation 7,

of H by
. {X if x* = x,
X ®x* i x* # x
From this point onwards, we make the following technical assumption:

Assumption 3.3. The integers char(C) and |H| are relatively prime.

With this hypothesis, we will decompose H¢e(G, (1)) into blocks indexed by
W-orbits of C-characters of H.

Definition 3.4. For a C-character x of H, we define

ex = [H|™! Z X(h)Th,
heH

e, =4 X=X
T ey +eys i x° # x.

Here T}, € Ho(G,I(1)) denotes the operator Ty, where tg € Ty is a preimage of
heH.
The operators e, have the following properties:
® ey ey = ey,
o e e =0 for x # ¥/,
[ T1 = erﬁ €x-
These follow readily from the orthogonality relations of characters. Applying these
relations to 7/(1) gives the following lemma.

Lemma 3.5. Let 7 be a smooth C-representation of G. Then (') - ey = mhX,
and w1 = @Xeﬁ(wl(l)) cey = EBXEI?WLX' Here wlx = {v € 7 : iw =
Xx(i)v for every i € I} is the x-isotypic subspace of .

Proof. Since I(1) is normal in I and I/I(1) = H is abelian and of order prime
to char(C), the action of I on () is semisimple and decomposes as a sum of

characters. As (lifts of) elements of H normalize I(1), equation (B]) implies that
(wl(l))-eX:wLX. |

We now use the (central) idempotents e, to decompose the algebra He (G, 1(1)).
Denote by Hc (G, 7y) the algebra Endg (c-ind (vy)).

Proposition 3.6. There is an isomorphism of C-algebras

Ho(GI(1) = P He (G vy) = P H(GI(1))e,,,

the sums taken over all W-orbits of C-characters of H.

Proof. Assumption B3 assures that the regular representation of I/I(1) is semisim-
ple. Using this fact, the proof is nearly identical to that in [33, Proposition 3.1]. O
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Theorem 3.7.
(1) Zhe algebra Heo (G, 1(1)) is generated by the elements Ty, , Ty, , and ey, x €
H, subject to the following relations:

(a)

T, ey =eysTy,, Thex =exsTh,,
ey if X' =x,
GXGX/ = . ,
0 if ¥ #x.
(b) If x is of trivial type, then
Tisex =(¢° - )T, e, + qgex, Tisl ex = (¢ —=1)Ty ey + qey.

If x is hybrid, then
T; ey = (0= ) Taex + ey, Th ey =(q— 1)Th_ ey + qey.
If x is regular, then
Thex = C(-Da’ey. T3 ey = ((~1)gey.

(2) The center Z of Hc(G, 1(1)) is generated by the idempotents e, , and the
elements

(Tp, (T, —(¢—1)) + Ty, (Tn, — (¢* = 1)) + 1)ey  for x of trivial type,

(TTLS (Tns/ - (q - 1)) + T”s’ (Tns - (q - q2)))ex fOT‘ X hyb’l’ld,
(T, Thn.ex + Tn,Th_eye) and
(Thn, Thn,exs +Tn, Th_ey) for x regular.

Proof. Let M be the subalgebra of Hc(G,I(1)) generated by T, , T, , and the

operators e, for every x € H. By Proposition 3.6, Me, is a subalgebra of
He(G,vy). Propositions B0, B16] B22] and now show that the elements
Th.ex; T, ey, Tn,eys and T, ey of Me, generate Ho(G,vy), and therefore
M = Ho(G,I(1)). Furthermore, these propositions and Corollary give the
quadratic relations and the structure of the center. (Il

Remark 3.8. Let hy : E* — T be the homomorphism defined by

Y 0 0
hs(y) =10 yy_l 0 ,
0 0 gt

and set

o=@+ Y Thw —a Y Thay 7= ) Tha

yesz yERY y€eFY
Using Fourier inversion and the theorem above, the quadratic relations take the
form
Tis = To7s+ q3Th5(—1),
Tis/ = T, 7 +qTh (—1).

Moreover, we see that the center Z of He(G,I(1)) is generated by the central
idempotents e, and the elements

Tns/ Tnsﬁl + TnSTns/QgQ - TnSTs’ - TnS/TS + (q - 1)TS7
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Tns/ r]:‘nS 7-92 + Tns Tns//ﬁl - r]:‘nS Ts! — Tnb,/’rs + (q - 1)TS'

191::Zex—|—2 Z €y ﬂg::Zex+2 Z exs s

X=X X #X X*=X X7
x€{x,x%} xS€e{x,x5}

where the sums are taken over W-orbits of C-characters, such that ¢ + ¥ = 2T}.

In light of Theorem [B.7] we make the following definition:

Here

Definition 3.9. Assume char(C) = p, and let M be a nonzero simple right
He (G, I(1))-module which admits a central character. We say M is supersingular
if every generator of the center Z (as given in Theorem B.7)) which is not a central
idempotent e, , acts by 0.

In the subsequent sections, we describe the structures of the Hecke algebras
Hco(G,7vy). From the descriptions of these blocks, we obtain Theorem B.7 and
identify the supersingular modules of H¢ (G, I(1)) when char(C) = p.

3.3. The trivial case. We first assume that x is of trivial type, meaning x factors
through the determinant and x = nodet, for n a character of U(1)(F,2/F,) (which
we also view as a character of U(1)(E/F)).

Let 1; € c-ind%¥(x) denote the function with support in I, taking the value 1 at
the identity. We let T, (resp. 7,_,) denote the endomorphism of c-ind¥ () sending
1; to the function with support Ingl (resp. IngI), taking the value 1 at ng (resp.

ng ), on which I acts by x. In the notation of the previous section, we have
7;1,5 - T’n,sexa 7;1 / = T'ns/eX'

s

We now arrive at the following result on the structure of He (G, x):

Proposition 3.10. The algebra Ho (G, x) is a noncommutative algebra, generated
by Tn, and Tp_,, subject to the relations

(To + D)(T, —¢%) = 0,
(%5/ + 1)(7;L>’ - Q) - O

The center Z,, is generated by Z = T, (T, — (¢ —1)) + To, (T, — (¢* — 1)) + 1.
We have an isomorphism of algebras

Ho(Gx) 2 CX, V) /(X2 +(1-¢)X - Y2+ (1—q)Y —q),

sending Tn, to X and T, toY. Here C(X,Y) denotes the noncommutative poly-
nomial algebra in two variables over C'.

Remark 3.11. Note that using the length function on Wyg, the Hecke relations take
the simple form (7, + 1)(7,, — ¢“™) = 0, where n = ng or ng.

Proof. See the proof of Proposition below. O

Given this result, we can quickly classify the finite-dimensional simple right
Heo (G, x)-modules.

Definition 3.12. (1) Let (6,0") € {—1,¢®}x{—1,q}. We define the characters
poor : Ho(G, x) = C by

T, 0, To, — 0.

The central element Z maps to (¢ —q+1) +60'(0 —¢*+1) +1 € {¢® +
q+1,—q¢*}
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(2) Let (v1,v2)c be a two-dimensional vector space over C, and let A € C. We
define M (\) to be the following right Hc (G, x)-module:
V1T, = —v1, v1-Tn, = ve,
va Ty, = A—q@ui+¢va, va-T,, = qui+(qg—1)vs,
The central element Z acts by .

One may check directly that the action of Ho (G, x) on M(A) is well defined.
This fact will also be made clear in the proof of Theorem

Proposition 3.13. Assume ¢ +1 # 0 in C (note that ¢ + 1 # 0 by Assumption
B.3). Then the module M()) is reducible if and only if N = ¢> + g+ 1 or A = —q*.
In these cases, we have the following nonsplit exact sequences:

0— pgsg— M@ +q+1) = pu_1,_1—0,
0— pgs 1 — M(—q4) — p—1.4 — 0.

Proof. Assume that M (\) is reducible, so that we have some character pgg C
M ()\). By examining the action of the center, we conclude that A € {¢*+q+1, —¢*}.
Assume )\ = ¢® + ¢ + 1; the other case is similar. One then checks directly that

(1 +v2)e = pgs,g C M(¢° +q+1) and M(¢° +q+1)/pgz,g = po1,-1.

The assumption ¢* + 1 # 0 guarantees that the surjection M(¢®> +q+1) = p_1 1
cannot split. O

Proposition 3.14. Assume ¢ +1 =0 in C. Then the module M(\) is reducible
if and only if A = q. In this case the module decomposes as M(q) = p—1,q4®B pt—1,-1.

Proof. Assume that M () is reducible, so that it contains either p—q, 1 or p_1 4.
By examining the action of the center, we conclude that A = ¢q. One checks directly
that

M(q) = (01 + v2)0 @ (—qu1 + v2)c = po1,4 D po1,—1
(Assumption B3 guarantees that the sum is direct). O

We now imitate the proof of Theorem 1.2 in [33] to classify simple right He (G, x)-
modules.

Theorem 3.15. FEvery finite-dimensional simple right He (G, x)-module is isomor-
phic to either a character yig g/, (0,0') € {—1,¢%} x {—1, ¢}, or a module of the form
M)A #¢* +q+1,—¢"

Proof. Assume M is a nonzero simple right module which is not a character, and
assume that Z acts by A. We claim that the space ker(7,_ +1) is a nontrivial proper
subspace of M. Indeed, if ker(7,, + 1) = {0} or M, the element 7, would act by
a scalar, and any nonzero eigenvector for 7, , would generate a one-dimensional
submodule. This gives a contradiction, since M was assumed simple of dimension
greater than one.

The element T, (T, — ¢°) maps ker(7y,, + 1) into itself, and therefore has an
eigenvector v in ker(7,, + 1). We have

U Tn (T, =@") = v (Z=(To, + VT, + (g = DTn, = 1)
= M+ (¢g—1)v-Tp, —v
= (A=q.
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Consider now the subspace V' := (v)c +(v-Tn_,)c. The quadratic relations and the
computation above show that V is stable under H¢ (G, x), and therefore must be
all of M by simplicity. Moreover, since M was assumed to be of dimension greater
than one, we have v-7,_, # 0, and the sum (v)c + (v- Ty, )¢ is direct. Writing out
the actions of 7, and 7, _, on the basis {v,v - T, } shows that M = M(X). We
again use simplicity of M to deduce that A # ¢% + ¢ + 1, —¢*. O

3.4. The hybrid case. We now assume that y* = x = ( ® n, but that x does
not factor through the determinant. This condition implies that the character ¢ is
nontrivial. In addition, we have ¢(a) = (@~ !); since the map a ~ a?"! maps Fr
onto F X, this implies ¢ is trivial on F;.

As before, we let 1; € c—ind?(x) denote the function with support in I, taking
the value 1 at the identity. We let 7, (resp. 7, ) denote the endomorphism of
c-ind¥ () sending 1; to the function with support InI (resp. IngI), taking the
value 1 at ng (resp. ng ), on which I acts by x. In the notation of Section B2 we
have

7;1,5 = T’n,sexa 7;151 = T'ns/eX'

Proposition 3.16. The algebra Ho (G, x) is a noncommutative algebra, generated
by Tn, and Tn_,, subject to the relations

(To, +)(Tn, —q) = 0,
(Tn, + )(Tn, —q@) = 0.

The center Z,, is generated by Z =T, (Tn,, — (¢ — 1)) + Ta., (Tn. — (¢ — ¢%)). We
have an isomorphism of algebras

Ho(G,x) 2 CX, V) /(X2 + (¢* — )X — >, Y+ (1 — @)Y —q),

sending Tn, to X and T,_, toY. Here C(X,Y) denotes the noncommutative poly-
nomial algebra in two variables over C.

Proof. We shall prove Propositions B.10] and [B.16] simultaneously, assuming only
that x* = x (recall that this implies that ¢ is trivial on F;). By Frobenius Reci-
procity, we may view elements of H¢ (G, x) as functions ¢ : G — C satisfying

p(igi') = x(i)e(g)x (i)

for g € G,i,i € I (cf. [7, Proposition 5(1)]). If 7,,,7,, are the endomorphisms
associated to @1, @2, respectively, then the composition product on Heo (G, x) gives
7:/’1 7:02 = 7:01*9027 where

p1xpa(9) = Y er(h)ea(htg)
heG/I

(see [T, Proposition 5(3)]).

Assume that ¢ has support in Twl, where w € Wog. Let w = s189--- 8 be a
reduced word expression for w, where s; € {s,s'}, and let ¢, (resp. ¢, ) be the
function with support in Ingl (resp. IngI) taking the value 1 at ng (resp. ny).
We claim that ¢ is a scalar multiple of ¢y, *@n,, *...x¢@,_ . Indeed, the definition
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of the convolution product shows that supp(e1 * ¢2) C supp(¢1)supp(p2), and
therefore
SUPP(Pn,, * Pn,, *---*n, ) C  supp(@n, )Supp(@n,,) - -supp(en,, )
Ing Ing,I---Ing I
= JTwl,
where the last equality follows from [6, Proposition 6.36(4)]. An elementary induc-
tive argument shows that ¢, * ¢y, *...x @, # 0, which implies that Hc (G, x)

is generated as an algebra by 7,, and T, ,.
It suffices to determine the relations among 7,, and 7, ,. Note first that T,

(resp. Tn,,) preserves the space c-ind¥(x) € c-ind¥(x) (resp. c—indf/ (x) C
c-ind¥ (x)). Additionally, we have the following identity, valid for y # 0:

(3:2) w () =u (=T gy ) he (=7 Vemsu(=Ty~ Ly,

where hg : EX — T is the homomorphism of the remark following Theorem [B.71
Using this notation, Proposition 3.18 of [14] implies

T2 = U+ S X M@ Ve ) | T

u(z,y)eU—{1}

= q3 + Z C(y\/g) 7;Ls

:c,yEqu ,y#0
rT+y+y=0

=@+ | Y e+ | Y w- Y || 7.
yeFg yeF, y€eFy

@+ (P - DT, if Cis trivial,

T\ @+ (g— )T, if ¢ is nontrivial.

T2, = |U|+ S T HhslyveE ) | T

u~(0,my) el —{1}

=q+ (> W | T

yeFy
=q+(q—1)Tn,-

This shows that any element of Ho (G, x) may be written as a linear combination
of monomials in 7,, and 7,_,, with alternating terms. Given two distinct such
monomials, the two functions in c—ind?(x) obtained by applying these operators to
1; will have disjoint support (this follows from the fact that (I, N) is a BN pair).
Therefore, the quadratic relations are the only relations satisfied by 7,, and 7, ,,
and we obtain the isomorphism of H¢o (G, x) with a quotient of a noncommutative
polynomial algebra.

Now, it is an elementary computation to check that Z € Z,. To verify the claim
about the centers Z, of the algebras Hco (G, x) in general, we first note that any
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central element, when viewed as a polynomial in 7,, and 7, ,, must be of even
degree. Moreover, the quadratic relations imply that the coefficients of the two
highest even-degree terms must be equal. Let J € Z, be of degree 2k. Then there
exists some ¢ € C such that ) — c¢Z* is of strictly smaller degree. By induction on
degree, Y — c¢Z* is a polynomial in Z, and therefore Z, = C[Z]. O

As before, we can now classify the finite-dimensional simple right He (G, x)-
modules.

Definition 3.17. (1) Let (6,0") € {—q?,q} x{—1,q}. We define the characters
po.or : He(G,x) — C by

Tn, — 0, Tn, — 0.

The central element Z maps to (0’ —q+1)+6 (0 —q+¢?) € {¢®>+q, —2¢°}.
(2) Let (v1,v2)c be a two-dimensional vector space over C, and let A € C. We
define M(A) to be the following right He (G, x)-module:
v1-Tn, = —qu, V1 Tn, = v2,
v Tn, = A+¢*—¢*)v1 +qua, va- Tn, = qui+(qg—1)vs.
The central element Z acts by .

Again, the action of Ho(G,x) on M(A) is well defined. As the proofs of the
following results are similar to their counterparts in the trivial case (cf. Propositions
BI3 and BI4, and Theorem B.IH), we omit them.

Proposition 3.18. Assume char(C) # p. Then M(X) is reducible if and only if
A= ¢+ q or A\ = —2¢>. In these cases, we have the following nonsplit ezxact
sequences:

0= pgq — M(g*+4q) — Pog2—1 — 0,
0 — fig—1 — M(=2¢%) = pi_y42.4 — 0.

Proposition 3.19. Assume char(C) = p. Then M(\) is reducible if and only if
A =0. In this case the module decomposes as M(0) = 19,0 B f10,—1-

Theorem 3.20. Every finite-dimensional simple right He (G, x)-module is isomor-
phic to either a character pg g, (0,0") € {—q¢%,q} x {—1,q}, or a module of the form
M(N), A # ¢° +q,—2¢".

3.5. The regular case. We assume now that x* # y = (®n. In this case we have
nontrivial intertwining maps between c-ind¥ () and c-ind¥(x*), and we are led to
consider the algebra

HC(Gv PYX) = HC(Gv X @ XS)
= Hco(G,x) @ Homg(c-ind¥ (x), c-ind¥ (x*))
® Homg(c-indf (x*), c-indf (x)) & He (G, x°).
We first determine the algebra Ho(G,x). For n € N, we denote by 15,5 €
c—ind?(x) the function with support Inl, taking the value 1 at n, on which I

acts by x or x* (depending on the class of n in W). We let T,-1 (resp. T,) denote
the endomorphism of c—ind?(x) sending 17 to 17,-17 (resp. 1r47).
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Proposition 3.21. The algebra Ho (G, x) is commutative, generated by To—1 and
To, with the relations

To1Ta=TaTar = ¢
We have an isomorphism of algebras Ho (G, x) = C[X, Y]/ (XY —q*), sending To—1
to X and T, to Y.

Proof. We adopt the same method as in the proof of Proposition B.16] viewing
elements of He (G, x) as functions ¢ on the double cosets I\G/I. In this case,
however, the relation ¢(igi’) = x(i)¢(g)x(i') shows that the functions ¢ associated
to elements of H (G, x) are supported only on cosets of the form Ia™I, n € Z. If
¢ has support in Ta~™I (resp. Ia™I) with n > 0, then ¢ is a scalar multiple of
Oa—1 % Qa1 % ... % Qg1 (TESP. Qo * Vg * ... * @y ), the convolution taken n times.

It therefore suffices to compute the products p,-1 * @, and @4 * p,-1. We com-
pute the first of these; the method of computation for the second is the same. We
have supp(¢a -1 * 9o) C Ta" ol C I UIng U Ta ngl, and since the convolution
must have support on cosets of the form Ia™I, we actually have supp(pq-1*@s) C I.
Hence, we need only evaluate this function at 1. We have:

Patxpa(l) = Y par(h)pa(h )= D 1=¢"* ) =¢"

hela—1I/I hela—1I/I

We now turn our attention to Homg (c-ind¥ (x), c-ind¥ (x*)). This has the struc-
ture of an (Hco (G, x*), Ho(G, x))-bimodule, with the action given by post- and
pre-composition, respectively. By Frobenius Reciprocity we have

Homg (c-indf (x), c-indf (x*)) = Homy (x, c-indf (x*)|1) & c-indf (x*)"X,
which has a basis consisting of the functions 17, n; with support Insa™I and
value 1 at n,a™, on which I acts by x. We let S, , denote the homomorphism
sending 1; € c-ind% (x) to 17p.ans € c-ind¥(x*), and append a x (or x*) to the
parameters for the operator T, (or T,-1) to specify the Hecke algebra to which it
corresponds. In the notation of Section [3:2] we have

SOvX == Tnsex, SO,XS = Tnsexs,

S_1x=Tn ey, S 1y =T exs.
We note that the set
(33) {idxa 7;77)(, 7:,(@ idxsa 7-QTX53 7-0711&(5’ Sn,xa Sn,xs}m>0,n€Z
forms a basis for Hco (G, 7y ), where id, (resp. idys) denotes the identity element of
He(G,x) (resp. He (G, x*))-

Proposition 3.22. We have the following relations for the (Ho (G, x*), Ho (G, x))-
bimodule Homg (c-ind¥ (x), c-ind% (x*))

Lxo

Sn+1,x n Z 0,
Ta-1xSnx = SnxTayx = @Sni1x  n=-1,
q48n+1,x n < —2.
q48n71,x n 2 1;
q38n,17x n= 07
Sn—l,x n < —1.

E,xssnyx = Sn,xTa*l WX
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In particular, Homg (c-ind§ (x), c-ind¥ (x*)) is generated as a module by Sp., and
S_1y-

Proof. We will need the following coset decompositions:

(3.4) Ial = I_I Tau(z,y),
2€F 2,y€0p/PE
rZT+y+y=0
(3.5) Ta ' = I_I Io '™ (wz, wy),

2
1611’(12 WEOR/PE
wzT+y+y=0

(3.6) Inga™I = |_| Inga™u(z,y) if n >0,
onE/p%+1,yEnE/p2En+1
xZT+y+y=0
(3.7 Insa™I = |_| In,a"u™ (wx, wy) if n <0.

—n—1 —2n—1
onE/pE" WEOR /Py m

wzT+y+y=0

In order to compute Sy, 7oy, it suffices to know its action on the function 1; €
c—ind?(x). The definitions of S, , and 7a,, show that the image will have support
contained in Insa™Ial. Using Proposition 6.36 and Exercise 6.37 of [0], we see that
this product of double cosets is equal to Insa™ 1T (if £(n,a™t) = {(nsa™) +£(a)),
or is contained in Insa" I U Ta™"T U Ta=" 1T (if {(nsa™™t) # l(nsa™) + ().
Since the support of S,, 7o,y (17) must be of the form Ing,a™I, we see that in both
cases the support is contained in In,a”11, and therefore it suffices to evaluate the
function at nya"*!. This gives (using equation (3.4))

Sn,X’]?l,X(]-I)(nsaTH-l) — Sﬂ,X Z u(—x,y)a_l.ll (’I’LSOén+1)

wqu2 »!IE“E/P%
zT+y+y=0

= Z u(—z,7)a 1, anr(nsa™t)

2
zG]Fq_g ,yEn_E/pE
2T+y+7=0

- Z llns(ynl(nsanJrlu(_I?y)ail)

2
me]qu‘yEuE/pE

«T+y+7=0
1 n>0,
eq. (B2)
= q n= _1a
¢ n<-2

The other relations are proved similarly, using the various coset decompositions
above. |

Corollary 3.23. As a right Ho (G, x)-module, we have
Homg (c—ind? (), c—ind? (x*%))

= (He(Gx) @ Ho(Go X))/ (Ta1,x—4%), (=4, Tax)),
the isomorphism sending So to (1,0) and S_1, to (0,1). Likewise, as a left
Ho (G, x*)-module, we have
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Homg (c-ind¥ (x

);
= (HC(G7 Xs) @ HC(Ga Xs))/((n,xs7 _q3)7 (_CL 7:1*1,)(5))7
the isomorphism sending Sp,, to (1,0) and S—1 to (0,1).

In addition to the bimodule structure on Homg (c-ind¥ (x), c-ind¥ (x*)), we also
have a composition product between elements S,, s € Homg (c-ind§ (x*), c-ind (x))

and elements S, , € Homg (c-ind¥ (x), c-ind¥ (x*)). The product of two such ho-
momorphisms will be an element of H¢o (G, x).

Proposition 3.24. The composition Sy, ysSm.y has the following property:

¢(— 1)q3+4 min(n, m)Tm)?X(O m—n),];max)((n—m,o) n,m >0,
1+4 min(—n—1,—m—1) max(0,m—n) ;-max(n—m,0)
S S _ C( 1)q T 7;,1 X n,m < 0,
T n<0,m>0,
(— 1)7;n_1m m < 0,n>0.

Proof. By Proposition B:22] it suffices to compute the four products Spy=So,y,
S_1xS—1,xs S—14+80,x and Sp y+S—1 . The first two products follow again from
Proposition 3.18 of [I4]. We prove the third relation; the last follows similarly. The
method of proof is the same as in the proof of Proposition 322 this time using
equations ([B.0) and ) for n = 0 and n = —1. The definition of S_; ,+ and Sy
and properties of BN pairs show that the function S_1 ,=Sp 5 (1) will have support
in ITal. This gives

SixSox(n)(@) = Soe | Y0 u(-apnitar | ()
w,yerqz
zT+y+y=0
= Z ( Y y) ]-In /I( )
@ y€F o
2T +y+y=0
= S 1 r(eu(-z,m)nY)
@ y€F o
zT+y+y=0
eq.@ C(—l)-

O

Combining Propositions B.2T] B:22] and B:24] we now have a full description of
the algebra structure of Hco (G, vy ). When char(C) = p, there is a more elegant
presentation of He (G, vy ):

Corollary 3.25. Assume char(C) =p, let R =C[X,Y]/(XY), m=(X,Y) C R,
and let M denote the R-module R/(Y)® R/(X) = C[X]® C[Y]. The ideal m acts
on M, and we lift the image of this action to R by sending (f(X),g(Y)) € mM to
f(X)+g(Y) e R. We then have

oG = ()

The isomorphism s given by
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R S
men (00 e o () 0)
Snx 1 <<—1§)w+1 o) S = (o (XQO) Jorn 20,
Sox = (s 8) S = (1 (0,Y0”1>> forn <.

The center Z, s isomorphic to C[X,Y]/(XY'), generated by Ta,ys + Ta-1, and
7:1,)( + 7;717Xs .

Remark 3.26. The description of the center Z, of Ho(G,vy) is the same for the
case char(C) # p, with C[X,Y]/(XY) replaced by C[X,Y]/(XY — ¢*).

Proof. It only remains to verify the claim about the center. This follows easily from
the isomorphism above. O

We may now classify finite-dimensional simple modules for the algebra Hc (G, vy ).
Proposition 3.27. Assume char(C) # p. Then Hc(G,vy) admits no characters.

Proof. Let p be a character of Ho(G,7y). Since SE | = 82 . = 0, we must have
1(Sny) = (Sny:) = 0 for every n € Z. Proposition now implies that all
elements of H¢ (G, x) and He (G, x*) map to 0. This gives a contradiction, since
1= /’(’(idc—ind?(’yx)) = M(ldx + idXS) =0. U
Definition 3.28. Assume char(C') = p, and let i € {0,1}. We define p; :
Ho (G, vy ) = C to be the character for which

id a1

X

and every other basis element in the set (83) maps to 0.

Proposition 3.29. Assume char(C) = p. Then the characters of Ho(G,vy) are
exactly po and py.

Proof. As in the characteristic prime-to-p case, we use Propositions [3.22] and B.24]
to conclude that every basis element besides id, and id,s must map to zero. Since
idy +idys = idc_ind?(u) and id,id,s = 0, we see that the characters must be exactly
those stated. (]

We now turn our attention to modules of dimension greater than one. We first
assume that char(C) # p. Fix a choice of square root y/¢{(—1) of ¢((—1), and let

A=/ ((=1)(So,x + S-1,x2);
then A? = T\ + To-1,s, and He(G,7y) is free of rank two over Z, [A], with
basis {id,,idys }.
Let A € C, and let y1, 5 denote the character of Z, [A] defined by

(7-04:)( + 7:1_10(5) = )‘7 (7:1,)(5 + 7:1_10() — 614)\_17 A — \/X

By the description of the center in Remark we see that every character of
Z, [A] is of the form A/ We consider the induced representation 4 NVEMPY
Hco(G,7vy). Since the algebra Heo(G,7yy) admits no characters, this immediately
implies that this module is simple.
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Lemma 3.30. The (isomorphism class of the) induced representation ji, Oz, (4]
Ho(G,vy) is independent of the choice of square roots VX and \/C(-1).

Proof. Let (v)c be the underlying space of ju, /5, so that i, 5 ®z, (A He (G, vy)
is spanned by {v®idy,v®idys}. The action of Z, [A] on the vector v® (idy —idys)
shows that p, _ /5 is contained in p1, ~ ®z (4 HC(GVYX”ZW (4]- By Frobenius
Reciprocity we have

{0} # Homz [k x> Hyyx @z, 14 Ho(G )z, 14)

~

= Homy (G (Hy,—yvx @z, 14 Ho (G0, 1y vx @z, (4 Ho (G 1y)-

As both modules are simple, the result follows. |

Given this lemma, we define M(X) := p, 5 ®z, (4] Ho(G,7y). Examining
central characters, we see that the modules M()\) are pairwise nonisomorphic for
distinct values of .

Theorem 3.31. Assume char(C) # p. FEvery finite-dimensional simple right
Mo (G, 7vy)-module is isomorphic to one of the form M(X),\ € C*.

Proof. Assume M is a nonzero simple right module. Since Z, [A] is commuta-
tive and M finite-dimensional, we have that M| 2, (4] contains a character i, /5.
Frobenius Reciprocity gives

{0} % HOIDZWX [A4] (MA,\/X7 M|ZA,X [.A]) = Hoch(G,'yX)(M()‘)7 .7\4)7
which implies M (\) 2 M by simplicity of M(\) and M. O

Assume now that char(C) = p, fix a choice of square root /((—1) of {((—1), and
let

Ar = V(=D (Sox +S-1x0), A2 = VE(=1)(Sos +S-1.x)-

Note that A3 A = AsA; =0, .A% = ’T%X + 7;71»(3, and .Ag = 7:1710( + 7:17)(5. The
algebra Hco (G, 7y ) is free of rank two over Z, [A;, Ao], with basis {id,,id,s}.

Let A\, \" € C be such that A\ =0, and let p, ,, /5 /5 denote the character of
Z, [A1, Az] defined by

(771,)( + 7—&71%5) — )\, (7;71»( =+ 771,)(5) — /\/7
Al — \/X, Ag — W
We consider the induced representation iy \, /x /57 @z, [Ar,As] Ho (G, vy )-

Proposition 3.32. The module 1, , /5 /5 @z, 41,45 Ho(G,7y) is reducible if
and only if (A, X') = (0,0). In this case, we have

H0,0,0,0 Dz, [A;,42] Ho (G vy) = o © pr-

Proof. Assume that ) \, /5 /v ®z, [4;,45] He (G, 7y ) is reducible, so that it con-
tains either pg or pp. In either case, both A; and A must act by 0, and therefore
(A, X') = (0,0). The action of id, and idy- show that if (v)c denotes the under-
lying space of 10,0,0,0, then (v ® idy)c = po and (v @ idys)c = 1 as Ho(G, vy )-
modules. ]
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Lemma 3.33. The (isomorphism class of the) induced representation xR/

@z, [A1,Az] Ho(G,7vy) is independent of the choice of square roots VA VN, and
¢(=1).

Proof. The proof is similar to the proof of Lemma .30 O

Given this lemma, we can define M (A, \') := p, y, /x WOz, [Ar, A0 He (G )
By examining central characters, we see that the modules M (A, ') are pairwise
nonisomorphic for distinct pairs (A, \).

Theorem 3.34. Assume char(C) = p. FEvery finite-dimensional simple right
Ho (G, vy )-module is isomorphic to either a character po or p1, or a module of
the form M (A, X) with AN =0, (A, X) # (0,0).

Proof. Again, the proof is similar to the prime-to-p case (cf. Theorem B31). O
We conclude with one final definition.

Definition 3.35. Let x : H — C* be an arbitrary character, and let M be a finite-
dimensional simple module for H¢o (G, 7). We append x to the list of parameters
of M, and use this notation to denote the corresponding module for Ho (G, I(1)),
via the decomposition of Proposition

Remark 3.36. The isomorphism in Corollary [3.25 depends on the ordered pair
(x, x%). There is an obvious isomorphism of algebras

Ho(G,x © x°) 2 Ho(G,x* D x),

which identifies simple modules. In particular, the isomorphism gives M (X, x)

M(q*A71, x%) if char(C) # p, and poy = paye, Py = poyes MA N, x) =
M(N, A, x®) if char(C) = p.

4. PRINCIPAL SERIES AND SUPERSINGULAR MODULES

4.1. Principal series. We shall assume from this point onwards that C' = Fp, and
that all representations are smooth Fp—representations. We call such representations
mod-p or modular representations. In an attempt to understand supersingular
representations of G (cf. Introduction), we will make use of the functor sending a
smooth representation 7 to 7/(1), called the functor of I(1)-invariants. By Lemma
3(1) of [7], if 7 is a nonzero smooth representation of G, then the 'HFP(G,I(l))—
module 7! (1)~Wﬂl also be nonzero.

Let ¥ = ( ® 77 be a smooth character of the full torus T of G, and consider
the principal series representation indg (X), where B is the standard upper Borel
subgroup of G, and E and 7 are characters of E* and U(1)(E/F), respectively. In
Théoreme 3.8 of [3], Abdellatif has shown that ind%(Y) is reducible if and only if
X = 1 o det, in which case we have a nonsplit short exact sequence

0 — 77 o det — ind% (7 o det) — 77 o det @St — 0,

where St = ind$(1)/1 is the (irreducible) Steinberg representation of G.
The Bruhat decomposition applied to K and the Iwasawa decomposition together
imply that
G = BI UBnsI = BI(1) U BngI(1).
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Therefore, we may take as a basis of 1ndG( X)'™ the functions {f1, f2}, defined by
fl( ) =1, fl(ns) =0,
f2(1) =0, fans) =1;
the function f; is the unique I(1)-invariant function with support BI(1) taking the
value 1 at the identity (likewise for fa, supported in Bn,I(1)).

Since T} is a pro-p subgroup, the restriction of Y to 77 must be trivial. Let x
denote the representation of H = Ty /T given by restricting X to Tp. The action of
Hg, (G, 1(1)) on ind%(X)’™ will depend on the character x. If x* = x, then in the
notation of Lemma we have

ind$ ()W = ind§ ()X,

and the action of ’HFP(G, I(1)) factors through the algebra HFP(G7 X) (via the de-

composition of Proposition B.0). Likewise, if x® # x, then
ndG()'0 = ind§ (R = ind§ ()X & ind§(7),

and the action of Hg (G,1(1)) factors through Hg (G, x ® x*).

Theorem 4.1. The algebra Hg (G,1(1)) acts on (f1, f2)5, in the following way:

(1) If x is of trivial type, then

firex = fi, f1-Tn, = fo, fi-Tn, = :fl,

Brex = P fTu, =~ frTa, = X@f
(2) If x is hybrid, then

firex = fiu S Tas = foo fioTa, = —fi,

frrex = for frTa = 00 forTa, = X(@)f

(3) If x is regular, then
fl'ex = fla fl'Tns = f23 fl'TnS/ = 07
f2 TCxs = f25 f2 : Tns = 07 f2 : Tns/ = C(_l)%(o‘)fl

Proof. Using Proposition 6 in [7], we can compute the action of T, and T, , on
fi € ind§(x)’™. Equation (Z8) implies

fi T, = Z u(—z,7)n; " fi.
:c,yEqu

2T+y+y=0

Evaluating at 1 and ng gives

fl n&( ) = Z fz _1

x,yEF 2
Ir+y+y 0

= 0
fi . r]:‘nS (ns) = Z fi(nsu(_l'vy)ns_l)

w,yEIFq2
zZ+y+y=0

-~ Y Al (—ave-7e)

@, y€F o
zT+y+y=0

I hm e+ Y SV )

©,y€F 2,y7#0
zT+y+y=0
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O+ fin) | Y Xy Ve )

m,yEFqg ,y#0
zT+y+y=0

—1 if x is of trivial type,
fi(1) + fi(ng) - < 0 if x is hybrid,
0 if x is regular,

where the last equality is obtained in precisely the same manner as in the proof of
Proposition B.I6] (cf. the computation of 7.2).
Likewise, equation ([B7)) implies

fz' ng — Z ui(oawy)ansfl-fia

YEF 2
y+7=0
and thus we have
fz' n/() = Zfz Owyan 1)
yeF 2
y+§:0

cq.@ Z(_l)%(o[)fl(ns)
+ Y filhe(—m Ty Venaw(0, @y ang )

'yequz »y#0
y+y=0

— SEDR@Am) AW | K-y Ve
yequ:/oqéo
—1 if x is of trivial type,
= {(~DR(@)fi(ns) + fi(1) - { =1 if x is hybrid,
0 if x is regular.

fi- T, (ns) = Z filnsu™ (0, @y)any 1)

yEF 2
y+§:0

= ) X hHA@

F
yeiqz
y+7=0

= 0. ]

Corollary 4.2. In the notation of Definition B35l the right Hy, (G, 1(1))-module
ind$ ()M is given by the following:

(1) Assume x is of trivial type. Then ind%(Y)T™ = M(X(a), x).

(2) Assume x is hybrid. Then ind%(Y)'™ = M(X(a), x).

(3) Assume x is regular. Then ind$(X)'™M 22 M (0, X(c), x).
4.2. Supersingular modules. In light of the results of the previous section, we
make the following definition:

Definition 4.3. Let x = ( ® n be a character of the finite torus H. We define the
following characters of Hg (G, I(1)):
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(1) Assume that y is of trivial type. We set

MX)(Sa(D): eX = 1’ Tns — 07 TTLL;,/ = _1’

My osy: ex = 1, Tp, = -1, T,, = 0
(2) Assume that x is hybrid. We set

Mx,(@,S/): ex — 1, Tn, = 0, s/ 0;

T, —
Mywo: ex = L To, = 0, Ty, = -L

(3) Assume that y is regular. We set

My wo: ex — L To = 0, Ty, = 0
The characters defined above are supersingular (as defined in Definition B.9]). We
will denote a generic supersingular character above by M, y, where J = (J,J') is
an ordered pair as above with J C Jy(x),J" C J{(x). This notation is motivated
by the notation of Section [ (cf. Definitions and B3)).

Note that we have M,y = M,y if and only if x = x’ and J = J'. The
computations of the previous sections lead to the following corollary:
Corollary 4.4. (1) Let M be a finite-dimensional supersingular ’7'-1,@(6’7 1(1))-
module. Then M = M, 5 for some x and J.
(2) The functor of I(1)-invariants induces a bijection between (isomorphism
classes of ) irreducible nonsupersingular representations of G and (isomor-

phism classes of) mnonsupersingular finite-dimensional simple right
Hy, (G, I(1))-modules.

Proof. This follows from Theorems[3.15] [3.20] 3.34] and Corollary 4.2l The bijection
of part (2) is essentially given by Corollary B2 note also that ind$(Y) is reducible
precisely when M (X(«), x) is reducible, and one may proceed as in Théoréme 4.3
of [3] to match subquotients on both sides. O

5. REPRESENTATIONS OF THE FINITE HECKE ALGEBRAS
AND (PRO)FINITE GROUPS

5.1. Finite Hecke algebras. We first describe the Hecke algebras for the finite
groups I' = U(2,1)(F,2 /F,) and IV = (U(1,1) x U(1))(F,2 /Fg), and their associated
simple modules.

Definition 5.1. We define
Hp == Endr(ind}(1)),  Hp = Endp (indl (1)),
where 1 denotes the trivial character of U or U’.

Extending functions by zero induces the injections of K- and K’-representations
(respectively)

indfj(1) 2 indfS;)(1) < c-ind{;(1) and indfy (1) = indf}) (1) < c-indfy, (1).

Passing to I(1)-invariants, we view the algebras Hr and Hps as subalgebras of

Hz (G, 1(1)) via
Hr = Homj (ind7(;y (1), c-indfy (1)) = Hg (G, 1(1)),
Hrv — Homp (indfiy (1), e-indfy (1)) 2 Hg (G, 1(1)),
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The inflation of the Bruhat decomposition from I' (resp. I'') shows that K (resp.
K') is generated by I and ngs (resp. I and ng). Therefore, the algebra Hr is
generated by T, and e, for all characters x of H, while Hr is generated by T,, ,
and e, for all characters x of H.

Definition 5.2. Let y € H and let S := {s} and S’ := {s'} denote the sets of
Coxeter generators for the Weyl groups associated to I' and I, respectively. We
define

Joly) = S if x factors through the determinant,
oW = () otherwise,
S oif xS =x
Jp = ’
o) { () otherwise.

Definition 5.3. Let x € H.
(1) Let J C Jo(x), and let M, ; denote the character of Hp given by

0 ifsed,
ey = 1, ey = 0, Ty, = (-1 ifseo(x)—J,

0 ifs¢Jo(x)

for x' # x.

(2) Let J' C Jg(x), and let M ;, denote the character of Hr given by
0 ifs'eJ,
ey = 1, ey 0, Tn, -1 ifs e Jj(x)—J,

0 ifs & Jh(x)

for x' # x.

With these definitions in place, we arrive at the following proposition.

Proposition 5.4. Let x € H.

1) Ewvery simple right Hr-module is isomorphic to a character M, ; with J C
X
Jo(x)-
2) Every simple right Hr/-module is isomorphic to a character M! ; with
X,
JC Ji(x)-

Proof. The pairs (B, (NNK)/(NNK;)) and (B',(NNK')/(NNK})) form “strongly
split BN pairs of characteristic p” (cf. [I3], Definition 2.20]). The result then follows
from Theorem 6.10(iii) of [13]. O

5.2. Carter—Lusztig theory. We may now begin to classify the mod-p represen-
tations of the finite groups I'" and T".

Proposition 5.5. (1) The functor p — pY induces a bijection between isomor-
phism classes of irreducible representations of I' and isomorphism classes
of simple right Hr-modules.

(2) The functor p' — (p")V induces a bijection between isomorphism classes
of irreducible representations of I'' and isomorphism classes of simple right
Hr-modules.
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Proof. As Hr and Hrs are Frobenius algebras, this follows from Proposition 1.25(ii)
of [13]. O

In light of this proposition, we make the following definition:

Definition 5.6. Let x € H.

(1) For J C Jo(x), we define p, ; to be the representation of I' such that
pE,J = Mx,J-

(2) For J’ /C Jo(x), we define p| ; to be the representation of I' such that
(P;(,J/)U = M;,J“

Given a nonzero irreducible mod-p representation p of ', we have pU # {0};
Frobenius Reciprocity gives a surjection from indg(l) onto p, where 1 denotes the
trivial character of U. Since indfj(1) decomposes as a direct sum of modules of
the form indg (x), we see that p is actually a quotient of a parabolically induced
representation. In [I4], Carter and Lusztig show how to construct irreducible quo-
tients of ind (x) by using the Hecke operators e, and T,,, (with everything holding
analogously for I'). These quotients are related to the representations of Definition
as follows.

Proposition 5.7. Let x € H.
(1) If x factors through the determinant, then

prs =im(1+ Ty, : indg (x) = indg (x)),
pr0 = im(Ty, : indg(x) — indg (x))-
If x does not factor through the determinant, then
pxo = im(Ty, : indg(x) — indg (x*))-
(2) If x* = X, then
Py s =im(1+ Ty, indg, (x) — indg (x)),
p;ﬂ =im(T,,, : indg, (x) — indg (x)).
If x* # x. then
p;d) = im(T,, : indg, (x) — indg/ (x")).
Proof. Theorem 7.1 and Corollary 7.5 of [I4] imply that the images of the Hecke
operators are irreducible and inequivalent; it therefore suffices to match the two
sets of representations. Theorem 7.1 and Proposition 6.6 of [14] give the action of

Hr and Hrs on the U- and U'-invariants of the image representations. The claim
then follows from Proposition [5.4] and Definition O

We record one final result regarding the constituents of indgf (x), which will be
of use later.

Lemma 5.8. Let x € H.
(1) Assume x* = x. Then ey (1+T,_)e, and —e, T, e, are orthogonal idem-
potents and induce a splitting
indg, (x) 2 pl 5 & Pl g.
Here P;(,s' is one-dimensional, and p;m is a twist of the Steinberg repre-
sentation of T".
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(2) Assume x*® # x. Then the complex

! T
. T n
0= plog — indp (x) =5 plg—0
is exact if and only if ¢ = p. In this case, the sequence is nonsplit.

Proof. Part (i) follows exactly as in Lemma 3.7 of [27]. For part (ii), we use an
alternate classification of irreducible representations of the group I'" = (U(1,1) x
U(1))(F,2/Fy) in terms of highest weight modules (cf. [21], [22] or [31]). In this
description, we have
Pl = Sym® (F,) @ - @ Symd 1 (F)™ ' @ (det”)* @ e,
for some 0 < j; <p—1,0<k,c < g+ 1, where det* denotes the determinant map
of U(1,1)(F,2/F,), and where w : U(1)(Fp2/F,) — ]quz 5 F;. The integers j;, k,
0 0 —1 .

and c are determined by x (8 5 0 ) = g~ 1XI5 s’ +(1-akge, Consequently, this

. 00a™?
gives

s = SymP 1= (Ff,) ® - ®SymP ™I (Ff,)Frfil ® (det*)lJrkJrZ{;O1 3’ @ e,

Hence,

-1 -1
dimg (p) g) + dimg (P 9) = [JGi + 1) + [T 0 = jo);
i=0 =0

this quantity is equal to ¢+ 1 = dimﬁp (ind%; (x)) if and only if ¢ = p. Theorem 7.4
of [I4] implies that for ¢ = p, the exact sequence is nonsplit. |

Remark 5.9. By adapting the proof of Proposition 1.1 of [I6], one can show that
(at least generically) indf, () has 2/ Jordan-Hélder constituents.

5.3. Injective envelopes. We begin with some general remarks. Given any irre-
ducible mod-p representation p of I', we may view it as a representation of K via
the projection K — K/K; = I'. Conversely, any smooth irreducible representation
of K must be of this form; this follows from Lemma 3(1) of [7] and the fact that
K3 is a normal pro-p subgroup of K. In light of this, we shall abuse notation and
henceforth identify smooth irreducible representations of K and those of I' (and
analogously for K’ and IV, and I and H).

We now briefly recall some results regarding socles and injective envelopes (see
[30] and [27] for details and definitions). Let K be any finite or profinite group,
and let p be a smooth Fj-representation of K. We let inj,c(p) and sock(p) de-
note the injective envelope and socle of p, respectively, in the category of smooth
representations of /C.

Lemma 5.10. Let K € {K,K'}, let T' € {T',T"} denote the quotient of K by its
pro-p radical, and let U € {U, U’} denote the image of I(1) inT.

Let p be an irreducible representation of K and let p — injc(p) be an injective
envelope of p. Then

(5.1) injyc (o)1 = €P) ini; ()",
xef]
where my, = dimFP(HomH(x,injr(p)U)). In particular, the integers m,, are

finite for every character x of H.
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Proof. The proof is identical to the proof of Lemma 6.19 of [27]. O

Corollary 5.11. Let K € {K,K'}, and let p be a smooth representation of K
such that socic(p) is of finite length as a K-representation. Then the space of I(1)-
invariants of inje(p) is finite-dimensional and p is admissible.

Proof. We have

1( 1(1)

p' = inje ()" = injyc (sock (p))
finite-dimensionality follows from inj;(x)!™" = y (27, Lemma 6.14]) and Lemma
[EI0, while admissibility follows from [27, Lemma 6.18]. O

I

In general, it is not clear how the multiplicities in Lemma [.10] are related,
although we may record one result in this direction:

Lemma 5.12. Let K € {K,K'}, and let p be a smooth irreducible representation
of K. Then we have m, = m, ys.

Proof. We give the proof for K = K; the other case is identical. The definition of
the numbers m,, , and Frobenius Reciprocity give

My = dimg (Hompy (x, injp(p)”))
= dimg (Homg(x, injp(p)[z))
= dimg (Homp (indg (x), injr (p))),

which is precisely the multiplicity with which p occurs as a composition factor of
indf,(x). The discussion in Sections 7.2 and 9.7 of [23] implies that indj(x) and
indj, (x*) have the same composition factors, and the result follows. O

Corollary 5.13. Assume q = p. We then have
inj e (P o)1 injr(x) if x*=x and J' C Jy(x) = 5,
inj g (P )1 inj;(x) @ inj;(x*) if x* # x-

111

Proof. This follows from the decomposition (5.0]), the definition of the integers m,

used in Lemma [5:T2, and the description of the composition factors of indgj (x) in
Lemma O

6. DIAGRAMS AND COEFFICIENT SYSTEMS

In this section, we follow [27] closely and translate the language of coefficient
systems and diagrams to the group G. Our case is even easier than the GLay(F)
case to some extent, due mainly to the fact that the extended Bruhat-Tits building
of G coincides with the reduced Bruhat-Tits building, so that stabilizers are exactly
the parahoric subgroups. We refer to [32] throughout for definitions.

6.1. Preliminaries. Let X be the reduced Bruhat-Tits building of G. The build-
ing X is a simplicial complex of dimension 1 (that is, a tree) on which G acts.
We denote by A the apartment corresponding to the maximal F-split subtorus of
T. There exist neighboring vertices o¢ and o{, in A such that stabg(op) = K and
stabg(o()) = K’ (cf. [32] Section 3.1.1). The vertex o{, has ¢g+1 neighboring vertices
in X; the vertex g has ¢> + 1 neighboring vertices and is hyperspecial (these facts
follow from Statement 3.5.4 in [32] and [I'/B| = ¢ + 1, |T"/B/| = ¢+ 1). We let 7
denote the edge from o to of; we have stabg(71) = 1.
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We let X, € {0, 1}, denote the set of all i-dimensional simplices of X. The tree
X has a natural G-invariant distance function, and we denote by X§ (resp. Xg)
the set of vertices at an even (resp. odd) distance from og. One easily shows that
X§ and X constitute two disjoint orbits for the action of G on Xy, while G acts
transitively on Xj.

Coefficient systems over C were first introduced in [29] by Schneider and Stuhler,
and used in the mod-p setting by Paskiinas in [27]. We refer to [27] for the definitions
of coefficient systems, their homology, and elementary properties (note that the
results we require from [27] Sections 5.1-5.3], hold in a more general context, and
in particular for the group G).

6.2. Diagrams. We now discuss diagrams, which are simpler and easier to handle
than coefficient systems.

Definition 6.1. A diagram is a quintuple D = (Dy, D{, D1, 7, "), in which (po, Do)
is a smooth representation of K, (p(, Dj) is a smooth representation of K’, (p1, D7)
is a smooth representation of I, and r € Hom; (D1, Do), ' € Hom; (D1, Dj|r).

We represent a diagram pictorially as:

Note that since there are two different maximal compact subgroups to deal with,
the above definition is slightly more complicated than the one in [27]. This feature
will also play a role in upcoming arguments.

Definition 6.2. A morphism 1 between two diagrams D = (Dy, D, D1,7p, )
and E = (Ey, B}, E1,7g,7;) is a triple (¢o,),%1), where ¥y € Homg (Do, Ey),
¥, € Homg/ (Dy, EY), and ¢ € Homj (D1, E1), such that the squares in the follow-
ing diagram commute as I-representations:

D0—>EO

v

D1—>E1

AN

Dj —> E|
We say 9 is an embedding if the maps 1o, ¢, and ; are injective.

The category of diagrams with morphisms defined above is denoted DZAG.

6.3. The functors C and D. We let COEF denote the category of G-equivariant
coefficient systems on X (cf. [27, Section 5.1]), and let V = (V,)pex,ux, € COEF¢.
In order to discuss the equivalence of COEF ¢ and DZAG, we first observe that there
is an obvious “forgetful” functor in one direction:
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Definition 6.3. Let D be the functor from COEF g to DIAG given by:
D: COEFs — TDIAG
V= (V(T)O' — (VUOaVa(’]aVTlar;gaT;—Z)

Voo

Here r71 and r]) are the restriction maps of the coefficient system V; see [27,

0
Definition 5.2], for more information.
We now recall the construction of the functor C from [27]. Let

D = (Do, D(/), Dl, r, T'/)
denote a diagram in DZAG, fixed throughout the whole discussion.

6.3.1. Representations. We will construct the vector spaces comprising C(D) as
subrepresentations of the following compactly induced representations:

c-ind (po), c-ind% (pf), c-indf (p1).
For a vertex o € X, there exists ¢ € G such that o = g.og or 0 = g.0(,
depending on whether o € X§ or o € X§. We define

o {f € c-ind%(po) : supp(f) c Kg~'} ifo e X¢,
7 {f € c-ind%, (p}) : supp(f) € K'g~'} if o € Xg.
For an edge 7 € X3, there exists g € G such that 7 = g.7;. We define

Fy:={f € c-indf (p1) : supp(f) C Ig~"}.
We note that these definitions are independent of the choice of g.

Given the simplex og (resp. o{), resp. 71) and a vector v € Dy (resp. v € Dj,
resp. v € Dy), we will denote by f, the unique function in Fy, (resp. Fyy, resp.
F,,) satisfying supp(f,) = K (resp. supp(f,) = K’, resp. supp(f,) = I) and
fu(1) = v. By construction, given any simplex o C X and f € F,, there exists a
v € Dy, D, or Dy and g € G such that f = g.f,.

Since each of the vector spaces F, are contained in a G-representation, there is
an obvious way to equip F = (Fy), with a G-action, which is easily seen to satisfy
the first two points of Definition 5.3 of [27].

6.3.2. G-equivariant restriction maps. We first define the restriction maps r7! and

r;:,] by

T;)(fv) = fr(v)7 T;}) (fv) = fr’(v)>
where v € D;. The maps r7! and r;Z are well defined, and are easily seen to be
I-equivariant.

Now let 7 = {o,0'} be an edge such that 0 € X§, ¢’ € XJ. There exists
an element g which satisfies 7 = ¢g.7; (which implies ¢ = g.og and o' = g.0{);
such a choice of g is unique up to an element of I. Since g defines a vector space
isomorphism between F, and F, every element of F; is of the form g¢.f,,, for some
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v € D;. We define r7 and 77, in the unique way which makes the diagram in the
third point of Definition 5.3 of [27] hold. Explicitly,

r3(g-fo) = 130 (g-fo) = grT (fo) = 9-Fr(v)
’I":;/ (gf’u) = TZ:;Z (gfv) = g'T;Z (fv) = g'f'r’(v)~

6.3.3. Morphisms. Let D = (Dgy, D, D1,rp,rp) and E = (Ey, E}, E1,7g,77%) be
two diagrams, and 1 = (10,v{, 1) a morphism between them. Let F = (F,),
and F' = (F!), be the coefficient systems associated to D and F, respectively,
constructed above.

Let 0 € X§, let g € G be such that o = g.0¢, and let v € Dy. Given g.f, € Fy,
we define the element v, (g.f,) € F., by

Vo (g-fu) = g-Fuo(v)-
Likewise, we define
Vo (9-fo) = g-Fyy(v)
if o’ € X§, 0/ = g.0)), and v € D,.
Let 7 be an edge, let ¢ € G be such that 7 = ¢g.7y, and let v € D;. Given
g.fv € F;, we define the element v, (g.f,) € F. by

Vr(g-fo) = g-Fir(v)-

Note that these maps are well defined.

Finally, we must verify that these linear maps (¢,), are compatible with the
restriction maps and the action of G. Both claims follow directly from the defini-
tions.

We may now make the following definition:

Definition 6.4. Let C be the map:
C: DIAG — COEFq
D = (Dy,D{,Dy,r,7v") — F=(F;)s,
where (F,), is the coefficient system defined above.

The results of the previous subsections imply that C is a bona fide functor be-
tween the two categories.

Theorem 6.5. The categories DZAG and COEF ¢ are equivalent. The equivalence
is induced by the functors

D: COEFa — DIAG
C: DIAG — COEFq,

where C and D are defined in Definitions and [6.4]
Proof. The proof is identical to the proof of Theorem 5.17 in [27]. O

7. SUPERSINGULAR REPRESENTATIONS

7.1. Initial diagrams. Using the functor C, we may now construct coefficient
systems by defining the appropriate diagrams. In particular, to each supersingular
Hg, (G, I(1))-module we associate a diagram as follows.
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Definition 7.1. Let y € H, and let M, 5 be a supersingular Hg (G, 1(1))-module,
with J = (J,J’) as in Definition We associate to M, j the diagram

Dys = (o Do X0 3 7) = x

N

/
Pyx,ar

where j and j" are inclusion maps, and the representations p, ; and p;(’ o are as in
Definition We define

Dy,3 :==C(Dy,3)
to be the associated G-equivariant coefficient system. Finally, we let the underlying
space of the I-representation x be spanned by a fixed vector, which we identify with

. I L .
its image in px(,J) = ng and (p;(J,)I(l) = (p;’J,)U via j and j’.

Remark 7.2. We note that if M, jy and D, j are as above, we have pgyJ = M, 3| 1r
as Hp-modules and (p;J,)U/ 2 M, 3|#,., as Hr-modules.

Proposition 7.3. Let M, y be a supersingular ’Hﬁp(G, I(1))-module, and let 7 be a
nonzero irreducible quotient of Hyo(X, Dy, 3), the 0-homology of the coefficient sys-
tem Dy 3 (c¢f. [27, Section 5.2]). Then 7l contains M, 35, and 7 is supersingular
as a G-representation.

Proof. In the notation of Subsection [6.3.1] and Section 5.2 of [27], we let wy,,f, €
C¢"(X(0), Dy,3) be the 0-chain supported on oy, satisfying we,, s, (00) = fy, where v
is a fixed vector spanning the underlying space of x. By definition of the G-action,
Wey, f, 18 I(1)-invariant and the group I acts by the character x. Let @,, ;, denote
its image in Ho (X, D,,5). To proceed, we must show two things:

(1) The element Wy, s, generates Ho(X, Dy y) as a G-representation.
(2) The right action of 'HE(G, I(1)) on {(Wy,, fv>Fp yields an isomorphism onto
M

X+

Let us assume these two claims, and let © be a nonzero irreducible quotient of
Hy(X,Dy.3). Since W, s, generates Ho(X, Dy ), its image in 7w will be nonzero.
The second result above then shows that 7/(1) contains the HF,,(Ga I(1))-module
M, 5 and the proposition follows from Corollary [£4l

It remains to prove the two claims. For the first, we note that if wy s, €
C?¢"(X(0); Dy.3) denotes the 0-chain supported on oy satisfying wo, f, (04) = fo,
then Lemma 5.6 of [27] implies Wy, s, = Woy, 7, in Ho(X, Dy 3). Since any ir-
reducible representation of K or K’ is generated by its space of I(1)-invariants,
Woo.f, (T€SP. Wor f,) generates the image in Ho(X, Dy ) of the space CZ" (00, Dy,3)
(resp. C2"(0(), Dy,3)) of 0-chains supported on o (resp. of). This fact, combined
with the observation that G' acts transitively on the sets X§ and X§, verifies the
claim.

For the second claim, note that by Definition and our choice of irreducible
K- and K'’-representations, we have
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= (pr)I(l)
= ()

M, ; as Hr-modules,

1R

M, ; as Hr-modules,

where J = (J, J'). We conclude from Theorem [B7] that (@, fv>Fp is equivalent to
M, 5 as aright H(G, I(1))-module. O

7.2. Pure diagrams. In light of Proposition[7.3] it suffices to construct irreducible
quotients of Hy(X, D, 5) to produce supersingular representations. With this in
mind, we make the following definition:

Definition 7.4. Let M, j be a supersingular module, and let D= (Dy, Dy, D1,7,7")
be a diagram. We say D is pure with respect to M, j if it satisfies the following
conditions:

(1) There exists an embedding of diagrams:
Y :Dyy— D.

(2) The maps r and " induce isomorphisms Dy|; = D{|; = D;.
(3) Either sock(Dy) or sock(D}) is irreducible.

The third condition above is imposed to guarantee irreducibility of certain quo-
tients of Hy(X, Dy,y). With these definitions in place, we prove the following result,
whose proof is due to Paskiinas ([27, Theorem 6.25]).

Theorem 7.5. Let M, 5 be a supersingular module, and suppose that D is a pure
diagram with respect to M, 3. Then the image of the induced G-morphism between
the 0-homology

D = 1m(¢* : HQ(X, DX,J) — HO(XaC(D)))

is 1rreducible, admissible and supersingular.

Proof. Let D = (Dg, D{, Dy,r,7"). To verify the result, it suffices to show 7p
is irreducible, admissible and nonzero, by Proposition [[.3l Let us assume that
sock (Do) is irreducible; the case with sock/(Dj) irreducible is the same.

Since 1 is an embedding, we have 9. (@0s,.7,) # 0 (so mp # {0}), and therefore
the sub-K-representation it generates is irreducible (by definition of D, j). By
Proposition 5.10 of [27], we obtain

{0} # (Kt (@oy,1, )7, C sock (Ho(X,C(D))|x) = sock (Do),

and therefore the inclusion is an equality.
Now let 7’ be a nonzero G-invariant subspace of mp. Since sock (7'|x) # {0},
we have

{0} # sock (n'[)' ™V C sock (Ho(X,C(D))|x) ™
_ I(1 _
= (Ktpu(@op.,))g. ) = (4(@a0.1. )5,
and therefore the inclusion must be an equality. This shows 1, (@s,,f,) € 7', and
since this vector generates mp, we must have 7’ = 7p.
To show admissibility, we observe that

7p|lx C Ho(X,C(D))|x = Do,

which implies that sock (7p|k) is simple. The claim then follows from Corollary

BIT O
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The definition of pure diagrams does not make it clear that such diagrams exist
in general. We take up this question when ¢ = p in the next section.

7.3. Construction of pure diagrams when ¢ = p. We now give an application
of the formalism developed in the previous section, using results of Section

Theorem 7.6. Suppose ¢ = p. Then for every supersingular module M, y, there
exists a pure diagram with respect to M, 5. More precisely, the corresponding initial
diagram
Dx,J = (pX,J, P;(,Ju X5 ja .7/)

can be embedded into a pure diagram

EXJ = (ln.]K(P)a ian’ (P/)a ind(X)7 jv .7/)
where P = p, j, P’ is a semisimple representation of K' having p;)J, as a summand,
and X is a semisimple representation of I having x as a summand.

Proof. Using Lemma [5.12] we rewrite equation (B.1)) as

(7.1 injg(py )l = @ injy (1) oxr @ @D (imjy () ® inj () & "oxr
H=ps HFE S
the sums being taken over W-orbits of characters.
We let P := p, s, let X be the representation of I defined by

X :— @ ILLEBme,J,u D @ (ﬂ@ﬂS)@me,J,u,
w=p nFEPS

and let P’ be a representation of K’ of the form

P @D (6,7 @ @D (6, )T e

p=ps nFpe
Here we choose p, € {p}, 5,0}, o} if p = p* and p, € {p, y.0)c o} if p# p°; the
only stipulation we make is that p;o s+ be among the summands. By definition and
Corollary 513} we have inj (P)|; = injx (P')|r = inj;(X). It is now evident how
to define
’(/) : DX7J — EX,J7

and that E, j is pure with respect to M, . g

Corollary 7.7. Assume q = p, let M, 5 be a supersingular module, and let E, 3
be a pure diagram with respect to M, 3, constructed as in the proof of the previous
theorem. Then the image

TE, 5 = lm(’lﬁ* : Ho(X, IDX’J) — Ho(X,C(EX’_])))
is irreducible, admissible, and supersingular. Moreover, we have sock (Tg, ;|K)
Py.J, and for distinct modules M, 5, M,y 3/, the representations TEy 5 TE,, 5 OT€
nonisomorphic.

Proof. The first part of the corollary follows from Theorems and The
statement about the K-socle follows from the proof of Theorem To prove the
last part, let us assume ¢ : g, ; = TE,, 5 1S an isomorphism; we then obtain an
induced isomorphism

)

¢ SOCK(TFEX’J|K)I(1) = SOCK(ﬂ'EX,,J, \K)I(l).
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The proof of Theorem shows how to equip these spaces with an action of
Hg, (G,I(1)), which gives
1(1)

~ é ~
MXJ = SOCK(WEXJ|K) — SOCK(WEX/J, |K)I(1) = MXIVJ/.

The claim now follows from the comments following Definition O

Remark 7.8. Assume ¢ = p. Given a supersingular module M, 3, our construction
shows that there may be many choices of pure diagram F\ j associated to M, j. As
a consequence, if E>1< y and Ei j are two such diagrams, we obtain two supersingular
representations 7p1 | and 7 B2, whose I(1)-invariants contain M, y. It is not clear,
however, if these representations are isomorphic.

8. SOME REMARKS

8.1. The case ¢ # p. In this section we point out the shortcomings of our method
in the case when ¢ # p. We assume that g = p? for the sake of simplicity.

Let 1 denote the trivial character of H (or, equivalently, of I'), and consider the di-
agram Dy (p. sy = (p1,0, Pll,s” 1, j, j'). Here py g is the Steinberg representation of
K, and p} g is the trivial character of K'. We claim that there does not exist a pure
diagram D with respect to My (g, gy of the form (inj g (P), inj . (P), inj;(X), 4, 57,
where P is a semisimple representation of K, P’ is a semisimple representation of
K’, and X is a semisimple representation of I.

We require some preparatory facts. Let p and p* be two F,-characters of H
defined by

0 0

a 0 a 0
plo 6 0 | =a®tVe-D k1o 5 0 | =a@ DD,
0 0 0 0

g1 g1

Using the character tables computed in [20] along with a slightly modified version
of Proposition 1.1 in [I6], we obtain

< T \ss A
indg (1) = s @ PLo © Puso © Phsos

where the superscript “ss” denotes semisimplification. Since SU(1,1)(F,a/F,2) is
conjugate to SLa(F,2), we may modify the arguments in Section 4.2 of [27] to show
that dimg (injp(pg/)) = 3p?. Combining these two facts with Lemma [5.12] shows
that

(8.1) inj g (P 50) |1 = inj; (1) @ inj; () © inj ().
Additionally, p; ¢ is injective as a representation of I', and therefore
(8.2) injg (p1,0)|1 = inj;(1).

Assume now that we have an embedding of diagrams Dy gy sy — D, with D
pure:
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P1,0 injx (P)
1 inj; (X)
o inj . (P')

This implies in particular that p; ¢ is a direct summand of P (resp. p’L g is a
direct summand of P’), and hence injg (p; ¢) is a direct summand of inj (P) (resp.
inj ./ (p) g) is a direct summand of injg. (P)).

Assume first that the K-representation of D has simple K-socle, so that P = p; .
The definition of purity gives

. . .., e o D
inj; (1) @ inj;(p) @ inj,(p®) = injg(py g)lr
. . eq. @2
— 111JK'(P/)|I§1DJK(P)|I = inj,(1),

which is absurd.
We may therefore assume that the K’-representation of D has simple K'-socle,
so that P’ 2 p/ s and

.. ~ e / ecl',\(m. . - .. s
injye (P)|r = injye (P)[r = injy (1) ® injr(p) © inj (1),

by the definition of purity. As injx(p1,¢) is a summand of injg (P), we have

inj g (P/p1p)lr = injg(P)/injg(p1,0)|r = injr(p) @ injr(1°);

since m,_, > 1, the only representations for which this could potentially be true
are p, ¢ and p,s 9. The dimensions of the injective envelopes of SU(2, 1)(F 4 /FF)2)
have been computed explicitly by Dordowsky in his Diplomarbeit ([I7]). In par-
ticular, his results show that dimg (injr(pue)) = dimg (injp(pus.p)) = 12p5, which
implies that the number of summands in the decompositions of inj (p,.¢)r and
inj (pus.0)|r is 12. This verifies our claim.

8.2. Comparison with SLy(F'). In the course of defining diagrams and coefficient
systems for U(2,1)(E/F), there are several parallels one can draw between the
formalism we have used and the analogous formalism for the group SLo(F'). We
hope to make this connection precise here, drawing on results of Abdellatif in [IJ.
In this section only, the prime p may be arbitrary.

We let Gg := SLy(F), Ks :=SLy(or), and K% := agKsag", where

(1 0
aS'_OTDF'

Let Is := Kg N K be the Iwahori subgroup, and Ig(1) its unique pro-p-Sylow

subgroup. Let
(0 -1 (0 —=i!
Wy 1= (1 0 ) and wy = (WF 0 > ,
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and for 7 € Z, let w" denote the F,-character of the finite torus Hg := Ig/Is(1)
defined by
w" a 0 —q"
0 at) 7"
where a € Fj.

As in Section | we denote by Hg (Gs,1s(1)) := Endgg (c—indis(l)(l)) the pro-
p-Iwahori-Hecke algebra, and let T, (resp. T, ) be the endomorphism cor-
responding by adjunction to the characteristic function of Ig(1)wsIg(1) (resp.

Is(1)wyeIs(1)). For 0 <r < g—1, we define
ewr = |Hs|™" Y w"(h)Th,
h€Hg

where T}, corresponds to the characteristic function of Ig(1)hIg(1). By Theorem 1
of [34], HFP(Gsv I5(1)) is generated by T, , Ty, and e,r for 0 <r < g —1.
The supersingular Hecke modules (as defined in [34]) have been classified in [2]:

Proposition 8.1. The supersingular ’HFP(GS,IS(I))-modules are all one-dimen-
stonal. They are given by:

My N er — 1, Tws — 0, Tws, = —1;
Mg+ @ e = 1, T,, — -1, Ty, = 0,
M, : e, — 1, T,, = 0, Ty, = 0,

where 0 < r < q—1.

As is the case for U(2,1)(E/F), the Bruhat-Tits building Xg of Gg is a tree.
The action of Gg partitions the vertices into two orbits (those at an even (resp.
odd) distance from the vertex corresponding to Kg), and is transitive on the set of
(nonoriented) edges. Hence, the notion of a diagram is the same as in Definition
[6.1], and the results of Section [G] carry over formally for the group Gg. In particular,
the categories COEF ¢, and DZAG are equivalent. With this analogy in mind, we
define the following diagrams.

Definition 8.2. Let Symr(Fi) denote the r*" symmetric power of the standard
representation of SLy(F,), viewed as a representation of Kg and K by inflation.
For an f-tuple of integers (rg,r1,...,7y—1) with 0 < r; < p — 1, we denote by
Sym(m’“"“”ffl)(F;) the SLy(F,)-representation

Sym™ (Fi) ® Sym™ (Fi)Fr ®---®Sym"’ ! (Fi)Frf_l_

We define:
Dy = (Sym(O,O,...,O)(Fi)7 Sym P 1P— L p*l)(Fi% 1, j, j’)’
Dy = (Sym(p—l,p—l,...,p—l)(Fi)’ Sym(o,o,...,o)(F;% 1, j, j'),
D, = (Sym(ro,rh...,rf,l)(FZQ))’ Sym(p—l—rmp—l—rl7...,p—1—rf,1)(Fﬁ), W', g, j’),

where 0 < r = Ej;_ol rip' < ¢ — 1 is the p-adic expansion of r, and where j and j’
are inclusion maps.

Using the same arguments as in Section [1] one can show that given a diagram
D, of the form above, the Is(1)-invariants of every nonzero irreducible quotient of
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Ho(Xs,C(D,)) contain M,, and therefore such a quotient must be supersingular.
Specializing to the case ¢ = p, we obtain the following:

Proposition 8.3. Assume ¢ = p. Let 0 < r < p — 1, let M, a supersingular
Hg, (Gs,Is(1))-module, and let
D, = (Syw’(E,), Sym” " (F,), v, j. )
be the associated diagram as in Definition B2l Then the diagram
B, = (injj, (Sym’ (F,)). inj, (Sym” ™77 (F,)). injic, (Sym” (F,))lrs, 4, )
is pure with respect to M,, where j and j' are isomorphisms.

Theorem 8.4. Assume q = p. Let 0 < r < p-—1, let M, D,, and E, be as in
Proposition B3, and let ¢ : D, — E, denote the natural embedding. Then the
representation afforded by

im(t, : Hy(Xs,C(D,)) = Ho(Xs,C(E})))

is irreducible, admissible and supersingular. For distinct supersingular modules
M., M., the resulting representations are nonisomorphic.

Proof. The proof is identical to the proofs of Propositions[7.3land [[.5] and Corollary
v} O

In this way, we have constructed p irreducible supersingular representations,
corresponding to the supersingular HFP(G s, Is(1))-modules. In particular, for F' =
Qp, we recover the following classification of supersingular representations:

Theorem 8.5. Let M, be a supersingular Hecke module for SL2(Qy), and let D,
and E,. be the diagrams constructed above. We then have

im(y. : Ho(Xs,C(Dy)) = Ho(Xs,C(E.)) = m,,
where , is the supersingular representation of SL2(Q,) defined in [I].
Proof. By Théoreme 4.12 of [I] and Theorem B4l we must have

im(¢, : Ho(Xs,C(Dy)) — Ho(Xs,C(E,))) = m

for some 0 <t < p — 1. By Propositions 7.4, 7.6, and 7.7 of [2] and the discussion
above, we also have

M, C im(¢, : Ho(Xs,C(D,)) = Ho(Xs,C(E,))) s = xls() = pp,

and therefore t = r. O

Remark 8.6. When g # p, the above construction fails in a manner similar to the
construction for U(2,1)(E/F), meaning that pure diagrams of the form (injy_ (P),
nj g, (P"),inj;,(X), 4, 4') do not always exist. One may translate the example of
the previous section to the case of SLa(F') to produce such an example explicitly.
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