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ON REDUCIBILITY OF p-ADIC PRINCIPAL SERIES

REPRESENTATIONS OF p-ADIC GROUPS

DUBRAVKA BAN AND JOSEPH HUNDLEY

Abstract. We study the continuous principal series representations of split
connected reductive p-adic groups over p-adic fields. We show that such rep-
resentations are irreducible when the inducing character lies in a certain cone.
This is consistent with a conjecture of Schneider regarding reducibility in the
semisimple case.

1. Introduction

The theory of p-adic Banach space representations of p-adic groups was developed
by Schneider and Teitelbaum in [ScT02]. These representations play a fundamen-
tal role in the p-adic Langlands program [BBr10], [Col10]. Important examples
of p-adic Banach space representations are continuous principal series. In [Sch06],
Schneider formulated a conjecture about the irreducibility of principal series rep-
resentations. In this paper, we confirm the validity of the conjecture for certain
characters. These characters form a “cone” in the group of characters, as we will
explain below.

Let Qp ⊆ L ⊆ K be a sequence of finite extensions. Let G be a split and
connected reductive algebraic Z-group, and G = G(L). We fix a maximal split
torus T in G and a minimal parabolic subgroup P containing T. Set T = T(L)
and P = P(L).

Let χ : T → K× be a continuous character. Let

IndGP (χ
−1) = {f : G → K continuous | f(gp) = χ(p)f(g) ∀p ∈ P, g ∈ G},

where G acts on the left by g · f(h) = f(g−1h).
Let X(T) be the lattice of rational characters of T. We select a basis λ1, . . . , λr

for X(T) consisting of dominant elements. If η : L× → K× is a continuous charac-
ter, then there exists an integer e(η) such that ordK ◦ η = e(η) · ordL (see Defini-
tion 7.2). Our main result is the following theorem.

Theorem 1.1. Let χ1, . . . , χr : L× → K× be continuous characters such that
e(χi) < 0 for 1 ≤ i ≤ r. Define χ : T → K× by χ(t) =

∏r
i=1 χi(t

λi). Then

IndGP χ−1 is topologically irreducible (that is, it has no proper nontrivial closed in-
variant subspaces).

To explain how this theorem relates to Conjecture 2.5 of [Sch06], assume that
G is semisimple and simply connected. Then we can take λ1, . . . , λr to be the
fundamental weights. Let δ =

∑r
i=1 λi. The character χ : T → K× is called
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anti-dominant if χδ ◦ α∨ �= ( )m for any integer m ≥ 1 and any positive root α. In

[Sch06], Schneider conjectures that the G-representation IndGP (χ
−1) is topologically

irreducible if χ is anti-dominant. The conjecture is known to be true for G =
GL2(Qp).

Some instances of irreducibility follow from the understanding of locally ana-
lytic principal series. Let IndGP (χ

−1)an denote the set of locally analytic vectors in

IndGP (χ
−1). The reducibility of IndGP (χ

−1)an is known from [Fr03] and [OStr10].

If L = Qp, then IndGP (χ
−1)an is dense in IndGP (χ

−1), and irreducibility of locally
analytic principal series implies irreducibility of continuous principal series.

Our Theorem 1.1 proves irreducibility for the characters χ belonging to the
cone {χ(t) =

∏r
i=1 χi(t

λi) | e(χi) < 0 for 1 ≤ i ≤ r}. These characters are anti-
dominant. However, the set of anti-dominant elements is much larger than the
cone. Still, the value of Theorem 1.1 is in its generality: L is any finite extension
of Qp and G is a split connected reductive L-group.

To relate our result with the locally analytic case, we mention that the condition
for locally analytic representations is given in terms of the derivative of χ, and
hence concerns the behavior of χi in a small neighborhood of 1. Our condition, on
the other hand, is a condition on χi(�L), where �L is a uniformizer of L.

The proof of the main theorem relies on the duality theory developed by Schnei-
der and Teitelbaum in [ScT02]. Let oL denote the ring of integers of L. Set
G0 = G(oL), P0 = P(oL) and T0 = T(oL). Denote by χ0 the restriction of χ
to T0. Let K[[G0]] be the completed group algebra defined in section 6.2. The

dual of IndG0

P0
(χ−1

0 ) is K[[G0]] ⊗K[[P0]] K
(χ0). Then the isomorphism IndGP (χ

−1) ∼=
IndG0

P0
(χ−1

0 ) induces a G-module structure on M (χ) = K[[G0]] ⊗K[[P0]] K
(χ0). For

χ as in Theorem 1.1, we prove that M (χ) has no G-invariant K[[G0]]-submodules
(Theorem 7.5).

We briefly describe the content of the paper. In section 2, we introduce nota-
tion. In section 3 we recall some results that we need from the theory of algebraic
representations. These results are used in section 4 to construct a convenient, ex-
plicit, model for the space G/P. The main technical result of the paper concerns
the action of T on this model, and is proved in section 5. In section 6 we recall
some facts about principal series representations and their duals, and deduce infor-
mation about the action of T on these vector spaces from the main technical result
concerning its action on G/P. Finally, in section 7, we prove the main theorem.

Our group G will be a split connected reductive L-group. The group G is de-
termined (up to an L-isomorphism) by its root datum ([Spr98], Theorem 16.3.2).
Since we also need the corresponding group of oL-points, we use the existence of
the split reductive Z-group with the same root datum ([SGA3], XXV.1.2).

2. Notation

Let L be a finite extension of Qp, oL its ring of integers, and pL the unique
maximal ideal of oL. We denote the discrete valuation of L by ordL. Let K be a
finite extension of L and define oK , pK and ordK analogously.

We work with algebraic Z-groups as defined in [Jan03]. We denote such an
algebraic group by a boldface letter, such as H. Then H = H(L) is the L-points,
while H0 := H(oL) is the oL-points. For each integer n, there is a canonical
projection H0 → H(oL/p

n
L). We denote the kernel by Hn.
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Let G be a split and connected reductive algebraic Z-group. We fix a split
maximal torus T and a T-stable maximal unipotent subgroup U. We let P = TU
be the corresponding minimal parabolic subgroup. Also, letU− denote the opposite
minimal parabolic subgroup.

Let Φ denote the set of roots of T in G. For each root α ∈ Φ we write Uα for
the corresponding root subgroup. We let W denote the Weyl group of G which
we realize as a quotient of the normalizer NG(T) of T in G. We fix a set Ẇ of
representatives for W in G0, but do not assume that they form a subgroup. We
write X(T) for the lattice of rational characters of T. We define a partial order on
it by declaring that λ > μ if λ− μ is a sum of positive roots. The group action of
NG(T) on T by conjugation induces actions of W on T and X(T). An element of
X(T) is said to be dominant if it is maximal in its W -orbit, with respect to the
above partial ordering. An equivalent condition is that λ is dominant if 〈λ, α∨〉 ≥ 0
for each simple root α. This extends the definition of “dominant” to the real vector
space X(T)⊗Z R.

Lemma 2.1. The lattice X(T) has a Z-basis which consists of dominant elements.

Proof. Fix a Z-basis ω = {ω1, . . . , ωr} of X(T). If λ = {λ1, . . . , λr} is a set of
linearly independent elements in X(T), let P(λ) denote the fundamental paral-
lelepiped {t1λ1 + · · · + trλr : t1, . . . , tr ∈ [0, 1)}. Let M(λ) be the change of basis
matrix from ω to λ and define d(λ) = | detM(λ)| (the volume of P(λ)). Then
d(λ) ∈ N and λ is a Z-basis of X(T) if and only if d(λ) = 1.

Write D for the set of dominant elements in X(T)⊗Z R. Then:

(1) D has nonempty interior,
(2) aD = D for any positive real number a, and
(3) D is convex.

Any subset of X(T)⊗Z R with the first two properties has the additional property
that D∩X(T) contains a basis forX(T)⊗ZR. Fix some such basis λ = {λ1, . . . , λr}.
If P(λ) ∩X(T) = {0}, then λ is a Z-basis for X(T). Otherwise, take a nontrivial
element λ′ = t1λ1 + · · ·+ trλr of P(λ) ∩X(T). Select a nonzero coefficient ti. Let
λ′ be the basis obtained from λ by replacing λi by λ′. As D is convex, the new
basis is still contained in D ∩ X(T). Moreover, d(λ′) = |ti|d(λ) < d(λ). After a
finite number of steps, we obtain a basis λ such that d(λ) = 1. �

3. Some results from the theory of algebraic representations

As an algebraic Z-group, G is a Z-group functor. If k is a Z-algebra, we denote
by Gk the associated k-functor ([Jan03], I.1.10). Let M be a k-module. A repre-
sentation of Gk on M is an action of Gk on the k-functor Ma such that for any
k-algebra A, the group Gk(A) acts on Ma(A) = M ⊗A through A-linear maps.

Theorem 3.1. Let λ ∈ X(T) be dominant. Then:

(1) There is an irreducible finite-dimensional algebraic representation VQ of GQ

such that V U
Q is a one-dimensional space on which T acts by λ. It is unique

up to isomorphism.
(2) If α is a positive root, then U−α acts trivially on V U

Q if and only if
〈λ, α∨〉 = 0.
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(3) Let V = VQ ⊗Q L. Then V has a basis B consisting of weight vectors such
that:
(a) The oL-span of B is preserved by the action of G0.
(b) If v is a weight vector on which T acts by λ and u ∈ Uα(oL), then

u.v − v is in the span of

{b ∈ B : T acts on b by λ+ nα, some positive integer n}.
(c) If v is in the oL-span of B and u ∈ Uα(pL), then u.v − v is in the

pL-span of B.
Proof. (1) follows from [Jan03], Proposition II.2.4.

(2) follows from the representation theory of sl2. Indeed, if v ∈ V U, then v
generates an irreducible representation of the copy of sl2 generated by the root
subgroups attached to ±α. It is also a highest weight vector in this sl2-module,
and the highest weight is 〈λ, α∨〉. The module is one dimensional if and only if its
highest weight is 0. Thus, v is annihilated by the Lie algebra of U−α if and only if
〈λ, α∨〉 = 0. And this is equivalent to being fixed by U−α itself.

(3) Let g = Lie(G). Let {Xα | α ∈ Φ} ∪ {H1, . . . , Hr} be the basis of g defined
in [Jan03], Part II, 1.11. Denote by UQ the universal enveloping algebra of gQ. Let
UZ be the Z-algebra of UQ generated by all Xn

α/(n!) with α ∈ Φ and n ∈ N, and by

all

(
H
m

)
with H ∈ Lie(T) and m ∈ N. Let v+ be a highest weight vector in V .

Define
VZ = UZv

+, V0 = VZ ⊗Z oL.

Then we know from [Jan03], Part II, 8.3, that VZ is a G-stable lattice in VQ and
VZ ⊗Z L = VQ ⊗Q L = V (since L has characteristic zero). In addition, V0 is a
G0-invariant oL-lattice in V .

Let Xα,n = Xn
α/(n!)⊗1 ∈ UZ⊗Z oL. The T0-module V0 decomposes into a direct

sum of weight spaces

V0 =
⊕

μ∈X(T)

(V0)μ.

We have
Vμ = (V0)μ ⊗oL L.

For each weight space (V0)μ, select an oL-basis Bμ. Let B =
⋃

μ Bμ. Then (a) is

satisfied, and (b) and (c) follow from the expression

(3.1) xα(a)(v ⊗ 1) =
∑
n≥0

(Xα,nv)⊗ an

(see [Jan03], Part II, 1.19, eq. (6)). Here, xα : Ga → G is a root homomorphism
as in [Jan03], Part II, 1.2. �

4. A convenient model for G/P

Let λ1, . . . , λr be a basis for X(T) consisting of dominant elements. For each i,
let Vi = V (λi) be the unique irreducible representation of G with highest weight
λi (as in Theorem 3.1, part (3)), fix a basis Bi of weight vectors whose oL-span is
preserved by G0, and let vi be the highest weight vector in this basis. Then let
V :=

⊕r
i=1 Vi. It is equipped with the obvious action of G. Let B = B1 ∪ · · · ∪ Br.

Let
x0 := (vi)

r
i=1 ∈ V.
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Lemma 4.1. For every n ∈ N there exists k ≥ n satisfying: if u ∈ Uα(L), α is
negative, and u.x0 − x0 is in the pkL-span of B, then u ∈ Uα(p

n
L).

Proof. For each positive root α, we select λα ∈ {λ1, . . . , λr} such that

mα = 〈λα, α
∨〉 > 0.

Define m = max{mα | α ∈ Φ+}. Let V α = V (λα). We denote the corresponding
highest weight vector by vα.

We have sα(λα) = λα −mαα, so sα(V
α
λα

) = V α
λα−mαα. It follows that

dimV α
λα−mαα = dimV α

λα
= 1.

Let Bα
λα−mαα = {vλα−mαα} be the selected oL-basis of (V α

0 )λα−mαα. From Theo-
rem 3.1 (2), X−α,mα

vα �= 0. Since X−α,mα
vα ∈ (V α

0 )λα−mαα, we have

X−α,mα
vα = aαvλα−mαα, aα ∈ oL, aα �= 0.

Define
c = max{ordL(aα) | α ∈ Φ+}.

Given n ∈ N, let k = mn + c. Assume u ∈ U−α(L), α ∈ Φ+, and u.x0 − x0 is in
the pkL-span of B. Write u = x−α(a), a ∈ L. Since u.vα − vα is in the pkL-span of
B, the same holds for its (V α

0 )λα−mαα-component

amαX−α,mα
vα = amαaαvλα−mαα.

It follows that amαaα ∈ pkL. Then

ordL(a
mα) ≥ k − ordL(aα) ≥ mn,

so ordL(a) ≥ mn/mα ≥ n. This proves u ∈ U−α(p
n
L). �

Definition 4.2. Given n ∈ N, we define k(n) to be the least integer ≥ n satisfying
the condition of Lemma 4.1.

Lemma 4.3. Let u ∈ U−
0 . If u.x0 − x0 is in the p

k(n)
L -span of B, then u ∈ U−

n .

Proof. Take u ∈ U−
0 , number the negative roots γ1, . . . , γN , and write u = u1 . . . uN ,

where ui ∈ (Uγi
)0 for 1 ≤ i ≤ N. Let V0 denote the oL-span of B, and let x̄0 denote

the image of x0 in V0/p
k(n)
L V0. Likewise, for 1 ≤ j ≤ r let Vj,0 denote the oL-span

of the basis Bj for Vj , and let v̄j denote the image of vj in Vj,0/p
k(n)
L Vj,0. Then

G0 fixes Vj,0 and p
k(n)
L Vj,0, and hence acts on the quotient, and it is given that u

fixes the point v̄j for 1 ≤ j ≤ r. We claim that ui fixes v̄j for each 1 ≤ i ≤ N and
1 ≤ j ≤ r. Suppose not. For 1 ≤ i ≤ N let u≥i = ui . . . uN , and for completeness
let u≥N+1 denote the identity. For each weight μ of the representation Vj , write

(Vj)μ for the μ weight space and pμ for the projection Vj,0 → (Vj,0)μ/p
k(n)
L (Vj,0)μ.

For 1 ≤ i ≤ N let Si = {μ : pμ(u≥i.vj) �= 0}. By assumption S′ :=
⋃N

i=1 Si \ {λj} is
nonempty. Hence it has some element μ which is maximal in the sense that η−μ is
not a sum of positive roots for any η ∈ S′. But it follows from the expression (3.1)
that if pμ(u≥i.vj) �= pμ(u≥i+1.vj), then there exists η such that pη(u≥i.vj) �= 0 and
μ − η is an integral multiple of γi with positive factor. By maximality of μ, the
weight η can only be the highest weight λj .

By hypothesis there exists an index i such that pμ(u≥i.vj) �= 0. On the other
hand pμ(u≥1.vj) = pμ(vj) = 0. This forces the weight μ − λj to be an integral
multiple with positive factor of two distinct elements of {γ1, . . . , γN}. But this is
not possible in a reduced root system. �
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We identify X(P) with X(T) via the projection P → T. We use exponential
notation for rational characters. Then p · x0 = (pλi · vi)ri=1 for p ∈ P. Let

X = Gx0 ⊂ V and X0 = G0x0.

We have the obvious action of G on X. We also have an obvious action of (L×)r

on V by scaling in each factor. As (L×)r is abelian, this can be viewed as a left or
right action and it is convenient to view it as a right action. Explicitly,

(x1, . . . , xr) · (a1, . . . , ar) = (a1x1, . . . , arxr), xi ∈ Vi, ai ∈ L×, i = 1, . . . , r.

We have a homomorphism P → (L×)r given by p �→ (pλi)ri=1. Hence we may pull
our right action of (L×)r back to a right action of P.

Write [Vi] for (Vi \{0})/GL1 and [V ] for
∏r

i=1[Vi]. For x ∈ Vi (resp. V ) write [x]
for the image in [Vi] (resp. [V ]). If λ ∈ X(T) is dominant, let Pλ be the standard
parabolic subgroup such that a simple root α of G is a simple root of the Levi
factor if 〈λ, α∨〉 = 0 and a root of the unipotent radical if 〈λ, α∨〉 > 0.

Proposition 4.4. We have:

(1) The stabilizer of [vi] ∈ [Vi] is Pλi
.

(2) The stabilizer of [x0] ∈ [V ] is P.

(3) The stabilizer of vi ∈ Vi is the kernel of a rational character λ̃i whose
restriction to Pλi

is λi.
(4) The stabilizer of x0 ∈ V is U.

Proof. It is clear from the definitions that P stabilizes [vi] for all i and hence also
[x0]. It then follows from Corollary 21.3.B from [Hum75] that the stabilizer of [vi]
is a standard parabolic subgroup for each i. It then follows from Theorem 3.1, part
(2), that the stabilizer of [vi] is Pλi

for each i. Since Pλi
stabilizes [vi], it must act

on vi by a rational character. We denote this rational character by λ̃i and it is
evident that the restriction to T is λi.

The stabilizer of [x0] is
⋂r

i=1 Pλi
, which contains P. On the other hand, since

λ1, . . . , λr span X(T), it follows that for any 0 �= ϕ ∈ X∨(T), there exists i with
〈λi, ϕ〉 �= 0. Applying this to the coroots, we deduce that

⋂r
i=1 Pλi

does not contain
Uα for any negative root α. Thus

⋂r
i=1 Pλi

= P. Similarly, if t ∈ T stabilizes x0,
then it is in the kernel of λi for all i, and hence is trivial. �

4.1. Coset representatives for G/P . We know that G0P = G. Write l for oL/pL
and H̄ for H(l) (identified with the image of H0 in G(l)) for any algebraic subgroup
of G. Write B for the preimage of P̄ in G0. So B = G1P0. Also, for each w ∈ W,
let Uw = U ∩ wU−w−1. We have

Ḡ =
∐
w

ŪwwP̄ .

Pulling back, we have

(4.1) G0 =
∐
w

(U0 ∩ wU−w−1)wG1P0 =
∐
w

Uw,0wU
−
1 P0 =

∐
w

wU−
w, 12

P0,

where U−
w, 12

= w−1Uw,0wU
−
1 . Note that U−

w, 12
is a subgroup of U−

w,0. Indeed w−1Uww

= U−∩w−1Uw is a subgroup of U−, and U−
w, 12

is the preimage of w−1Ūww in U−
0 . It

may be understood explicitly as follows. Fix an order on the negative roots. Then
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multiplication gives a bijection
∏

α<0 Uα → U−. (This is not, in general, a group

homomorphism.) Then U−
w, 12

corresponds to
∏

α<0,wα>0 Uα,0 ×
∏

α<0,wα<0 Uα,1.

This can also be written as∐
w

(U−
1 ∩ wU−w−1)(U0 ∩ wU−w−1)wP0.

Let ẇ be our fixed representative of w ∈ W . Then we have that
∐

w ẇU−
w, 12

or∐
w(U

−
1 ∩ wU−w−1)(U0 ∩ wU−w−1)ẇ maps injectively into X and onto [X].

For later use, we record one key property of these coset representatives for G/P.

Lemma 4.5. Fix w0 ∈ W and u0 ∈ U−
w0,

1
2

. Let n ≥ 1. Then

u−1
0 ẇ−1

0 · (
∐
w

ẇU−
w, 12

) ∩GnP0 = U−
n ,

that is, if w ∈ W,u ∈ U−
w, 12

and u−1
0 ẇ−1

0 ẇu ∈ GnP0, then w = w0 and u−1
0 u ∈ U−

n .

Proof. Consider the projection from G0 to Ḡ (the points of G over the finite field
l = oL/pL). The sets ẇU−

w, 12
for w ∈ W all project to distinct Bruhat cells. Hence

w0u0G1P0 ∩ ẇU−
w, 12

�= ∅ =⇒ w = w0.

Assume w = w0. Then u−1
0 ẇ−1

0 ẇU−
w, 12

= u−1
0 U−

w, 12
⊂ U−

0 . Hence, it is enough to

prove U−
0 ∩GnP0 ⊂ Gn. To show this, we consider the projection to G0/Gn. Since

U−
0 ∩ P0 = {1}, the only element of G0/Gn which is in the image of both P0 and

U−
0 is the identity. �

Let

X1
0 =

∐
w

ẇU−
w, 12

x0.

Since
∐

w ẇU−
w, 12

is a set of coset representatives for G/P, and since P acts on x0

through the map to GLr
1, it follows that

∀x ∈ X∃x1
0 ∈ X1

0 , a ∈ GLr
1 such that x = x1

0 · a.

Since the stabilizer of x0 is U, one can say that x1
0 and a are unique. Since the map

T → GLr
1 is a bijection, we can also say

∀x ∈ X∃!x1
0 ∈ X1

0 , t ∈ T such that x = x1
0 · t.

The next lemma permits us to compute x1
0 and t explicitly, given x. Moreover, the

set X1
0 is given as a disjoint union of components indexed by the elements of W,

and the next lemma also provides a means of determining which component x1
0 is

in.

Lemma 4.6. Let x = (x1, . . . , xr) be an element of X1
0 . For 1 ≤ i ≤ r let Bi =

(bi,1, . . . , bi,dim Vi
) be a basis for Vi as in part (3) of Theorem 3.1. By hypothesis,

then, t acts from the left on bi,j by some weight λi,j ∈ X(T). Write

xi =

dimVi∑
j=1

cijbi,j .
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Then:

(1) cij ∈ oL∀i, j.
(2) For each i, there exists j with ci,j ∈ o×L .
(3) For each i, {λ : ∃j with λi,j = λ and ci,j ∈ o×L} has a unique minimal

element. It is w · λi, where x ∈ ẇU−
w, 12

· x0.

Proof. We know that x = ẇu.x0 for some unique w in the Weyl group and u ∈ U−
w, 12

.

Part (1) follows from the fact that both u and ẇ are in G0 and the fact that the
oL-span of B is G0-stable.

To prove parts (2) and (3), we use the fact that

ẇU−
w, 12

= (U−
1 ∩ wU−w−1)(U0 ∩ wU−w−1)ẇ

to write x = u1u0ẇ.x0, where u0 ∈ U0 ∩ wU−w−1 and u1 ∈ U−
1 ∩ wU−w−1.

Let v′i = ẇvi. Then t acts on v′i by the w ·λi. The space of highest weight vectors
is one dimensional, so the space of weight vectors in Vi attached to the weight w ·λi

is one dimensional as well. Thus, there exists j0 such that v′i = cbi,j0 . Further, c is

a unit, because ˙(w−1)ẇ ∈ T0.

Next, write v′′i = u0 · v′i =
∑dimVi

j=0 di,jbi,j , where di,j ∈ oL. Then it follows from

Theorem 3.1, part (3)(b), that di,j = 0 unless λi,j−w ·λi is zero or a sum of positive
roots, and that di,j0 is equal to the constant c ∈ o×L from the previous paragraph.

Since xi = u1 · v′′i , we know from Theorem 3.1, part (3)(c), that xi − v′′i is in
the pL-span of B. It follows that ci,j ≡ di,j (mod pL) for all i, j. In particular, ci,j0
is a unit, and ci,j ≡ 0 (mod pL) unless λi,j − w · λi is zero or a sum of positive
roots. �

5. Key technical result

Lemma 5.1.

(1) Take x ∈ X1
0 and t ∈ T. Assume that ordL(t

α) ≥ 1 for each simple root α.
Let t′ ∈ T and x′ ∈ X1

0 be the unique elements satisfying t ·x = x′ · t′. Then
ordL((t

′)λi) ≤ ordL(t
λi) (1 ≤ i ≤ r)

and equality holds in all places if and only if x ∈ U−
t x0, where U−

t is a
neighborhood of the identity in U−

0 which depends on t.
(2) Fix a positive integer n. If ordL(t

α) ≥ k(n) for each simple root α, then the
neighborhood U−

t from the first part is contained in U−
n .

Proof. (1) Let x = (x1, . . . , xr) and x′ = (x′
1, . . . , x

′
r). For 1 ≤ i ≤ r, let Bi =

(bi,1, . . . , bi,dim Vi
) be a basis for Vi as in part (3) of Theorem 3.1. Write xi =∑dimVi

j=1 xi,jbi,j and x′
i =

∑dimVi

j=1 x′
i,jbi,j , where xi,j , x

′
i,j ∈ oL. Set t · x =: y =:

(y1, . . . , yr) with

yi =

dimVi∑
j=1

yi,jbi,j =

dimVi∑
j=1

tλi,jxi,jbi,j .

Since the right action of t′ on x′
i is multiplication by (t′)λi , we have yi = (t′)λix′

i.
We know from Lemma 4.6 that one of the coefficients x′

i,j is a unit. It follows that

ordL((t
′)λi) = min

j
ordL(yi,j) = min

j
(ordL(t

λi,jxi,j)).
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Now, if λ is a weight of T in Vi and λ �= λi, then λi − λ is a sum of positive roots.
Let us assume that the numbering is such that bi,1 is the highest weight vector.
Then ordL(t

λi−λi,j ) ≥ 1 for all j > 1 and all i.
Now, we know that for each i there exists j0 such that xij0 ∈ o×L . Hence

min
1≤j≤dimVi

ordL(yi,j) ≤ ordL(t
λi,j0 ) ≤ ordL(t

λi),

proving ordL((t
′)λi) ≤ ordL(t

λi) for all i.
Equality holds in all places if and only if ordL(t

λi,jxi,j) ≥ ordL(t
λi) for all j,

that is, ordL(xi,j) ≥ ordL(t
λi−λi,j ) ≥ 1 for all j > 1. Assume this is the case. Then

for each i, the set {λ : ∃j with λi,j = λ and xi,j ∈ o×L} contains only element λi.
Now we apply Lemma 4.6 to find the unique element w in the Weyl group such
that x belongs to ẇU−

w, 12
x0. Lemma 4.6 (3) implies that w · λi = λi for all i. Thus,

w = e (the identity in the Weyl group) and x = ux0 for some u ∈ U−
e, 12

= U−
1 .

Thus, the set of points x which satisfy ordL(xi,j) ≥ ordL(t
λi−λi,j ) ≥ 1 for all j > 1

and all i corresponds to an open neighborhood of the identity in U−
1 . This is our

neighborhood U−
t .

(2) Assume ordL(t
α) ≥ k(n) for each simple root α. If x = u.x0 for some

u ∈ U−
t , then ordL(xi,j) ≥ ordL(t

λi−λi,j ) ≥ k(n) for all i and all j > 1. It follows

that u.x0 − x0 is in the p
k(n)
L -span of B, and Lemma 4.3 implies that u ∈ U−

n . �

Corollary 5.2. Fix a positive integer n. Take g ∈
∐

w ẇU−
w, 12

and t ∈ T. Assume

that ordL(t
α) ≥ 1 for each simple root α. Let t′ ∈ T and g′ ∈

∐
w ẇU−

w, 12
be the

unique elements satisfying t · g ∈ g′ · t′U. Then

ordL((t
′)λi) ≤ ordL(t

λi) (1 ≤ i ≤ r)

and equality holds in all places if and only if g ∈ U−
t .

Proof. Apply the previous statement to x = g.x0. Then g′ is the unique element of∐
w ẇU−

w, 12
such that x′ = g′.x0. �

Corollary 5.3. Fix a positive integer n. Take g ∈ G0 and t ∈ T. Assume that
ordL(t

α) ≥ k(n) for each simple root α. If tg ∈ G0t
′U, then

ordL((t
′)λi) ≤ ordL(t

λi) (1 ≤ i ≤ r)

and equality holds in all places if and only if g ∈ U−
t P0.

Proof. Write g = g1p0 with p0 ∈ P0 and g1 ∈
∐

w ẇU−
w, 12

. Use the previous corollary

to write tg1 = g′t′′u, where g′ ∈
∐

w ẇU−
w, 12

, t′′ ∈ T, and u ∈ U, and get tg =

g′t′′up0. If tg = g0t
′U, then g−1

0 g′ ∈ t′Up−1
0 u−1t′′−1. It follows that t′t′′−1 ∈ T0. �

6. Induced representations and their duals

With the required technical result in hand, we are ready to proceed to the main
theorem, which applies these technical results to the problem of reducibility of
principal series representations of p-adic groups over p-adic fields. Recall that we
have fixed a finite extension K of L.
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6.1. Principal series representations. Let χ : T → K× be a continuous homo-
morphism, and let χ0 denote the restriction of χ to T0. Also, let

I = IndGP (χ
−1) = {f ∈ C(G,K) | f(gp) = χ(p)f(g) ∀p ∈ P, g ∈ G}

be the corresponding principal series representation. Restriction gives an isomor-
phism

I ∼= IndG0

P0
(χ−1

0 ).

If S is an open and closed subset of G0, then we may identify C(S,K) with {f ∈
C(G0,K) : supp(f) ⊂ S}. Then C(G0,K) = C(S,K)⊕C(Sc,K), where Sc denotes
the complement of S in G0. If S is preserved by P0 acting on the right, then this
decomposition induces a corresponding decomposition of IndG0

P0
(χ−1

0 ). In particular,

the decomposition (4.1) of G0 gives rise to a decomposition of IndG0

P0
(χ−1

0 ) as

(6.1) IndG0

P0
(χ−1

0 ) =
⊕
w∈W

IndG0

P0
(χ−1

0 )w,

where

IndG0

P0
(χ−1

0 )w := {f ∈ IndG0

P0
(χ−1

0 ) : supp(f) ⊂ wU−
w, 12

P0}.

Recall that we fixed a set Ẇ of representatives for the elements of W. Let ẇ be the
representative for w. Notice that an element of IndG0

P0
(χ−1

0 )w is determined by its

restriction to ẇU−
w, 12

, which is continuous. Moreover, given a continuous function

h : U−
w, 12

→ K, we may define

(6.2) fh(g) =

{
h(u)χ0(p), g = ẇup, u ∈ U−

w, 12
, p ∈ P0,

0, g /∈ wU−
w, 12

P0.

Thus, we have a vector space isomorphism IndG0

P0
(χ−1

0 )w ∼= C(U−
w, 12

,K).

6.2. Completed group algebras. If H̄ is a finite group, we have the usual group
algebra oK [H̄], and the augmentation homomorphism aug : oK [H̄ ] → oK given by

aug
∑
h̄∈H̄

ah̄h̄ :=
∑
h̄∈H̄

ah̄.

If H is a compact p-adic Lie group (such as Gi, where i ≥ 0) we have the pro-
jective limit oK [[H]] := proj limH′ oK [H/H ′] taken over compact open normal sub-
groups H ′ of H. The augmentation homomorphism extends canonically to oK [[H]].
If H = Gi for some i, the projective limit may be taken over the groups Gj , j ≥ i.

The ring oK [H/H ′] is canonically identified with the space of oK-linear maps

C(H/H ′, oK) ∼= C(H, oK)H
′ → oK . This induces canonical isomorphisms of oK [[H]]

with the space of oK -linear maps C(H, oK) → oK , and of K[[H]] := K⊗oK oK [[H]]
with the space of all distributions on H (i.e., continuous K-linear maps C(H,K) →
K). A distribution ν ∈ K[[H]] may be written as ν0 ⊗ 1 with ν0 ∈ oK [[H]] if and
only if it maps C(H, oK) into oK .

Lemma 6.1.

1 +�KoK [[G0]] ⊂ oK [[G0]]
×.
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Proof. Let Jac(oK [[G0]]) denote the Jacobson radical of oK [[G0]]. We know from
[Sch11], Proposition 19.7, that �K ∈ Jac(oK [[G1]]). Let N be a simple oK [[G0]]-
module. Then �K ·N = 0 or N . Since N is a finitely generated oK [[G1]]-module,
Nakayama’s lemma ([Lam01], Chapter 2, Lemma 4.22) implies that �K ·N �= N .
It follows that �K ·N = 0. Then Lemmas 4.1 and 4.3 of [Lam01], Chapter 2, imply
that �K ∈ Jac(oK [[G0]]) and 1 +�Kμ is a unit for any μ ∈ oK [[G0]]. �

6.3. The dual of a principal series representation. The dual of IndG0

P0
(χ−1

0 )

is K[[G0]] ⊗K[[P0]] K
(χ0). The isomorphism I ∼= IndG0

P0
(χ−1

0 ) induces a G-module

structure on K[[G0]]⊗K[[P0]] K
(χ0) which depends on χ. We denote this G-module

M (χ). Notice that M (χ) is a quotient of K[[G0]]. If μ ∈ K[[G0]], we denote its image

in M (χ) by [μ]. We denote the canonical pairing M (χ) × IndG0

P0
(χ−1

0 ) → K by 〈 , 〉.
We use the same notation for the canonical pairing K[[G0]]×C(G0,K) → K. This

is justified, for if f ∈ IndG0

P0
(χ−1

0 ) and μ ∈ K[[G0]], then 〈μ, f〉 depends only on
[μ] and is equal to 〈[μ], f〉. The decomposition (6.1) of the induced representation
gives rise to a corresponding decomposition of M (χ):

(6.3) M (χ) =
⊕
w∈W

M (χ)
w ,

where

M (χ)
w := {[μ] ∈ M (χ) : 〈[μ], f〉 = 0, f ∈ IndG0

P0
(χ−1

0 )w′ , w′ �= w}.
Now, notice that the inclusion U−

w, 12
↪→ G0 induces an inclusion oK [[U−

w, 12
]] ↪→

oK [[G0]] and hence K[[U−
w, 12

]] ↪→ K[[G0]].

Lemma 6.2. Fix w ∈ W,h ∈ C(U−
w, 12

,K) and η ∈ K[[U−
w, 12

]]. Let ẇ be the repre-

sentative for w in Ẇ . Define fh ∈ IndG0

P0
(χ−1

0 )w by (6.2). Then 〈fh, [ẇη]〉 = 〈h, η〉.

Proof. Indeed, for general f ∈ C(G0,K), the value of 〈f, ẇη〉 is obtained by apply-
ing η to the function u �→ f(ẇu) (u ∈ U−

w, 12
). And, if f = fh this is precisely h. �

Combining Lemma 6.2 with (6.3) yields the following.

Corollary 6.3. For each w, the subspace ẇK[[U−
w, 12

]] ⊂ K[[G0]] maps isomorphi-

cally onto M
(χ)
w . Consequently,

⊕
w∈W ẇK[[U−

w, 12
]] maps isomorphically onto M (χ).

Now, recall that μ ∈ K[[G0]] lies in oK [[G0]] if and only if it maps elements of
C(G0, oK) ⊂ C(G0,K) into oK . It follows that, for any such μ, the image [μ] ∈ M (χ)

maps oK-valued elements of IndG0

P0
(χ−1

0 ) into oK . Using Corollary 6.3 we show that

this characterizes the image of oK [[G0]] in M (χ).

Lemma 6.4.

(1) The image of oK [[G0]] in M (χ) is the set of elements which map oK-valued

elements of IndG0

P0
χ−1
0 into oK .

(2) Likewise, for each integer r, the image of �r
K ·oK [[G0]] is the set of elements

which map oK-valued elements of IndG0

P0
χ−1
0 into prK .

Proof. The second part of the lemma follows easily from the first.
For the first part, the issue is to show that any class [μ] in M (χ) which maps

oK-valued elements to oK has a representative in oK [[G0]]. By Corollary 6.3, we
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can take a representative of the form η =
∑

w∈W ẇηw with ηw ∈ K[[U−
w, 12

]]. Now,

fix w and take h ∈ C(U−
w, 12

,K). Clearly, the function fh defined by (6.2) is oK

valued whenever h is. It follows that ηw maps C(U−
w, 12

, oK) into oK and hence lies

in oK [[U−
w, 12

]]. As this holds for all w and the representatives ẇ were taken from

G0, it follows that η ∈ oK [[G0]]. �

7. Main theorem

We begin with an important result from [Sch11].

Proposition 7.1. Assume n ≥ 1.

(1) oK [[Gn]] is a local ring with residue field oK/pK .
(2) The maximal ideal in oK [[Gn]] is

{μ ∈ oK [[Gn]] : aug(μ) ∈ pK}.
Next we need to define an important invariant.

Definition 7.2. Let η : L× → K× be a character (continuous homomorphism).
As η must map o×L into o×K , it induces a map L×/o×L → K×/o×K . That is, for
a ∈ L×, ordK(η(a)) depends only on ordL(a). Let e(η) denote the integer such that
ordK ◦ η = e(η) · ordL.
Proposition 7.3. Fix a positive integer n. Take t ∈ T. Assume that ordL(t

α) ≥
k(n) for each simple root α. Take χ1, . . . , χr : L× → K× and assume that e(χi) < 0
for 1 ≤ i ≤ r. Define χ : T → K× by χ(t) =

∏r
i=1 χi(t

λi), where λ1, . . . , λr are

dominant and form a basis for X(T). Take f ∈ IndGP χ−1 which maps G0 into oK .
Write Lι for left-inverse translation. Then Lι(t−1).f maps G0 \GnP0 into χ(t)pK .

Proof. Take g ∈ G0\GnP0. We have [Lι(t−1).f ](g) = f(tg). Write tg = g′t′u, where
g′ ∈ G0, t

′ ∈ T, and u ∈ U. Then f(tg) = f(g′)χ(t′). As f(g′) ∈ oK we just need to
show that χ(t′) ∈ χ(t)pK . Equivalently, we need to show that ordK(χ(t′t−1)) > 0.
But

ordK(χ(t′t−1)) =
r∑

i=1

e(χi)
(
ordL((t

′)λi)− ordL((t)
λi)

)
.

Let U−
t be defined as in Lemma 5.1. Then, by that lemma, U−

t ⊂ U−
n and so

g /∈ U−
t P0. Corollary 5.3 implies that each of the integers ordL((t

′)λi)−ordL((t)
λi)

is nonpositive and at least one is nonzero. Hence if e(χi) is strictly negative for
each i, it follows that the sum will be strictly positive. �
Corollary 7.4. Fix a positive integer n. Take t ∈ T such that ordL(t

α) ≥ k(n) for
each simple root α, and take χ1, . . . , χr : L× → K× such that e(χi) < 0 for 1 ≤ i ≤
r. Define χ : T → K× by χ(t) =

∏r
i=1 χi(t

λi), where λ1, . . . , λr are dominant and

form a basis for X(T). Let ν ∈ M (χ) lie in the image of oK [[G0]] < K[[G0]] and
vanish on GnP. Then t · ν lies in the image of χ(t)�K · oK [[G0]].

Proof. Take f ∈ IndGP χ−1 which maps G0 into oK . Then

〈t.ν, f〉 = 〈ν, Lι(t−1).f〉 = 〈ν, π2(L
ι(t−1).f)〉,

where π2 is projection onto the second factor in the decomposition C(G,K) =
C(GnP,K)⊕C(G \GnP,K). By the previous proposition, π2(L

ι(t−1).f) maps G0

into χ(t)pK . It then follows that t.ν maps f into χ(t)pK . �
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Theorem 7.5. Define χ : T → K× by χ(t) =
∏r

i=1 χi(t
λi), where λ1, . . . , λr are

dominant and form a basis for X(T). Assume that e(χi) < 0 for 1 ≤ i ≤ r. Then
M (χ) has no proper nontrivial G-invariant K[[G0]]-submodules.

Proof. Choose a nontrivial element of M (χ), and construct a representative η =∑
w∈W ẇηw for it as in Corollary 6.3. Here ηw ∈ K[[U−

w, 12
]] for each w ∈ W. We

want to show that the submodule generated by [η] is all of M (χ).
By scaling, we may assume that ηw = (ηw,�)

∞
�=0 ∈ oK [[U−

w, 12
]] for each w, and

that there exist n ≥ 1, w0 ∈ W and ū0 ∈ U−
w, 12

/U−
n such that the coefficient c0 of

ū0 in ηw,n is a unit. Choose u0 ∈ U−
w, 12

which projects to ū0, and let μ = u−1
0 ẇ−1

0 η.

If we write μ as an element of the projective limit μ = (μ�)
∞
�=0, then

(7.1) μn = c0 +
∑

ḡ∈G0/Gn

ḡ �=1

cḡ ḡ, c0 ∈ o×K , cḡ ∈ oK .

Now, observe that the partition of G0 as Gn ∪ (G0 \ Gn) gives rise to direct
sum decompositions of C(G0,K), oK [[G0]] and K[[G0]]. Moreover {λ ∈ K[[G0]] :
supp(λ) ⊂ Gn} is canonically identified with K[[Gn]]. Let

μ = μ′ + μ′′, μ′ ∈ oK [[Gn]], supp(μ′′) ⊂ G0 \Gn,

and note that, by Lemma 4.5, the support of μ′′ is actually disjoint from GnP0. The
image of μ′ under the augmentation map is precisely c0, the coefficient of the identity
coset of μn in equation (7.1). Since c0 is a unit, we know from Proposition 7.1 that
μ′ is an invertible element of oK [[Gn]]. Multiplying by its inverse, we obtain an
element of the form 1 + ν where the support of ν is disjoint from GnP0.

Note that the elements [η], [μ] and [1+ν] generate the same submodule of M (χ).
Now choose t so that ordL(t

α) > k(n) for each simple root α. Then it follows
directly from the definitions that [t · 1] = [χ(t) · 1]. Further, by Corollary 7.4,

[t · ν] ∈ [χ(t) ·�K · oK [[G0]]].

If we act by χ(t)−1t, we see that the submodule of M (χ) generated by [η] contains

χ(t)−1t · [1 + ν] = [1 + χ(t)−1t · ν] ∈ [1 +�K · oK [[G0]]].

But Lemma 6.1 implies that the elements of 1+�K · oK [[G0]] are units. Hence the
submodule generated by [η] is all of M (χ). �

Theorem 7.6. Define χ : T → K× by χ(t) =
∏r

i=1 χi(t
λi), where λ1, . . . , λr

are dominant and form a basis for X(T). Assume that e(χi) < 0 for 1 ≤ i ≤ r.

Then IndGP χ−1 is topologically irreducible (that is, it has no proper nontrivial closed
invariant subspaces).

Proof. The theorem follows from the duality between IndGP χ−1 and M (χ). �
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and French summaries), Astérisque 330 (2010), 281–509. MR2642409

[SGA3] M. Demazure and A. Grothendieck (eds.), Schémas en groupes. III: Structure des
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